
4.3 IPW and augmented IPW with Missing Attributes

[2008]. The main idea of the MIA approach is give each split additional �exibility,
such that missing values may be sent on either side of the split independently of
where the split occurred. More speci�cally, as outlined by Twala et al. [2008], consider
splitting on the j -th attribute and assume that for some individuals, the value ofX j

is missing. MIA treats the missing values as a separate category or code and the
considers the following splits:

� f i : X ij � t or X ij is missingg vs. f i : X ij > t g

� f i : X ij � tg vs. f i : X ij > t or X ij is missingg

� f X ij is missingg vs. f X ij is observedg,

for some thresholdt. The MIA approach does not seek to model why some features
are unobserved; instead, it simply tries to use information about missingness to make
the best possible splits for modeling the desired outcome. Thus the MIA strategy
work with arbitrary missingness mechanisms and does not require the missing data
to be MAR. 4

In order to estimate the average treatment e�ect, we use the estimator(4.5)
with nuisance components extracted from a variant of the causal forests of Athey
et al. [2019] that use MIA splitting to handle missing values.5 To do so, we have
added the MIA splitting rule to the causal_forest function in grf [Tibshirani et al.,
2020], and our proposed estimator can be computed by simply calling the function
average_treatment_effect on a trained causal forest.

Procedure 2: non-parametric AIPW with generalized propensity score and gen-
eralized response surfaces. This algorithm provides an estimation for the average
treatment e�ect � via random forests with MIA splitting rule, given incomplete
covariates X � , observed treatment assignmentW and outcomeY. We assume
unconfoundedness despite missingness (4.1).

1. Train a causal forest on the potentially incomplete featuresX � using MIA
splitting.

2. Extract out-of-bag estimates�̂ �
(w)(X

�
i ) and ê� (X �

i ) from the causal forest.

3. Combine the predictions as in(4.5) to obtain a doubly robust estimate�̂ for � .

4. We conjecture that consistency proofs for random forests following, e.g., Scornet et al. [2015]
or Wager and Walther [2015] extend to the case of MIA splitting and missing covariates. However,
formal results of this type are not currently available.

5. We refer to Section 2.1 of Athey and Wager [2019] for a detailed discussion of how the doubly
robust scores used in (4.5) can be extracted from a causal forest.
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4.3.2 Standard unconfoundedness and missingness mech-
anisms

As discussed in Section 4.2.2, multiple imputation is a solution if the missingness
mechanism is MAR as de�ned by(4.4). We propose to augment the multiple
imputation approach to obtain an AIPW estimator: we proceed similarly to Mattei
and Mealli [2009], i.e., we do multiple imputation using fully conditional equation
(FCE) where we draw missing values from a joint distribution which is implicitly
de�ned by the set of conditional distributions, proper imputation is ensured using
a Bootstrap approach to re�ect the sampling variability of the imputation models
parameters. Then, on each imputed data setm 2 f 1; : : : ; M g, we compute an AIPW
estimate �̂ (m)

AIP W given in (1.26) instead of the IPW estimate�̂ (m)
IP W given in (1.20).

This approach is outlined in Procedure 3. We note that this method relies on the
performance of the multiple imputation strategy; for instance in the case of FCE, the
method requires correct speci�cation of the conditional models which can be hard to
assess in practice. We refer to Carpenter and Kenward [2013] for a discussion on
imputation strategies.

Another recent solution is based on matrix factorization [Kallus et al., 2018a]
as outlined in Procedure 4 in the Appendix C. Note that, unlike with multiple
imputation, we only impute each datapoint once and consistency guarantees are only
given under MCAR.

4.4 � Simulation study

We assess the performance of the previously introduced treatment e�ect estima-
tors in di�erent scenarios, modifying the data generating process, the confounders'
relationship structure, the unconfoundedness hypothesis, the missingness mechanism,
the percentage of missing values, the sample size. The comparisons are twofold: (1)
comparisons between IPW-baseline and AIPW-type estimators, (2) comparisons w.r.t.
the assumptions on the underlying unconfoundedness and the missingness mechanism.
Note that in all simulations, we only consider the well-speci�ed case, i.e., we do not
study the (parametric) estimators' performances in case of model mis-speci�cation.
More speci�cally, e(x) = � (� 0 + � T x + � e) and � (w)(x) = � 0 + � T x + w� + � � , where� e

and � � are zero mean and independent noise terms. All simulations are implemented
in R [R Core Team, 2020].6

6. The code for reproducing the experiments presented in this work is available at this GitHub
repository: https://github.com/imkemayer/causal-inference-missing.
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Procedure 3: AIPW with multiple imputation. This algorithm provides an estima-
tion for the average treatment e�ect � using multiple imputation, given incomplete
covariates X � , observed treatment assignmentW and outcomeY. We assume
unconfoundedness (1.5) and MAR (4.4).

1. Choose number of imputationsM , for instanceM = 20. Choose an imputa-
tion method. Impute the initial data X � using anM times with the chosen
imputation method to obtain M complete data matrices(X (1) ; : : : ; X (M )).

2. For every imputed data matrix X (m) , m 2 f 1; : : : ; M g:

Option 1 non-parametric regression.

(a) Train a causal forest on the imputed featuresX (m) .

(b) Extract out-of-bag estimates�̂ (w)(X
(m)
i ) and ê(X (m)

i ) from the causal
forest.

(c) Combine the predictions following(1.26) to obtain a doubly robust
estimation �̂ for � .

Option 2 Parametric regression (we additionally assume logistic-linear model
speci�cation for (e; � (0) ; � (1) )).

(a) Fit a logistic model to obtain predictions for the propensity score
e(X (m)

i )

(b) Fit two separate linear models on (Yi : W i =1 ; X (m)
i : W i =1 ) and on

(Yi : W i =0 ; X (m)
i : W i =0 ) respectively to obtain predictions for� (1) (X

(m)
i )

and � (0) (X
(m)
i ) respectively.

(c) Combine the predictions following(1.26) to obtain a doubly robust
estimation �̂ (m) for � .

3. Aggregate theM estimations(�̂ (1) ; : : : ; �̂ (M )): �̂ = 1
M

P M
m=1 �̂ (m) .

4.4.1 Methods overview

We compare our approacheŝ� EM and �̂ MIA , denotedsaemand grf in the ex-
periments7, to the following methods, where we summarize their assumptions in
Table 4.2:

� mice: Procedure 3 (and its IPW analogue detailed in the Appendix C) with
Option 2; we use the R packagemice [van Buuren and Groothuis-Oudshoorn,
2011] and default options.

� mf : Procedure 4 (and its IPW analogue detailed in the Appendix C) with
Option 2; we adapt the implementation8 of Kallus et al. [2018a] based on the
R packagesoftImpute [Hastie and Mazumder, 2015].

7. These abbreviations refer to the algorithms used for the estimation of the nuisance parameters
in the presence of missing values. For instancesaem stands for (stochastic approximation) EM
algorithm.

8. For details on the implementation of this last method, see https://github.com/udellgroup/
causal_mf_code.

� 129 �



ATE ESTIMATION WITH MISSING ATTRIBUTES

Table 4.2 � Methods and their assumptions on the underlying data generating process.
(3 indicates cases that can be handled by a method, whereas7 marks cases where a method
is not applicable in theory; (7) indicates cases without theoretical guarantees but with
heuristic solutions.)

Confounders
& Covariates

Missingness Unconfoundedness
Models for

(W; Y )
multiva-

riate
normal

general M(C)AR general (1.5) (4.1) logistic-linear non-param.

saem 3 7 3 7 7 3 3 7
grf 3 3 3 3 7 3 3 3
mice 3 3 3 7 3 3 3 (7)
mf 3 7 3 7 3 (on U) 7 3 (7)
mean.loglin 7 7 7 7 7 7 7 7

� mean.loglin: Imputation by the mean for the missing values and estimatee
with logistic regression on the mean imputed covariates and the two� (w) with
two separate linear regressions.

For the parametric �̂ EM we use the R packagemisaem[Jiang, 2019]. We grow forests
with missingness via the the MIA method; then, the estimator(4.5) is implemented in
the commandaverage_treatment_effect . Note that it is common to concatenate
the initial or imputed data matrix X and the binary mask R for estimation or
prediction and it is admitted that this addition can sometimes improve the analysis
and generally does not deteriorate the result. Hence, in this work we only report
results obtained by addingR.

In all cases, we consider inference using the bootstrap (i.e., we bootstrap the
original data and repeat the whole process).

4.4.2 Data generation

We de�ne di�erent models for the generation of the confounders, covariates,
missing values, treatment assignment and outcome.

4.4.2.1 Confounders and covariates

Model 1: Multivariate normally distributed confounders We generate nor-
mally distributed confoundersX i � = [ X i 1 : : : X ip ]T � N (1; �) , i 2 f 1; : : : ; ng, for
p = 10, where� = I � 0:6 � (I � 1), X = [ X 1� : : : X p�]T 2 Rn� p.

Model 2: Latent classes model We consider a Gaussian mixture model, i.e.,
we �rst generate class labelsC from a multinomial distribution with three categories.
Then the confounders of observationi , X i �, are sampled from the corresponding class
distribution, i.e., X i � � N (� (ci ); �( ci )) j Ci = ci .

Treatment and outcome are de�ned using the logistic-linear model in the following
way: we de�ne logit(e� (X �

i �)) = ( � (Ci ))T X �
i �. This allows us to add an additional
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interaction between treatment and the latent class. Analogously, the outcome is
de�ned as Yi � N (( � (Ci ))T X �

i � + �W i ; � 2).

Model 3: Low rank matrix factorization We adapt the simulation framework
from Kallus et al. [2018a] by generatingUi � = [ Ui 1 : : : Uid ]T � N (0; I d) and de�ning
X = UVT for some �xed matrix V 2 Rp� d, with d = 3.

Model 4: Hierarchical data-generating model An alternative to de�ning a
Gaussian mixture model, is to use a simpli�ed shallow version of adeep latent variable
model (DLVM, Kingma and Welling [2014b]): the codesC are sampled from a normal
distribution Nd(0; 1). CovariatesX i are then sampled fromNp(� (c); �( c)) j Ci = c,
where

(� (c); �( c)) = ( V tanh(Wc+ a) + b;exp(
 T (Wc+ a) + � )I p);

and the weights inV 2 Rp� 5 and W 2 R5� d are respectively sampled from a standard
normal and a uniform distribution (and similarly for the o�sets a and b). We �x
d = 3. Results for this model are reported in the Appendix C.

4.4.2.2 Missing values

We generate missing values either under MCAR (i.e.,P(Rij = 1) = 1 � B (� )
such that on average we have�np missing values) or as informative9 missing values
(missing values inX �;1:5 are generated depending on the quantiles ofX �;1:5 such that
there are about�np=2 missing values). In the results presented here we �x� = 0:3.

4.4.2.3 Treatment assignment and outcome

For models 1, 3 and 4, treatment assignment and outcome are de�ned under
either of the unconfoundedness assumptions.

Unconfoundedness despite missingness We de�ne logit(e� (X �
i �)) = � 0 + � T X �

i �.
Analogously, the outcome is de�ned asYi � N (� 0 + � T X �

i � + �W i ; � 2).

Complete data unconfoundedness We de�ne logit(e(X i �)) = � 0 + � T X i �. Anal-
ogously, the outcome is de�ned asYi � N (� 0 + � T X i � + �W i ; � 2).

For model 2, treatment assignment and outcome are de�ned under unconfound-
edness on the latent factorsU as follows: logit(e(Ui �)) = � 0 + � T Ui �. Analogously,
the outcome is de�ned asYi � N (� 0 + � T Ui � + �W i ; � 2)

We refer to the Appendix C for details on how to simulate treatment and outcome
under assumption (4.1) (or rather (1.5) and (4.3)).

9. By informative we designate all non-ignorable missingness mechanisms, where the probability
of observing missing values depends on the missing values.
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4.4.3 Results

We report the estimations for a �xed average treatment e�ect using the previously
described estimation methods. All �gures in this study are generated from 100
simulations for sample sizesn 2 f 100; 500; 1000; 5000g, we �x the proportion of
missing values at 30% throughout all experiments; and the true treatment e�ect� is
reported as black solid line. Thestandard unconfoundednesssetting corresponds to
assumption(1.5), while unconfoundedness despite missingnesscorresponds to(4.1).

4.4.4 Take-home message from the simulation study

The results from this �rst simulation study can be summarized in several general
observations:

� Augmented IPW outperform their IPW equivalents throughout all scenarios
(both in terms of variability and of bias), this behavior is analogous to the
behavior in the well understood complete data setting.

� All methods perform well if their assumptions on the underlying data generating
process are met (see Table 4.2).

� For multiple imputation ( mice) there is a small remaining bias, even for large
sample sizes. In some cases, when the assumptions for this method are met,
based on the theorem from Seaman and White [2014] on multiple imputation
with M = 1 imputations, it is expected that an increase of the number of
imputations should decrease this remaining bias in these cases.

� The tree-based estimation using the MIA splitting rule (grf ) generally per-
forms at least as well as multiple imputation but yields unbiased results if
�unconfoundedness despite missingness" (4.1) holds.

� Mean imputation coupled with concatenation of the imputed data with the
mask and parametric estimation empirically performs well, provided that(4.1)
holds. However, the concatenation of the maskR appears necessary, since
otherwise this approach is biased as soon as(4.1) is violated, and in this case
it is outperformed by competing methods.

� The EM-based estimator (saem) performs well under correct speci�cation
(multivariate Gaussian confounders, logistic treatment assignment, linear out-
come, M(C)AR missing data mechanism,(4.1) satis�ed) and adding the mask
to the initial data matrix yields unbiased estimates even if the missing data
mechanism is not ignorable. It fails however in the cases where the data is not
i.i.d. Gaussian.

In conclusion, the type of unconfoundedness assumption is important for the
choice of the estimation strategy. Once the type is �xed, the choices between simple
and doubly robust and between parametric and non-parametric estimation depend
on the a priori on the data generating processes. However, in general, we recommend
privileging the doubly robust strategy.

For a more detailed discussion of the simulation results, we refer to the Ap-
pendix C.
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(a) MCAR (with 30% missing values in X � ;1:10 )

(b) Informative missing values (with 30% missing values inX � ;1:5 )

Figure 4.3 � Model 1. IPW and AIPW estimations across simulation designs
described in Section 4.4.2. We report results for all combinations ofn 2
f 100; 500; 1000; 5000g, missing values mechanism2 f MCAR, generalg and unconfound-
edness2 f� despite missingness, complete data�g. Results are displayed for 100 runs of
every setting.

4.5 � Application on observational critical care
management data

As announced in the introduction we apply our methods to clinical data from
a French observational database on major trauma patients. The medical question
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(a) MCAR (with 30% missing values in X � ;1:10 )

(b) Informative missing values (with 30% missing values inX � ;1:5 )

Figure 4.4 � Model 2. IPW and AIPW estimations across simulation designs
described in Section 4.4.2. We report results for all combinations ofn 2
f 100; 500; 1000; 5000g, missing values mechanism2 f MCAR, generalg and unconfound-
edness2 f� despite missingness, complete data�g. Results are displayed for 100 runs of
every setting.

we aim to answer is whether administrating the drug TA has an e�ect on in-ICU
mortality for patients with traumatic brain injury.
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(a) MCAR (with 30% missing values in X � ;1:10 )

sc

(b) Informative missing values (with 30% missing values inX � ;1:5 )

Figure 4.5 � Model 3. IPW and AIPW estimations across simulation designs described
in Section 4.4.2. We report results for all combinations ofn 2 f 100; 500; 1000; 5000g and
missing values mechanism2 f MCAR, generalg. Results are displayed for 100 runs of every
setting.

4.5.1 Data and causal DAG

For our analysis we used 20,037 of the currently available validated patient records,
validated by the medical expert team after a �rst pre-treatment. The pre-treatment
consisted in identifying outliers clearly due to erroneous inputs and recoding missing
values that are not really missing (for instance the variable informing previous
pregnancies is evidently consistently missing, or ideally set to false, for male patients,
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etc.). 10 Out of these 20,047 patients, 8,269 are identi�ed as having a traumatic
brain injury (de�ned by the medical expert team as either the presence of a brain
lesion visible on the �rst computed tomography (CT) scan�which is generally taken
within the �rst three hours after the accident�or as a head AIS score11 greater or
equal 2). Additionally, we excluded a total of 21 patients among this group coming
from Trauma centers with too few observations, having joined the registry group
several years after the majority of all other Trauma centers.

The treatment of interest, TA, is an anti�brinolytic agent limiting excessive
bleeding and it is currently used in patients suspected of developing an hemorrhagic
shock, a state in which the body is no longer able to provide vital organs with
su�cient quantities of dioxygen to sustain them. The average cost of a dose of TA
lies below 10¿ and the drug is generally available immediately after the arrival of the
medical �rst responders team at the place of the accident. It is now recommended
to administer this drug to patients at risk of developing an hemorrhagic shock.

In order to clarify the previously raised causal question given the data, we �rst
establish a causal graph in order to summarize the a priori on existing confounding
and to highlight the causal question, as suggested, for instance, by Lederer et al.
[2019], Blake et al. [2020]. The causal graph in Figure 4.6 is the result of a two-step
Delphi procedure in which six anesthetists and resuscitators specialized in critical
care �rst selected covariates related to either treatment or outcome or both and
second classi�ed these covariates into confounders and predictors of only treatment
or outcome. The absence of an exact timestamp for the drug administration is
compensated by the fact that it is always given within the �rst three hours from the
accident and that the treatment does not have an immediate e�ect on variables such
as blood pressure, hemoglobin level or the Glasgow Coma Scale (GCS) which are
measured at various moments within the �rst three hours.

From this graph it becomes clear as well that a method that incorporates a model
of the outcome as a function of the identi�ed potential predictors might achieve
more precise results than a method that uses the observed outcome directly. The
large number of predictors of the outcome is due both to the medical complexity of
traumatic brain injury and to the ambiguous treatment target: the assignment is
made in the context of hemorrhagic shock but recently there is some evidence that
there might also be a bene�cial e�ect in the context of traumatic brain injury [Hijazi
et al., 2015].

10. The code for pre-treatment and for estimating the treatment e�ect on this data are available
at this GitHub repository: https://github.com/imkemayer/causal-inference-missing.

11. The head Abbreviated Injury Score indicates, on a scale from one to six, the severity of the
most severe observed brain lesion. This score is de�ned in the context of the Abbreviated Injury
Scale proposed by the American Association for Automotive Medicine. See the Appendix C or
https://www.aaam.org/abbreviated-injury-scale-ais/ for more information.
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Figure 4.6 � Causal graph representing treatment, outcome, confounders and other pre-
dictors of outcome (Figure generated using DAGitty [Textor et al., 2011]; NAsindicates
variables that still have missing values after pre-treatment).

4.5.2 Results

First, we recall the estimand we aim at estimating in this context: we are interested
in the average treatment e�ect of the treatment on mortality among traumatic brain
injury patients. When adjusting for confounding using the identi�ed confounders
(nodes with two outgoing arcs on the graph in Figure 4.6), using additional predictors
for the outcome model (nodes with one outgoing arc pointing to the outcome node
on the graph in Figure 4.6), we obtain the following estimations in Figure 4.7 of
the direct causal e�ect of TA on in-ICU mortality among traumatic brain injury
patients.

Unlike the simulations of the previous paragraph, the real-world medical data is
more complicated and some concessions have to be made to apply the previously
discussed method. For instance, due to an important number of outliers in the
variable Medcare.time.phthat are related with inconsistent units of the recorded
values and with patient transfers from one hospital to another, we chose to drop this
variable in our analyses since, according to the practitioners, its predictive power does
not outweigh the potential issues related to inconsistent recording of this variable.

Note that apart from the issue with the variableMedcare.time.ph, the estimation
via random forest with MIA splitting rule does not require any pre-processing of the
data and is therefore straightforward when using thegrf package.

Here, we only consider three pairs of methods:grf and mice. We do not test saem
and mf since currently both these methods have not been derived for heterogeneous

12. Values on the x-axis are multiplied by 100 for better readability. The results can be read as
di�erence in percentage points between mortality rate in the treatment groups.
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Figure 4.7 � ATE estimations on Traumabase® data (solid: doubly robust estimates;
dotted: IPW estimates; dashed vertical line: without adjustment; x-axis: �̂ and bootstrap
con�dence intervals12). Note: Positive ATE � increase of mortality.

data. 13 A �rst observation on the results reported in Figure 4.7 is the concordance
of the two estimators: none of the AIPW-type estimation strategies allows to reject
the null hypothesis of no treatment e�ect. As discussed in Section 4.2.3, it can be
argued which family of methods has more plausible underlying assumptions on the
Traumabase® data, but in our opinion the unconfoundedness despite missingness�
and therefore thegrf estimations�are most suited for our speci�c application.
When comparing covariate balance for both methods in terms of standardized mean
di�erences, we note that both methods achieve similar balance on the observed values
(see results reported in the Appendix C) but, as expected, only GRF additionally
achieves balance on the response pattern (Figure 4.8). Since there is consensus by
the medical experts that certain missing values are not missing at random, achieving
balance on the response pattern is a relevant feature for interpreting the estimation
results. A remaining issue might consist in the overlap assumption which is generally
di�cult to assess in most medical applications and which might be slightly violated
due in part to the heterogeneity of patient pro�les and it could be argued that for
certain patients the probability of receiving the treatment is zero. However, the lack
of a standardized protocol for tranexamic acid administration favors the overlap
assumption even for this group of patients. A solution to handle weak overlap is the
use of overlap weights [Li et al., 2018] and we give the results using this alternative
to inverse propensity weights in the Appendix C.

We notice a large di�erence between the IPW and the AIPW estimations. The
AIPW estimations seem more reasonable for two reasons: �rst, the medical experts

13. Concatenating the mask with the data matrix does not lead to major changes in the estimations,
therefore we only report results obtained when including the mask.
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(a) GRF (b) MICE

Figure 4.8 � Absolute di�erence in proportion for observed and missing values; circles:
before adjustment, triangles: after adjustment.

have noticed bene�cial e�ects of TA for some of their TBI patients in practice and a
previous clinical trial, focusing on a slightly di�erent patient group, has also exhibited
a potential bene�t from the drug for patients with TBI; moreover, the results of
the clinical trial studying the e�ect of the drug on all TBI patients indicate that on
average there is neither bene�t nor harm in prescribing the drug [Cap, 2019]; second,
for the AIPW estimators, we incorporate much more available information, namely
all identi�ed features that are strongly related to the outcomeY according to the
expert panel (see Figure 4.6). Finally, the compared estimates have similar standard
errors and asymptotic con�dence intervals which are also close to the estimated
bootstrap con�dence intervals (the latter are not reported in Figure 4.7).

4.6 � Discussion and perspectives

4.6.1 Two families of treatment e�ect estimators handling
missing attributes

We have stressed the dyadic classi�cation of previously exposed methods that
allow treatment e�ect estimation with missing attributes, both in theory and in
practice. The class of methods that relies on assumptions about the missingness
mechanisms for treatment e�ect identi�ability is currently often used, in combination
with IPW-type estimators. We have also proposed an AIPW formulation for the
most popular method from the �rst class, namely multiple imputation. However,
methods of this �rst class have limited applicability in practice, most importantly
they exclude informative missing data; this is a drawback of all developed methods in
this class. The second class, relying on the generalized propensity score and a di�erent
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unconfoundedness assumption, can handle arbitrary missingness mechanisms, in
particular the case where MAR does not hold, but to the best of our knowledge,
implementable and versatile methods in this class have not been proposed so far.

In practice, if one can exclude smooth regression functions for the treatment
assignment and the outcome model, such as logistic and linear models, and if the
�unconfoundedness despite missingness� assumption is likely to hold�for more details
on this, we refer to Blake et al. [2020]�we advocate our tree-based estimator̂� MIA

in its AIPW-form and its mean-imputation variant. If one is willing to make stronger
(parametric) assumptions about the structure ofX and its relationship with W and
Y, then our second estimator̂� EM can also be considered as an alternative.

4.6.2 Heterogeneous treatment e�ects and policy learn-
ing

Instead of estimating the average treatment e�ect� , one could be interested in
the conditional average treatment e�ect function (De�nition 1.5.3) for several reasons.
For instance one might be interested in estimating how treatment e�ects vary across
sub-populations, or assessing whether there is heterogeneity in the population w.r.t.
a given treatment. Such questions anticipate problems of learning decision rules that
exploit treatment e�ect heterogeneity [Athey and Wager, 2017].

In light of our medical application, heterogeneous treatment e�ect estimation is
of particular interest because of the known existing heterogeneity among traumatic
brain injury patients in terms of clinical presentation, patho-physiology and outcome.
It is even more relevant since to this date there is no general classi�cation of patients
with traumatic brain injury. Hence a causal inference approach allowing classi�cation
w.r.t. treatment heterogeneity for any given treatment is of interest for practitioners
in critical care management.

4.6.3 Weighted Treatment E�ects

Throughout this chapter, we have focused on cases with overlap(1.10), i.e., where
all units have a realistic chance of being randomized to both treatment and control. In
some cases, however, there may be subjects who are quasi-deterministically assigned
to one of the two treatment arms�in which case the methods developed here may
be unstable and/or have very large variance. When this happens, it is common to
shift focus away from the average treatment e�ect, and towards alternative weighted
estimands that are more robust to lack of overlap. For example, if some units are
quasi-deterministically assigned to control (but no units are quasi-deterministically
assigned to treatment, i.e., propensity scores are uniformly bounded below 1), then
estimating the average treatment e�ect on the treatment is a popular way to avoid
overlap problems [Imbens, 2004]. Crump et al. [2009] and Li et al. [2018] discuss
other weighted estimands that can be used when overlap problems get more severe
and propensity scores may get arbitrarily close to both 0 and 1.

Although we do not discuss it here, the arguments developed in this chapter can
be applied directly to estimators of other weighted treatment e�ects. We implement
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extensions of the random forest based estimator described in 4.3.1.2 for estimating
both the average treatment e�ect and the overlap-weighted treatment e�ect of Li
et al. [2018] in theRpackagegrf [Tibshirani et al., 2020].

4.6.4 Further identi�cation strategies

Although the two lines of approaches studied here for identi�cation of average
treatment e�ects with missing attributes are the most prevalent in applied work,
they are far from exhaustive. For example, Yang et al. [2019] consider a setting
with outcome-independent missingness,Yi ?? Ri

�
�
� f X i ; Wi g, and �nd that � can be

identi�ed via a set of integral equations. We expect the area of methods development
for causal inference with missing attributes to be a fruitful research area for years to
come.
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Chapter 5

MissDeepCausal: Causal Inference from
Incomplete Data Using Deep Latent Variable

Models

This chapter corresponds to a more recent version of the paper MissDeepCausal:
Causal Inference from Incomplete Data Using Deep Latent Variable Models, written
with Jean-Philippe Vert and Julie Josse.

Abstract

Inferring causal e�ects of a treatment, intervention or policy from observational
data is central to many applications. However, state-of-the-art methods for causal
inference seldom consider the possibility that covariates have missing values, which
is ubiquitous in many real-world analyses. Missing data greatly complicate causal
inference procedures as they require an adapted unconfoundedness hypothesis which
can be di�cult to justify in practice. We circumvent this issue by considering latent
confounders whose distribution is learned through variational autoencoders adapted
to missing values. They can be used either as a pre-processing step prior to causal
inference but we also suggest to embed them in a multiple imputation strategy
to take into account the variability due to missing values. Numerical experiments
demonstrate the e�ectiveness of the proposed methodology especially for non-linear
models compared to competitors.
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5.1 � Introduction

Many methods have been developed to estimate the causal e�ect of an intervention,
such as the administration of a treatment, on an outcome such as survival, from
observational data, i.e., data that is potentially confounded by selection bias due to
the absence of randomization. Classical ones include matching [Iacus et al., 2012],
inverse propensity weighting [IPW, Horvitz and Thompson, 1952, Rosenbaum and
Rubin, 1983b] and doubly robust methods [Robins et al., 1994, Chernozhukov et al.,
2018a, Wager and Athey, 2018, Athey et al., 2019, Künzel et al., 2019]. More recent
proposals use deep learning methods that ensure balance of the population at the
level of representation [Johansson et al., 2016, Shalit et al., 2017], infer the joint
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distribution of latent and observed confounders, the treatment and the outcome
[Louizos et al., 2017] or predict the counterfactuals with speci�c network architectures
exploiting overlap [Shi et al., 2019] or using GANs [Yoon et al., 2018a]. For a detailed
review of existing literature on treatment e�ect estimation we refer to Imbens [2004],
Lunceford and Davidian [2004] and Guo et al. [2019].

However, state-of-the-art methods still su�er from important shortcomings. In
particular, they seldom consider the possibility that covariates have missing values,
which is ubiquitous in many real-world situations [Josse and Reiter, 2018] and has
been widely discussed in di�erent contexts [Little and Rubin, 2019, van Buuren,
2018, Mayer et al., 2019]. Although this question of missing attributes in the context
of treatment e�ect estimation has been raised early in the development of causal
inference [Rosenbaum and Rubin, 1984], there is still a lack of e�ective and consistent
solutions addressing this problem.

In Chapter 4, in addition to suggesting doubly robust estimators with missing data,
we classi�ed the existing approaches into two classes. In the �rst one, identi�ability
of the causal e�ect with missing values is ensured by adapting the causal inference
assumptions to the missing values setting with anunconfoundedness with missing
valuesassumption [Rosenbaum and Rubin, 1984], that can be di�cult to assess in
practice. Then, estimation requires or not some hypothesis on the missing values
mechanisms [Rubin, 1976]. In the second class, the classicalunconfoundedness
assumption is kept, but most of the methods require missing (completely) at random
(M(C)AR) assumptions [Mattei and Mealli, 2009, Seaman and White, 2014]. In
addition, consistent estimation is demonstrated under strong parametric assumptions
about the outcome, treatment and covariates models. Yang et al. [2019] derived
identi�ability conditions under speci�c missing non at random (MNAR) settings via
sets of integral equations and also provide an estimator of the average treatment
e�ect based on these integral equations.

Additionally, a third class of models and methods can be de�ned that considers
a latent unconfoundednessassumption [Kallus et al., 2018a, Louizos et al., 2017].
Louizos et al. [2017] consider covariates with missing values that are noisy proxies
of the true latent confounders and base their estimation on a low-rank model with
MCAR missing values. With this model they provide an asymptotically unbiased
estimator for the causal parameter de�ned via a linear regression model.

In this work we focus on this third class of models, namely latent unconfounded-
ness, and propose the following contribution: we suggest a non-linear model with
deep-latent variables [Kingma and Welling, 2014a, Rezende et al., 2014] and MAR
data. We provide heuristics for the recoverability of the latent confounders and
subsequent estimation of the causal e�ect in the non-linear case and illustrate these
claims with empirical �ndings.

In the remainder of this article we �rst introduce the problem framework and
recall existing work for handling missing values in causal inference in Section 5.2. In
Section 5.3 we discuss identi�ability in the non-parametric setting. In Section 5.4 we
propose our variational autoencoder based estimation strategy. Finally we compare
our proposals empirically with several state-of-the-art methods on simulated data in
Section 5.5.
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5.2 � Notations and related works

In this chapter, we use the same framework as in Chapter 4, namely the potential
outcomes framework [Rubin, 1974, Imbens and Rubin, 2015] and the corresponding
notations introduced in Chapter 1. Thus, here we also consider we have a sample ofn
independent and identically distributed (i.i.d.) 4-tuples(Yi (0); Yi (1); Wi ; X i ) i =1 ; :::; n ,

with Wi 2 f 0; 1g a binary treatment, X i = (X i 1; : : : ; X ip )> 2 Rp a vector of
covariates, and (Yi (0); Yi (1)) 2 R2 the outcomes we would have observed had we
assigned control or treatment to thei -th sample, respectively. Throughout this
chapter we are interested in estimating the ATE (1.2) de�ned in Chapter 1.

We also recall theunconfoundednessand overlapassumptions. The former states
that all confounding factorsC are measured, i.e., conditionally onC, the treatment
assignment is independent of the potential outcomes:

f Yi (1); Yi (0)g ?? Wi j Ci ; for all i ; (5.1)

and the latter assumes the existence of some� > 0 such that � < e (c) < 1 �
�; for all c 2 C.

We now consider an extension to account for possible missing entries in the
covariates. For that purpose, we borrow the notationX � from the previous chapter,
namely: we denote the response pattern of thei -th sample asRi 2 f 0; 1gp such that
Rij = 1 if X ij is observed andRij = 0 otherwise. The rows of the matrix of observed
covariates can be written withX ?

i , X i � Ri + NA� (1 � Ri ). We modelRi as a
random vector and the (conditional) distribution of 1 � Ri is known as the missing
values mechanism.

As mentioned in the introduction, methods for causal inference with missing
covariates can be classi�ed into three categories according to assumptions made on
both part.

5.2.1 Unconfoundedness with missing values and no as-
sumptions on the missingness mechanism

This case corresponds to the main setting of the previous chapter and we brie�y re-
call it for ease of reading. Rosenbaum and Rubin [1984] extend the unconfoundedness
hypothesis (5.1) to missing values as

f Yi (1); Yi (0)g ?? Wi j X ?
i ; for all i; (5.2)

i.e., here we haveC = X � . This implies the assumption, illustrated in Figure 5.1,
that if a covariate is not observed, it is not a confounder. In particular, observations
can have di�erent confounders depending on their pattern of missing data. They
de�ne the generalized propensity score as:

8x? 2 X ?; e?(x?) , P(Wi = 1 j X ?
i = x?) ; (5.3)

which is a balancing score under (5.2). Consequently, an IPW estimator formed
with estimators of e? can be an unbiased estimator of the ATE with missing values.
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Nevertheless, this method relies both on the fact that the covariatesX are the
appropriate set of confounders, which can be questioned without missing data [Kallus
et al., 2018a], and requires certain expert input and reasoning to verify that for each
observation, treatment assignment and/or outcome values depend only on observed
values of the confounders (Blake et al. [2020] and Chapter 4). Note in particular,
that it is not because the missing data in the covariates are completely at random
(MCAR), i.e., R ?? X , that (5.2) is met. In practice, in addition, a di�culty with this
approach is that estimating (5.3) requires �tting one model per pattern of missing
values, which is unrealistic with classical tools [Miettinen, 1985, D'Agostino and
Rubin, 2000, D'Agostino et al., 2001, Blake et al., 2020]; In Chapter 4 we have shown
how to address this problem using random forests adapted to covariates with missing
values.

X X ? R

W Y{ Y(0); Y(1)}

Figure 5.1 � Unconfoundedness with missing values.X represents the complete covariates,
and R (or 1 � R) a missing data mechanism,X � represents the observed incomplete
covariates, confounding the treatment assignment. The formalism of Pearl [1995] and
Richardson and Robins [2013] is used.

5.2.2 Classical unconfoundedness with assumptions on
the missingness mechanism

Seaman and White [2014] show that when assuming (i) identi�ability of the ATE
in the complete case, i.e., including classical unconfoundedness assumptions as in
equation (5.1), (ii) missing at random (MAR) values givenW and Y, (iii) correct
speci�cation of the propensity score with logistic regression and of the Gaussian
distribution of covariates, then multiple imputation [Little and Rubin, 2019, van
Buuren, 2018] gives a consistent estimate for the ATE estimated with IPW. An
extension to doubly robust estimation has been proposed in Chapter 4.

Even though the assumption of MAR missing values is prevalent in applied work
for causal inference with missing values � as it allows simple estimation strategies �,
Yang et al. [2019] consider a setting with outcome-independent missingness,Yi ??
Ri jf X i ; Wi g, which can be seen as a special case of MNAR missingness mechanism.
Methods proposed to handle such cases are sometimes hard to implement in practice,
even in small dimensions and particularly in high-dimensional settings. However,
Yang et al. [2019] �nd that � can be identi�ed via a set of integral equations and
also provide an estimator for� based on these integral equations.

� 146 �



5.2. Notations and related works

5.2.3 Latent unconfoundedness assumption

Kallus et al. [2018a] consider that thep observed covariatesX = [ X 1; : : : ; X p] are
noisy and/or incompleteproxies of the d true latent confoundersZ = [ Z1; : : : ; Zd],
as illustrated in Figure 5.2. This is known as a case of �surrogate-rich� setting or
multiple proxies. They assume a factor analysis model for the covariates and estimate
the latent variables Ẑ from the incomplete covariatesX � using matrix completion
methods [Hastie et al., 2015, Josse et al., 2016b].

X X ? RZ

W Y{ Y(0); Y(1)}

Figure 5.2 � Latent confounding with observed proxy variables. Z represents the unobserved
latent confounders of the treatment W and the e�ect Y . X represents a proxy for the
confounders, andR a missing data mechanism;X � represents the observed incomplete
covariates.

Then, under the linear regression model

Yi = Z T
i � + �W i + " i ; (5.4)

with MCAR values in X � , and some other additional assumptions, they prove that
regressingY on Ẑ and W leads to an asymptotically consistent ATE estimator (asn
and p tend to in�nity but with n >> p and assumingd5(d_ log(n _ p))n logn=[# obs]
tends to 0, with [# obs] the number of observed cells). The convergence rate of this
estimator also depends on the principal angle between the true and the estimated
column space of the confounders matrix, in other words on the quality of estimation
of the true latent confounders from the noisy (and incomplete) covariates. Despite
the strong model assumptions, they show empirically that their approach performs
well in many other settings including plug-inẐ in AIPW estimators, as long as the
underlying latent factors assumption is met approximately.

5.2.4 Identi�ability in latent variable models

Even without missing values, identi�cation is generally di�cult in the case
of latent confounding, where the true confoundersZ are unobserved but instead
we assume access to surrogate or proxy variables inX . Only a few results have
been shown so far, relying on strong assumptions about the dimension, type, and
relationship between the latent confounders and the proxies. Kuroki and Pearl [2014]
assume that the proxies only depend on the latent confounders, an assumption often
called nondi�erential error in measurement error modeling [Carroll et al., 2006].
Furthermore they assume that (a) both the proxy and the latent confounder are
discrete variables with a given �nite number of categoriesk and either (b.1) X is
univariate and the distribution pX jZ is available or (b.2)pX jZ is non-parametrically
identi�able which requires that X = ( X 1; X 2)T whereX 1 and X 2 are conditionally
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independent of each other givenZ . These assumptions, together with additional
assumptions of invertibility of pX 2 jX 1 ;w and pY;X 2 jX 1 ;w for all w, allow them to apply
a matrix adjustment method [Rothman et al., 2008] to recover the joint distribution
pZ;W;Y from the observable information and thus to identify the causal e�ect of
W on Y. Miao et al. [2018] tackle the identi�cation problem di�erently, without
requiring identi�ability of pX jZ . They establish identi�ability conditions for the model
given in Figure 5.3. In the case where all variables(Z; X 1; X 2) are discrete, they
require invertibility of the matrix pX 2 jX 1 ;w for all w. 1 They also provide identi�ability
results in the case whereZ as well asX 1 and X 2 are continuous, assuming two
completeness conditions on the conditional distributions of these three variables,
satis�ed for instance by exponential families. Together with regularity conditions,
they prove identi�ability of the causal e�ect via existence of a certain Fredholm
integral equation. They note however that non-parametric inference from these
results is not straightforward and thus left for future work.

X 1 X 2Z

W Y{ Y(0); Y(1)}

Figure 5.3 � Latent confounder with observed two proxy variables. X 1 can be a negative
control exposure (Y (w; x1) = Y (w)) and X 2 a negative control outcome (X 2(w; x1) = X 2).

Shi et al. [2020] establish non-parametric identi�cation of the ATE under weaker
conditions than Kuroki and Pearl [2014], Miao et al. [2018] in the case whereZ; X 1; X 2

are all categorical and both proxies have at least as many categories asZ . With
additional completeness assumptions (involving the rank of the matrices specifying
the conditional distributions pX 2 jZ and pZ jX 1 ;w ), they show that the causal e�ect can
be non-parametrically identi�ed.

Louizos et al. [2017] consider the same causal model as in Figure 5.2, i.e., a
surrogate-rich or multiple proxies problem, but without the missing values inX .
In addition, they do not consider that the relationships are linear between the
proxies and the latent variables but can potentially be much more complex. Then,
they �rst provide an identi�cation result for the ATE in their problem, assuming
identi�ability of the joint distribution pZ;X;W;Y , and second leverage recent advances
from variational autoencoding (VAE) to estimate the joint distribution pZ;X;W;Y from
the data (X; W; Y ).

Their work is built on the following theorem:2

Theorem 5.2.1 (Louizos et al. [2017, Theorem 1]). If we can recover the joint

1. The authors note that this is equivalent to having pX 2 jZ and pZ jX 1 ;w invertible for all values
of w.

2. This theorem uses Pearl'sdo-operator [Pearl, 2009c] which has not been introduced in this
work and we cite the theorem and its proof without formally introducing it.
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distribution pZ;X;W;Y , then we can recover the ATE� = E[E[Yi jX i ; do(Wi = 1)] �
E[Yi jX i ; do(Wi = 0)]] under model 5.2.

Proof. They prove that pY jX;do (W =1) is identi�able under the premise of the theorem.
The case forw = 0 is identical, and the expectations in the de�nition of ITE,
ITE (x) := E[Y j X = x; do(W = 1)] � E[Y j X = x; do(W = 0)] readily recovered
from the probability function. ATE, ATE = E[ITE (X )], is identi�ed if ITE is
identi�ed. They note that:

pY jX;do (W =1) (y j x; do(w = 1)) =
Z

Z
pY jX;do (W =1) ;Z (y j x; do(w = 1) ; z)

pZ jX;do (W =1) (z j x; do(w = 1)) dz
(i )
=

Z

Z
pY jX;W =1 ;Z (y j x; w = 1; z)pZ jX (z j x)dz

(5.5)

where equality (i) is by the rules ofdo-calculus applied to the causal graph in
Figure 5.2. This completes the proof since the quantities in the �nal expression of
(5.5) can be identi�ed from the distribution pZ;X;W;Y which is known by the theorem's
premise.

In other words, identi�ability of the joint distribution over (Z; X; W; Y ) induces
identi�ability of the causal parameter under model 5.2. Evoking recent advances in
the �eld of generative networks and in particular VAEs, they assume that their VAE
approximates su�ciently well the true joint distribution pZ;X;W;Y from the observed
variables(X; W; Y ). The variational lower bound of their model is

L CEV AE ,
NX

i =1

Eq(Z i jX i ;W i ;Yi ) [ logp(X i ; Wi j Z i ) + log p(Yi j Wi ; Z i )

+ log p(Z i ) � logq(Z i j X i ; Wi ; Yi ) ] :

To compute p(yjx; do(w = 1)) and p(yjx; do(w = 0)) , they sample from the ap-
proximate posteriorq(zjx) =

P
w

R
q(zjw; y; x)q(yjw; x)q(wjx)dy. While there is no

theoretical guarantee that the VAE estimate ofpZ;X;W;Y convergences to the true joint
distribution, despite recent encouraging identi�ability results for VAEs [Khemakhem
et al., 2020], the authors show empirically that the resulting method is promising.

A related literature based on thethe deconfounderapproach of Wang and Blei
[2019], Wang and Blei focuses on handling unmeasured confounders. For that purpose,
they consider a multi-cause causal inference problem and their approach consists in
a two step procedure that �rst applies a dimension reduction on the multiple causes
A to obtain an approximation Ẑ of the unobserved multi-cause confoundersZ , and
second regresses the outcomeY on the causesA and approximatedẐ . This line of
work has given rise to a signi�cant amount of work and has further highlighted the
di�culty of managing latent confounding factors and obtaining plausible conditions
of identi�ability (see D'Amour [2019], Grimmer et al. [2020] and references therein).

For instance, it has been pointed out by Grimmer et al. [2020] that the decon-
founder approach does not improve upon simple regression on the multiple causes.
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Put di�erently, the additional step that extracts information from A on the confound-
ing does not improve the regression upon directly using this information implicitly
by regressing only onA.

Finally, it can be noted that the problem of latent confounders is related to the
identi�ability problems of MNAR missing data models, approached by graphical
modeling [Saadati and Tian, 2019, Bhattacharya et al., 2019].

5.3 � ATE with latent confounders with incom-
plete proxy variables

In this section, we propose methods that rely on the latent unconfoundedness
model with missing values in the proxy variables as represented in Figure 5.2. We
assume that the relationship between the confoundersZ and their observed and
potentially incomplete proxiesX � , can be complex, i.e., that it cannot be captured
by simple models such as matrix factorization, going beyond the linear case proposed
by Kallus et al. [2018a].

5.3.1 Multiple imputation strategy

Under the model represented in Figure(5.2), the unconfoundedness hypothesis
(5.2) doesnot hold, thus a standard treatment e�ect estimator usingX � as covariates
would be biased. On the other hand, we can express the treatment e�ect conditioned
on X � as follows:

E[Y(1) � Y(0) j X � ] = E[E[Y(1) � Y(0) j Z; X � ] j X � ]

= E[E[Y(1) � Y(0) j Z ] j X � ] :

We recall that we denote as in Bennett and Kallus [2019]:

f (z) = E[Y(1) � Y(0)jZ = z];

� w(z) = E[Y(w)jZ = z]

� w(x � ) = E[� w(Z )jX � = x � ] = E[Y(w)jX � = x � ]

Consequently, if we had an unbiased estimator of the treatment e�ect conditioned on
Z , f̂ (Z ) of f (or equivalently unbiased estimatorsf �̂ w(Z )gw), and if we knewPZ j X � ,
the conditional distribution of Z given X � , then we could estimate the treatment
e�ect conditioned on X � , � 1(X � ) � � 0(X � ), by

ĝ(X ?) , E[f̂ (Z )jX ?] : (5.6)

Furthermore, by expressing the ATE as

� = E[Y(1) � Y(0)] = E[E[Y(1) � Y(0) j X � ]] ;

we can form an estimate of the ATE byE[ĝ(X ?)]. We describe an estimator in
Section 5.4.2 based on this approach, which is reminiscent of multiple imputation
techniques in the �eld of missing value imputation [Rubin, 2004].
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5.3.2 Pre-processing strategy

Another strategy, closest to the one of Kallus et al. [2018a] and described in 5.4.3,
is to consider latent variables estimation as a pre-processing step prior to causal
inference by computing

h(X ?) , f (E[Z jX ?]): (5.7)

5.3.3 In which conditions, such approaches are reasonable

We propose to estimate the joint distribution of(Z; X ) from X ? using a variational
autoencoder (VAE) with missing data [Mattei and Frellsen, 2019], as will be detailed
in Section 5.4. If the latent confounders are �su�ciently well" inferred from the data
X ?, the estimation of the causal parameter is possible. Such a postulate is plausible
considering an adaptation from thesubstitute confounderassumption of Wang and
Blei that states a pinpointing relationship between the observedX � and the latent
confoundersZ .

Assumption 5.3.1. There are no confounding factors which cannot be inferred from
the proxiesX � . In other words, we assume that there exists a deterministic function
l of X � de�ned by

P
�
Z j X �

1 ; : : : ; X �
p

�
= � l(X �

1 ;:::;X �
p ) (5.8)

Thus if we knewl perfectly, we could deconfound the data using onlyX � with the
assumptionf Y(0); Y(1)g ?? Wjl(X � ), i.e., all information about the true confounders
Z is captured in X � . Assuming a certain degree of regularity of this functionl, we
could de�ne an estimatorẐ via an approximation of this function l estimated from
the data. Note however that in the multi-cause problem of Wang and Blei, for �nite
number of observations and covariates, even for an accurate approximation of this
function from the observed data, Imai and Jiang [2019] point out that the associated
Ẑ still depends on the choice of the factor model and if̂Z is taken to be the posterior
mean,Ẑ = E[Z jX � ], this expectation is taken with respect to the �tted factor model,
which does not guarantee convergence (in probability) of̂Z to the true confounder
Z . Finally, we can note that a possible graphical model that is in agreement with
this assumption is a fully connected graph as illustrated in Figure 5.4.
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R

Z1 Z2 : : : Zd

X 1 : : : X p

X ?
1

: : : X ?
p

W Y{ Y(0); Y(1)}

Figure 5.4 � Latent confounding with observed proxy variables. (Z1; : : : ; Zd) represent
the unobserved latent confounders of the treatmentW and the e�ect Y . (X 1; : : : ; X p)
represent proxies, andR a missing data mechanism;(X �

1 ; : : : ; X �
p ) represent the observed

incomplete covariates.

Such a framework excludes the case whereZ and X � are independent i.e., cases
where the proxies are simple noise and contain no information aboutZ . It also
implies that there are no unobserved variablesZ j that are related to X � but that
are not confounding factors.

Following D'Amour [2019] and Grimmer et al. [2020], we can note that in the non-
parametric case, Assumption 5.3.1 requires an in�nity of proxiesX � to identify all
information about the confoundersZ from the proxiesX � . In our setting of multiple
proxies, we postulate that as the number of observations increases and for increasing
number of observed covariates, the posterior distributionpZ jX � concentrates in the
true confounders, which in turn justi�es the two strategies proposed previously. This
statement will be illustrated with numerical experiments in Section 5.5.2.

5.4 � MissDeepCausal

As we saw in Section 5.3, the proposed strategies require sampling from the
posterior distribution PZ jX ? . Consequently, we �rst describe in Section 5.4.1 how to
learn the joint distribution of (Z; X ) from X ? using a variational autoencoder (VAE)
with missing data, before turning to the details of each strategy.

5.4.1 Deep latent variable models with missing values

Deep latent variable models can be de�ned as follows. Let(X i ; Z i )1� i � n be n
i.i.d. random variables such that

8
<

:

Z i � P(Z i ) ;

X i � P� (X i jZ i ) = � ( X i jf � (Z i )) :

The prior distribution of the latent variables or codesZ i 2 Rd is often isotropic
GaussianZ i � N (0d; I d). The function f � : Rd ! H is a (deep) neural network
called thedecoderand �( �j � )� 2 H is a parametric observation model, which we take
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to be multivariate Gaussian. The inference of deep latent variable models can
be achieved by maximizing evidence lower bounds of the likelihood, such as the
variational autoencoder bounds.

With missing values, the appropriate quantity to target for inference on� , when
the missing values mechanism, parametrized by� , can be ignored (see Section 5.2
and Rubin [1976], Little and Rubin [2019]), is the observed log-likelihood. Using
Rubin [1976]'s notations, we de�neX i = ( X obs

i ; X mis
i ) the partition of the data in

realized observed and missing values given a speci�c realization of the pattern3, and
we start by writing the full likelihood:
L full (�; � ) ,

Q n
i =1

R
p�

�
X obs

i ; X mis
i

�
p�

�
Ri j X obs

i ; X mis
i

�
dX mis

i . The observed log-
likelihood writes as

`(� ) , log(L (� )) =
nX

i =1

logp�

�
X obs

i

�

=
nX

i =1

log
Z

p�

�
X obs

i jZ i

�
p(Z i )dZi ;

whereL is the observed likelihood. Using the following theorem, the parameter of
interest � can be inferred by maximizing this observed likelihood rather than the full
likelihood:

Theorem 5.4.1. [Rubin, 1976, Thereom 1] Given� such that for all 1 � i �
n; p� (Ri jX i ) > 0, assume(a) MAR, (b) 
 �;� = � � � , L (� ) is proportional to
L full (�; � ) with respect to�; so that the inference for� can be obtained by maximizing
the likelihoodL which ignores the mechanism parametrized by� .

The evidence lower bound (ELBO) corresponding to the observed log-likelihood
is:

L (� ; 
 ) ,
nX

i =1

EQ 


h
ln P�

�
X obs

i jZ i

�i

� KL
�
Q


�
Z i jX obs

i

�
jj P� (Z i )

�
;

with KL for the Kullback-Leibler divergence and the variational distribution

Q


�
Z jX obs

�
, 	

�
Z jg
 (X obs)

�
;

with 	( �) the (parametric) variational distribution over Rd. The function g
 : X ! K ,
called theencoder, is parametrized by a (deep) neural network whose weights are
stored in 
 2 � .

To take into account missing values in deep latent variable models, Mattei and
Frellsen [2019] suggest the missing data importance weight autoencoder bound
(MIWAE) approach. They use a simple variational family where they impute the
missing entries with a constant and show that using this class of distributions, it

3. To lighten notations, when there is no ambiguity, we remove the explicit dependence in the
pattern m.
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maximizes a lower bound of the observed log-likelihood. Speci�cally, they replace
Q
 with

Q


�
Z jX obs

�
= 	

�
Z jg


�
�

�
X obs

��
;

where � is an imputation function chosen beforehand that transformsX obs into a
complete input vector �

�
X obs

�
2 X .

Self-normalized importance sampling In the MIWAE approach, the varia-
tional distribution Q
 (Z jX ?) plays a central role but is not necessarily a good
surrogate for the posterior distributionP� (Z jX ?). To sample from the true posterior
distribution, we resort to importance sampling techniques using the variational
distribution Q
 for proposal. More precisely, we can de�ne, for any measurable
function s,

E[s(Z )jX ?] =
Z

s(Z )p� (Z jX ?)dZ

=
1

p(X ?)

Z
s(Z )

p� (X ?jZ )p(Z )
q
 (Z jX ?)

q
 (Z jX ?)dZ:

This quantity can be estimated using self-normalized importance sampling with:

E[s(Z )jX ?] �
LX

l=1

wls(Z (l ));

wherewl ,
r l

r1 + � � � + rL
; with r l ,

p� (X ?jZ (l ))p(Z (l ))
q
 (Z (l ) jX ?)

:

(5.9)

Equation (5.9) is used in our second strategy described in Section 5.4.3, while for
our �rst strategy (described in Section 5.4.2) we sampleL samplesZ (1) ; : : : ; Z (L )

according toQ
 (Z jX ?), compute the weights as in (5.9) and re-sampleB << L with
probability proportional to the weights.

5.4.2 MissDeepCausal with multiple imputation (MDC-
MI)

MDC-MI uses the importance sampling strategy presented in Subsection 5.4.1, to
compute an approximation of (5.6) by Monte-Carlo as follows. First, we drawB i.i.d.
samples(Z (j ))1� j � B 2 Rn� d from the posterior distribution PZ jX ? . On each sample,
we evaluate the functionf and aggregate the results:̂g(B )(X ?) = 1

B

P B
j =1 f (Z (j )).

This approach can be viewed as a multiple imputation method, which consists in
generating di�erent imputed data sets by drawing the missing values from their
posterior distribution given observed values, then estimating the parameters of
interest on each imputed data set and aggregating the results according to Rubin's
rules [Rubin, 2004] to obtain a �nal estimate for the quantity of interest. Take for
instance the simple regression estimator: we regress the observed outcomeY on
every sampleZ (j ) of the confounders,j = 1; : : : ; B, and on the treatment assignment
vector, to obtain an estimate�̂ (j ) (corresponding to the regression coe�cient ofW).
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The �nal estimate for the causal e�ect by computing the mean of the estimators i.e.
�̂ = 1

B

P B
j =1 �̂ (j ) .

Alternatively, we could apply the AIPW estimator (1.26) (from Chapter 1) on
each tableZ (j ) :

�̂ (j ) =
1
n

nX

i =1

�
�̂ (j )

1 (Z (j )
i ) � �̂ (j )

0 (Z (j )
i )

+ Wi
Yi � �̂ (j )

1 (Z (j )
i )

ê(j )(Z (j )
i )

� (1 � Wi )
Yi � �̂ (j )

0 (Z (j )
i )

1 � ê(j )(Z (j )
i )

1

A ;

(5.10)

and get the �nal estimate for the causal e�ect by taking the average of the intermediate
estimations as before. Aggregation rules for multiple imputation [Rubin, 2004] are
valid when the estimator is distributed according to a Gaussian distribution. This is
the case asymptotically for the estimator in Equation 1.26 [Wager and Athey, 2018]
which motivates this heuristic strategy. Note also that for this latter estimator, we
can write

�̂ = f (Z ) = EX ? [g(X ?)]

= EX ?

� Z

Z
f (z)p(zjX ?)dz

�

�
1

nB

BX

j =1

nX

i =1

�̂ (j )
1 (Z (j )

i ) � �̂ (j )
0 (Z (j )

i )

+ Wi
Yi � �̂ (j )

1 (Z (j )
i )

ê(j )(Z (j )
i )

� (1 � Wi )
Yi � �̂ (j )

0 (Z (j )
i )

1 � ê(j )(Z (j )
i )

;

where the nuisance parameterse; � w are estimated separately on every sample
j = 1; : : : ; B. Note that this multiple imputation strategy additionally allows to
re�ect the variability due to the missing values in the variance estimation of the
estimator �̂ .

5.4.3 MissDeepCausal with latent variables estimation as
a pre-processing step (MDC-process)

We also propose MDC-process as a non-linear extension of Kallus et al. [2018a],
where we estimateh(X ?) de�ned in (5.7). For that purpose, we �rst approximate
the expectation of the posterior distribution

Ẑ (x?) , E[Z jX ? = x?] (5.11)

to obtain estimates for the latent confounders. In a second step, we use them
under the regression model (5.4) and accordingly regress the observed outcomeY on
the estimated latent factorsẐ (x?) and the treatment assignmentW to obtain an
estimation of the treatment e�ect. This strategy is a heuristic extension of Kallus
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et al. [2018a] to a non-linear case in the sense that the latent variables encode
non-linear relationship between covariates.

An alternative, still heuristic, approach is to use the estimated latent confounders
from (5.11) as inputs for standard techniques to estimate the average treatment
e�ect. More precisely, for the AIPW estimator (1.26), we replace the estimates for
the propensity score with estimates for

~e(z) = P(Wi = 1 j Ẑ i (x?) = z);

and similarly for the conditional response surfaces.

5.5 � Simulation study

5.5.1 Settings

Under the latent confounding assumption (corresponding to the graphical model
in Figure 5.2), we generate covariates according to two models:

� LRMF: The covariates are generated from a low-rank matrix factorization
model as in Kallus et al. [2018a].

� DLVM: The covariates are generated from a deep latent variable model as in
as in Kingma and Welling [2014a] with homoscedastic noise.Z i � N d(0; 1),
covariatesX i are sampled fromNp(� (Z ) ; � 2I ), where� (Z ) = V tanh(UZ + a)+ b
with U 2 Rh� d; V 2 Rp� h; a 2 Rh; b2 Rp drawn from standard Gaussian distri-
butions (V; b) and uniform distributions (U; a). We �x � 2 = 0:001 throughout
the experiments for confounders recovery.4 5

We de�ne treatment and outcome models with a logistic-linear model as follows:
logit(e(Z i �)) = � T Z i � and Yi � N (( � T Z i + �W i ; � 2). We add an additive noise
term in the outcome model such that the SNR (SNR = � Y

� Y
) is set to 10. Missing

values are generated under the MCAR mechanism, i.e.,P(Rij = 0) = �; 8 i; 8 j ,
with � 2 f 0; 0:3; 0:5 0:9g. Finally, we consider the following problem dimensions:
n 2 f 1 000; 10 000g, p 2 f 10; 100; 1 000g, and d 2 f 2; 10g. Results are averaged over
30 replicates for each setting. We only report results forn = 10; 000, experiments
with other choices of parameters are reported in the Supplementary Material.

4. Note that for the experiments in Section 5.5.4 we use a slightly di�erent model, where instead
the covariance ofX depends onZ , namely Var(X i ) = � (Z i ) = diagf exp(� T tanh(UZ + a)+ � )g with
� 2 R following a uniform distribution and � 2 Rh drawn from a standard Gaussian distribution.

5. Details about the di�erent choices for the constants can be found in the implementation
available under https://github.com/imkemayer/MissDeepCausal.
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5.5.2 Latent confounders recovery

Our heuristics about ATE estimation rely on the assumption that the posterior dis-
tribution pZ jX � obtained by our proposed strategy, namely MIWAE/VAE+importance
sampling, converges to the Dirac in the true latent confounders (see Section 5.3.3).
To illustrate this behavior, we consider simulations in the complete case with a
univariate latent confounder.

Figure 5.5 shows the estimated posterior distribution for a given observation
i , Z i jX i when the sample size increases. The realizationzi is considered as the
target (black solid line). The estimated posterior distribution and its meanẐ i are
represented by the gray histogram and the dashed line respectively. Additionally, we
add the �true� posterior distribution and its mean (in blue), obtained by rejection
sampling with the target distribution proportional to p(X � jZ )p(Z ). One observes
that as the number of observationsn increases the bias decreases and the posterior
distribution converges to the true posterior.

Figure 5.6 summarizes this result for an entire sample ofn observations: on
the left the mean squared errors (MSE) between̂Z = [ Ẑ1; : : : Ẑn ]T and Z that are
averaged across repetitions for increasingn. For a �xed p, asn increases the error
decreases towards the error obtained with the true posterior mean (dashed line). On
the right, the averaged variances of the posterior distributions are displayed in the
same settings. As expected, the posterior variance, both the true and the estimated,
decrease with increasing values ofp. It remains to understand why either for larger
p 2 f 50; 100g or for small (n; p) = (1000; 10), we underestimate the variance of the
posterior distribution.

Additionally, the strength of the initial signal, in our case the (near) orthogonality
of the noise in the ambient space to the signal in the latent space impacts the
convergence rate. Note that this is naturally linked to the behavior for increasingp.

Figure 5.5 � Example, for a given realization zi , of concentration of the posterior in the
true confounder value (with model parameters(d; p) = (1 ; 10)). The true posterior mean
is approximated by rejection sampling.

This �rst set of experiments motivates the following steps where we exploit the
posterior distribution obtained by MIWAE+importance sampling to estimate the
ATE.
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(a) MSE of Ẑ = E[Z jX � ] from �tted VAE for
estimating Z .

(b) Average variance of posteriorpZ jX � from �t-
ted VAE.

Figure 5.6 � Approximation of univariate confounder for increasing n 2 f 1000; 5000; 10000g
and p 2 f 10; 50; 100g.

5.5.3 Methods

We compare the following methods to handle missing values (the following
acronyms are identical to the method labels used in Figures 5.7�5.9):

� MissDeepCausal:

� MDC.process: using the estimations of the latent variables either in a
regression adjustment estimator or in an AIPW-like estimator as presented
in Section 5.4.3;

� MDC.mi: using the AIPW estimator MDC-mi Section 5.4.2.

We extended the publicly available code of Mattei and Frellsen [2019] to
implement both methods. Throughout all experiments, we �xL = 10; 000 for
the importance sampling weights. We choose hyperparameters,� 2

prior (variance
of the prior on Z) and dmiwae (dimension of estimated latent space), by cross-
validation. We vary the number of drawsB from the posterior for theMDC.mi
approach from50 to 500(results only reported forB = 500).

� MI: the multiple imputation approach as suggested in Mattei and Mealli [2009]
and Seaman and White [2014]. We generate 20 imputations, using the python
implementation in the scikit-learn [Pedregosa et al., 2011].

� MF: the matrix factorization approach of Kallus et al. [2018a] based on nuclear
norm penalty (python implementation inspired by the R packagesoftImpute
[Hastie and Mazumder, 2015]). The dimension of the latent space is chosen via
cross-validation on the nuclear norm penalty parameter.

� GRF.MIA: the doubly robust random forest based approach estimates the gen-
eralized scorese� (�); � �

w(�) and handle missing values using the semi-discrete
structure of the observed proxiesX � (see Chapter 4).
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5.5.4 Results

5.5.4.1 Regression adjustment

First, we assess the quality of our heuristic described in Section 5.4.3 concerning
the non-linear extension of Kallus et al. [2018a]. An estimation of� is obtained by
regressing the observed outcomesY on the estimations of the latent factorsZ (for
MDC.process, MF) and on the imputed dataX imp (for MI).

Figure 5.7 show that our proposed method,MDC.processtends to slightly outper-
form all other methods when the covariates are generated according to a DLVM model.
As expected the performances of all the methods decrease when the percentage of
missing values increase.

Additionally we �nd that when the data is generated under the LRMF model,
then our method performs as well as the initial proposal of Kallus et al. [2018a]
(results are reported in the Supplementary Material).

Figure 5.7 � Estimated ATE via regression adjustment for varying amount of missing values;
covariates generated from a DLVM, (logistic-)linear model speci�cation for (e; � 0; � 1);
results with Z results are obtained using the true confoundersZ . (n; p; d) = (10 000; 100; 2).

5.5.4.2 Weighting-based estimation

Now we turn to the more �exible framework which does not assume linear
relationships(5.4) between the outcome and the confounders. We consider the AIPW
estimator (1.26) with the (imputed) covariates X for MI and with the estimation of
the latent variablesZ for MFand MDC.

To estimate the regression surfaces(� 1; � 0) and the propensity scoree required
for the AIPW estimator (1.26), we use a logistic-linear model, either with or without
additional `2 regularization.

Figure 5.86 illustrates that even when the latent variables are generated from
matrix factorization, our approaches based on the VAE with missing values lead to
unbiased estimates. We note as well that all methods perform similarly, independently

6. The multiple imputation approach fails due to memory saturation. We only report results for
replications that did not fail due to memory constraints.

� 159 �



ATE ESTIMATION WITH LATENT CONFOUNDERS

of the number of observed covariatesp (results for the other values ofp are in the
Supplementary Material).

Figure 5.97 show that as expected, due to the �exibility of MissDeepCausal,
the suggested approaches better handle highly non-linear relationships between the
latent confounders and the observed (incomplete) covariates. MDC methods are the
only ones achieving no bias or small bias under this non-linear model.

Figure 5.8 � Estimated ATE via parametric AIPW estimation for varying amount of
missing values; covariates generated from a LRMF,(logistic-)linear model speci�cation
for (e; � 0; � 1); results with Z are obtained using the true confoundersZ . (n; p; d) =
(10 000; 1 000; 2).

Figure 5.9 � Estimated ATE via parametric AIPW estimation for varying amount of
missing values; covariates generated from a DLVM,(logistic-)linear model speci�cation
for (e; � 0; � 1); results with Z are obtained using the true confoundersZ . (n; p; d) =
(10 000; 1 000; 2).

7. Again the multiple imputation approach fail due to memory saturation.
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5.5.5 IHDP data

We assess our methodology on the Infant Health and Development Program
(IHDP) benchmark data [Hill, 2011]. The original data comes from a randomized
control trial where the aim was to assess the impact of visits by specialists on
children's test scores. There are six quantitative and 19 binary variables, recorded
for 985 individuals. Hill [2011] transformed the original experimental data into
observational data by selecting a nonrandom subset among the treated, strati�ed
along an ethnicity variable, which leads to two unbalanced treatment groups. In
total there are 139 treated and 608 control observations in the new data set. Then,
keeping �xed the treatment variable, simulated data are obtained by generating new
potential outcomes. More precisely, we follow the scenario �B� of Hill [2011] , i.e.,
Y(0) � N (� 0; 1) and Y(1) � N (� 1; 1), with (� 0; � 1) = ( exp(X + W)�; X� � ! )
where! is chosen to get an average treatment e�ect� equal to 4.8 After simulating
the outcomes, we add missing values to the 25 covariates, assuming an MCAR
mechanism. For the MIWAE part of our MDC methods, we select the parameters
� prior and dmiwae by 5-fold cross-validation.

In addition to comparing the estimators considered in this chapter that handle
missing data, we also add two other approaches: the CEVAE estimator detailed in
Louizos et al. [2017] as a baseline and the MIA.GRF estimator proposed in Chapter 4.
Note that CEVAE does not deal with missing values so that we replace the missing
values by the mean of the variables. The CEVAE estimator is based on the di�erence
between the two conditional expectations. The MIA.GRF estimator targets(10.3)
and the generalized response surface analogue. It is based on estimation using random
forests where missing values are encoded withmissing incorporated in attributessuch
that the splitting rules in the random forests exploit the missingness pattern [Twala
et al., 2008, Josse et al., 2019]. We use the R packagegrf [Tibshirani et al., 2020] for
the complete case and the implementation from Chapter 4 for the incomplete case9.

Finally, we additionally apply a non-parametric doubly robust estimator, denoted
by DRrf , on the approximated confounders (resp. imputed covariates) based on (gen-
eralized) random forests [Athey et al., 2019]. For this part we use the implementation
of the R packagegrf [Tibshirani et al., 2020].

For comparability with previous experiments on these data, we report the in-
sample mean absolute error, i.e. the mean absolute di�erence between the estimated
ATE and the sample ATE (by construction of the data we know the exact values of
� (1) (X i ) and � (0) (X i ) for all i ): � =

�
�
� �̂ � 1

n

P
� (1) (X i ) � � (0) (X i )

�
�
�.

8. We use and adapt the corresponding code from V. Dorie: https://github.com/vdorie/npci/.
9. https://github.com/imkemayer/causal-inference-missing
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Table 5.1 � Methods on the IHDP benchmark data. Mean absolute error � (with standard
error) across simulations on all the data points (in-sample error). OLS corresponds to the
estimator obtained by regression and DR to the doubly robust estimator(s).

%
Method

�
NA OLS DR log � lin DR rf

0

X (complete data) 0:72 � 0:02 0:13 � 0:00 0:20 � 0:01
MF 0:56 � 0:03 0:14 � 0:01 0:16 � 0:01

MDC:process 0:51 � 0:03 0:15 � 0:01 0:19 � 0:03
MDC:mi 0:47 � 0:03 0:16 � 0:01 0:14 � 0:02

CEV AE ( X ) 0:34 � 0:02

10

MI 0:85 � 0:02 0:16 � 0:00 0:24 � 0:01
MIA:GRF � � 0:23 � 0:01

MF 0:50 � 0:03 0:15 � 0:01 0:15 � 0:01
MDC:process 0:42 � 0:02 0:15 � 0:01 0:16 � 0:02

MDC:mi 0:35 � 0:02 0:17 � 0:01 0:13 � 0:02
CEV AE ( X imp ) 0:31 � 0:01

30

MI 1:20 � 0:02 0:30 � 0:00 0:32 � 0:01
MIA:GRF � � 0:17 � 0:01

MF 0:39 � 0:02 0:16 � 0:01 0:17 � 0:01
MDC:process 0:37 � 0:02 0:16 � 0:01 0:15 � 0:02

MDC:mi 0:30 � 0:02 0:18 � 0:01 0:13 � 0:01
CEV AE ( X imp ) 0:38 � 0:02

50

MI 1:54 � 0:03 0:46 � 0:01 0:42 � 0:01
MIA:GRF � � 0:19 � 0:01

MF 0:28 � 0:01 0:20 � 0:01 0:21 � 0:02
MDC:process 0:24 � 0:01 0:20 � 0:01 0:21 � 0:02

MDC:mi 0:18 � 0:01 0:22 � 0:01 0:22 � 0:03
CEV AE ( X imp ) 0:38 � 0:02

Table 5.1 shows that the more sophisticated estimators (either in the parametric
regression,DR log� lin , or the random forest formDR rf ) systematically outperform
the corresponding OLS estimator which highlights that the linear model is not
appropriate, at least that it is not linear in the covariatesX . Indeed, we know that
the outcome is simulated as a non-linear function of the (complete) covariatesX ,
whereas the treatment assignment is taken from the (de-randomized) experiment
and can therefore well depend on latent variables. The results of MissDeepCausal
are competitive with other approaches and greatly improve on CEVAE and MI. Its
performances when used with the double robust estimators are stable with respect
to the percentage of missing values.

5.6 � Conclusion

In this chapter we have investigated the problem of treatment e�ect estimation
with incomplete covariates and latent unconfoundedness. This problem of missing
values is highly relevant for modern causal inference as it is exacerbated with high
dimensional data. Yet most causal inference techniques do not address this issue; and
complete case analysis, in addition to leading to potentially inconsistent causal e�ects
estimators, is not an option anymore. We have proposed MissDeepCausal which
borrows the strength of deep latent variable models to retrieve the latent confounders
from incomplete covariates encoding complex non-linear relationships. We use a
modular approach in the style of Bayesian propensity based methods for treatment
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e�ect estimation [Zigler, 2016], where the latent variables are used as inputs for
standard complete data estimators. We suggest a multiple imputation strategy that
allows to fully exploit the posterior distribution of the latent variables. Numerical
results are very encouraging insofar as we obtain best relative performance in terms
of bias and MSE whether the underlying model is well or badly speci�ed compared to
current state of the art. However we have also highlighted some theoretical challenges
that are evoked by this (non-parametric) latent unconfoundedness problem and that
have also been discussed in other recent works [D'Amour, 2019, Grimmer et al.,
2020]. Other open challenges include heterogeneous treatment e�ect estimation with
missing values as well as the ambitious task of handling missing not at random type
data.
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Chapter 6

Causal inference methods for combining
randomized trials and observational studies: a

review

This chapter corresponds to the paper under review at theJournal of Statistical
ScienceCausal inference methods for combining randomized trials and observational
studies: a review, led by BénédicteColnet , carried out in collaboration with
Guanhua Chen , Awa Dieng , Ruohong Li , Gaël Varoquaux , Jean-Philippe Vert ,
Julie Josse, and Shu Yang .

Abstract

With increasing data availability, causal treatment e�ects can be evaluated
across di�erent datasets, both randomized controlled trials (RCTs) and observational
studies. RCTs isolate the e�ect of the treatment from that of unwanted (confounding)
co-occurring e�ects. But they may struggle with inclusion bias, and thus lack
external validity. On the opposite, large observational samples are often more
representative of the target population but can con�ate confounding e�ects with
the treatment of interest. In this chapter, we review the growing literature on
methods for causal inference on combined RCTs and observational studies, striving
for the best of both worlds. We �rst discuss identi�cation and estimation methods
that improve generalizability of RCTs using the representativeness of observational
data. Classical estimators include weighting, di�erence between conditional outcome
models, and doubly robust estimators. We then discuss methods that combine
RCTs and observational data to improve the (conditional) average treatment e�ect
estimation, handling possible unmeasured confounding in the observational data. We
also connect and contrast works developed in both the potential outcomes framework
and the structural causal models framework. Finally, we compare the main methods
using a simulation study and real world data to analyze the e�ect of tranexamic acid
on mortality in major trauma patients. Code to implement many of the methods is
provided.
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6.1 � Introduction

Experimental data, collected through carefully designed experimental protocols,
are usually considered the gold standard approach for assessing the causal e�ect of
an intervention or a treatment on an outcome of interest. Randomized interventions
are widely used in many domains such as economics, social sciences and medicine.
In particular, the intensive use of randomized controlled trials (RCTs) in the medical
area pertains to the so-called �evidence-based medicine�, a keystone of modern
medicine. Given that the treatment allocation in an RCT is under control, and that
the distribution of covariates for treated and control individuals is generallybalanced
for a binary treatment, simple estimators such as the di�erence in mean e�ect between
the treated and control individuals can be used to consistently estimate the treatment
e�ect [Imbens and Rubin, 2015]. However, RCTs can come with drawbacks: First,
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RCTs can be expensive, take a long time to set up, and be compromised by insu�cient
sample size due to either recruitment di�culties or restrictive inclusion/exclusion
criteria. Second, these criteria for participant eligibility can lead to a narrowly
de�ned trial sample that di�ers markedly from the population potentially eligible
for the treatment. Therefore, the �ndings from RCTs can lack generalizability to a
target population of interest. This concern is related to the aim ofexternal validity,
central in medical research [Concato et al., 2000, Rothwell, 2005, Green and Glasgow,
2006, Frieden, 2017], with the recent example of the COVID-19 vaccine e�ectiveness
[Kim et al., 2021], policy research [Martel Garcia and Wantchekon, 2010, Deaton and
Cartwright, 2018, Deaton et al., 2019], and other �elds such as advertising [Gordon
et al., 2019]. Note that this concern about the need for generalizability is not shared
by all, as discussed by Rothman et al. [2013].

In contrast, there is an abundance ofobservational data, collected without sys-
tematically designed interventions. Such data can come from di�erent sources. For
example, they can be collected from research sources such as disease registries, co-
horts, biobanks, epidemiological studies, or they can be routinely collected through
electronic health records, insurance claims, administrative databases, etc. In that
sense, observational data can be readily available, include large samples that are
representative of the target populations, and be less cost-intensive than RCTs. In
order to leverage observational data for causal e�ect analysis in health domains, the
U.S. Food and Drug Administration (FDA) has proposed a framework that distin-
guishes two types of information levels:Real World Data (RWD) and Real World
Evidence(RWE). On the one hand, RWD are data related to individuals' health
status or the delivery of health care routinely collected from a variety of sources.
On the other hand, RWE is the clinical evidence derived from analysis of RWD.
However, there are often concerns about the quality of these �big data�, given that
the lack of a controlled experimental intervention opens the door toconfounding bias.
In the absence of unknown confounders, there exist many methods to consistently
estimate a causal treatment e�ect from observational data such as matching, inverse
propensity weighting (IPW), or augmented IPW (AIPW) [Imbens and Rubin, 2015],
see also Chapter 1 for more details. When a confounder is unobserved, solutions
exist and methods have been developed such as thefront-door criterion [Pearl, 1993],
instrumental variables [Angrist et al., 1996, Hernán and Robins, 2006, Imbens, 2014],
robust causal structure learning [Frot et al., 2017], anchor regression [Rothenhäusler
et al., 2021], negative controls [Kuroki and Pearl, 2014, Shi et al., 2020], sensitivity
analysis [Corn�eld et al., 1959, Rosenbaum and Rubin, 1983a, Imbens, 2003], and
multiple causes analysis [Wang and Blei, 2019, Kong et al., 2021].

However, the internal validity of causal claims built from observational data
remains challenging since it relies on modeling assumptions di�cult to validate.
Combining the information gathered from experimental and observational data is a
promising avenue to build upon the internal validity of RCTs and a greater external
validity of the real-world data. In what follows, we provide three examples of potential
bene�ts in real world applications.
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Using RCTs and observational data to generalize the treatment e�ect to
a target patient population The FDA has recently greenlighted the extended
usage of a certain drug (Ibrance) to men with breast cancer, even though clinical trials
performed for authorization on the market were performed on a female population.
Breast cancer in men is a rare disease, and therefore fewer trials were conducted
to include male patients. The approval of the extension to the male population
was based on the post-market health record and claims data, which cited the real-
world usage of Ibrance on men. Authorizing such an extension can be a solution
to reduce approval time of a drug for patients who could bene�t from it. But such
approaches are also accompanied by several concerns, especially in cases where the
target population is very di�erent from the RCT cohort. Method development and
validation is needed to better navigate the risk-bene�t trade-o�.

Comparing RCTs and observational data to validate observational meth-
ods. There are many research questions for which it is impossible to conduct an
RCT, e.g., for ethical reasons. Thus, researchers and clinicians remain compelled
to take decisions based on observational data. Having at disposal the two sources
of data can be useful to benchmark and validate observational studies as there is
still concern that the new methods developed to analyze observational data could
weaken standards. The Women's Health Initiative (WHI) is a widely cited example
to illustrate potential inconsistencies between conclusions derived from RCTs and
RWD. This extensive project was launched to assess whether hormone replacement
therapy for healthy women could prevent the appearance of menopausal symptoms.
Two out of four interventions of the RCT ended earlier than expected when evidence
had accumulated that the health risks exceeded the bene�ts for this study population
[Prentice and Anderson, 2008], whereas observational data �rst showed a bene�t
of the hormone replacement therapy. There were many discussions to understand
whether the discrepancies between the studies were due to external validity issues
of the RCT or internal validity issues of the observational data [Cole and Stuart,
2010, Shadish et al., 2002]. This debate led to a renewed analysis of the data which
showed that the observational data carried the same message as the RCT, and that
the di�erences observed were due to discrepancies in timing of start of treatment
and e�ect over the time [Vandenbroucke, 2009, Frieden, 2017]. Following a speci�c
analysis protocol can help avoid such apparent contradictions, by ensuring compa-
rable analyses and a well-stated causal question. More precisely, such a protocol
requires �rst to specify what target trial could answer the precise causal question we
are interested in, while the observational data is used in a second step to emulate
this target trial. The third part of the procedure is to perform sensitivity analysis to
investigate remaining discrepancies [Hernán et al., 2016, Hernán, 2018, Lodi et al.,
2019].

Integrating the complementary features of RCTs and observational data
to better estimate treatment e�ects. The COVID-19 health crisis is a timely
example of a public health context where a very rapid response is needed to assess
the e�cacy of various candidate treatments. In the beginning of the outbreak, there
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are generally far more observational data than clinical trials. Knowing how to best
combine these two sources of information can be crucial, in particular to better
estimate heterogeneous treatment e�ects as RCTs are known to be under-powered in
such settings.

There is an abundant literature on the problem of bridging the �ndings from an
experimental study to the target population and combining both sources of informa-
tion. Similar problems have been termed asgeneralizability [Cole and Stuart, 2010,
Stuart et al., 2011, Hernán and VanderWeele, 2011, Tipton, 2013, O'Muircheartaigh
and Hedges, 2014, Stuart et al., 2015, Keiding and Louis, 2016, Dahabreh and
Hernán, 2019, Dahabreh et al., 2019c, Buchanan et al., 2018],representativeness
[Campbell, 1957],external validity [Rothwell, 2005, Stuart et al., 2018, Westreich
et al., 2018],transportability [Pearl and Bareinboim, 2011, Rudolph and van der
Laan, 2017, Westreich et al., 2017], and alsodata fusion [Bareinboim and Pearl,
2016]. They have connections to the covariate shift problem in machine learning
[Sugiyama and Kawanabe, 2012]. This problem of data integration is tackled in
the two main frameworks for causal inference, namely the potential outcomes (PO)
framework [Splawa-Neyman et al., 1929, Rubin, 1974], associated with the work by
Donald Rubin and collaborators, and the work on structural causal models (SCM)
using directed acyclic graphs (DAGs), much of it associated with work by Judea
Pearl [Pearl, 1995] and his collaborators. Note that the DAGs are intuitive tools to
clinicians and can be used to easily incorporate the domain knowledge.

The present chapter reviews available works on combining experimental data
(RCTs) and observational data (RWD). It is organized as follows: In the next section,
we introduce the notations from the PO framework, as well as the design setting.
The review then starts by considering in Section 6.3 the case where the available
data on the RCT are covariates (also known as baseline covariates when measured
at inclusion of the patient), treatment, and outcome, while on observational data,
only covariates are available. The aim is to generalize RCT �ndings to the target
population. In this perspective, we give the identi�ability assumptions and present
the main estimation methods, i.e., inverse probability of sampling weighting (IPSW)
and strati�cation, g-formula, doubly robust estimators, that have been suggested
to account for distributional shifts. In Section 6.4, we consider the case where
observational data also contain treatment and outcome data. We consider estimators
for estimating the conditional average treatment e�ect using the two data sources
while handling potentially unmeasured confounders. In Section 6.5, we present the
SCM point of view which can be used to achieve identi�cation in the presence of
many variables. The SCM and PO frameworks use di�erent notions and languages
to formulate causal e�ects, they come with di�erent strengths discussed in Imbens
[2019] and share many aspects [Richardson and Robins, 2013]. In Section 6.6, we
present available implementations and software, which we apply on simulated data
using also new implementations, to simulated data. In Section 6.7, we apply the
di�erent methods on a medical application involving major trauma patients where
the aim is to assess the e�ect of the drug tranexamic acid on mortality in head
trauma patients and where both an RCT (the CRASH-3 trial) and an observational
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database (the Traumabase® registry) are available. In this section, we also review
methods for addressing data quality issues such as missing values.

6.2 � Problem setting

6.2.1 Notations, in the PO framework

We model each patient in the RCT or observational population as described by
a random tuple (X; Y (0); Y(1); W; S) drawn from a distribution P, where X is a
p-dimensional vector of covariates,W denotes the binary treatment assignment (with
W = 0 for the control and W = 1 for the treated patients), Y(w) is the binary or
continuous outcome had the subject been given treatmentw (for w 2 f 0; 1g), and
S is a binary indicator for RCT eligibility (i.e., meet the RCT inclusion criteria)
and willingness to participate if being invited to the trial (S = 1 if eligible and also
willing to participate if being invited to the trial, S = 0 otherwise)1.

Assumingconsistency of potential outcomes, we also denote byY = WY(1) +
(1 � W)Y(0) the outcome realized under treatmentW. We model the patients
belonging to an RCT sample of sizen and to an observational data sample of sizem
by n + m independent random tuples:f X i ; Yi (0); Yi (1); Wi ; Si gn+ m

i =1 ; where the RCT
samplesi = 1; : : : ; n are identically distributed according toP(X; Y (0); Y(1); W; S j
S = 1) , and the observational data samplesi = n + 1; : : : ; n + m are identically
distributed according to P(X; Y (0); Y(1); W; S). For simplicity of exposition, we
also denoteR = f 1; : : : ; ng the index set of units observed in the RCT study, and
O = f n + 1; : : : ; n + mg the index set of units observed in the observational study.
For each RCT samplei 2 R , we observe(X i ; Wi ; Yi ; Si = 1) , while for observational
data i 2 O , we consider two settings:

i. we only observe the covariatesX i ,

ii. we also observe the treatment and outcome(X i ; Wi ; Yi ).

The former case will be discussed in the next section while the latter will be detailed
in Section 6.4. For ease of reading, we recall the conditional average treatment e�ect
(CATE):

8x 2 Rp ; � (x) , E[Y(1) � Y(0) j X = x] ;

and the RCT CATE as

8x 2p ; � 1(x) = EY (1) � Y (0) jX = x;S =1 [ ] :

We also de�ne the population average treatment e�ect (ATE):

� , E[Y(1) � Y(0)] = E[� (X )] ;

1. Note that depending on the context, S can have a slightly di�erent meaning, for example other
works use two indicators, one for participation and one for eligibility [Nguyen et al., a, Dahabreh
et al., 2019c]. In such situationsS = 1 denotes individuals who are eligibleand participating in
the trial, while S = 0 denotes ineligible or eligible but necessarily non-participating individuals.
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introduced in Chapter 1. The ATE is di�erent from the RCT ATE:

� 6= � 1; � 1 , E[Y(1) � Y(0) j S = 1] :

We denote respectively bye(x) and e1(x) the propensity score in the observational
population and in the RCT population:

e(x) , P(W = 1 j X = x) ; e1(x) , P(W = 1 j X = x; S = 1) :

We also denote by� w(x) and � w;1(x) the conditional mean outcome under treatment
w 2 f 0; 1g in the observational population and in the RCT population, respectively:

� w(x) , E[Y(w) j X = x] ; � w;1(x) , E[Y(w) j X = x; S = 1] ;

and by � S(x) the selection score2:

� S(x) , P(S = 1 j X = x) :

Note that � S(x) is the probability of being eligible for selection in the RCT given
covariatesx. It is di�erent from the probability that an individual with covariates x
known to be in the blended study (RCT or observational population) is selected into
the RCT:

� S(x) 6= � R (x); � R (x) , P(9i 2 R ; X i = x j 9i 2 R [ O ; X i = x) :

We similarly de�ne

� O (x) , P(9i 2 O ; X i = x j 9i 2 R [ O ; X i = x) = 1 � � R (x) :

Finally, we denote by� (x) the conditional odds that an individual with covariatesx
is in the RCT or in the observational cohort:

� (x) ,
P(i 2 R j 9 i 2 R [ O ; X i = x)
P(i 2 O j 9 i 2 R [ O ; X i = x)

=
� R (x)
� O (x)

=
� R (x)

1 � � R (x)
:

Table 6.2 summarizes the notations for convenience, and Table 6.1 illustrates the
considered type of data.

Table 6.1 � Illustration of data structure of RCT data (Set R) and observational data (Set
O) with covariates X , trial eligibility S, binary treatment W and outcomeY. Left: with
observed outcomes, Right: with potential outcomes.

Covariates Treatment Outcome

S Set X 1 X 2 X 3 W Y
1 1 R 1.1 20 F 1 1

1 R -6 45 F 0 1
n 1 R 0 15 M 1 0

n + 1 0 O : : : : : : : : :
0 O -2 52 M 0 1
1 O -1 35 M 1 1

n + m 0 O -2 22 M 0 0

Covariates Treatment Outcome(s)

S Set X 1 X 2 X 3 W Y(0) Y (1)
1 R 1.1 20 F 1 NA 1
1 R -6 45 F 0 1 NA
1 R 0 15 M 1 NA 1
0 O : : : : : : : : : : : :
0 O -2 52 M 0 1 NA
1 O -1 35 M 1 NA 1
0 O -2 22 M 0 0 NA

2. Also named sampling propensity score in Tipton [2013].
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Table 6.2 � List of notations.

Symbol Description

X
Covariates
(also known as baseline covariates when measured at inclusion of the patient)

W Treatment indicator ( W = 1 for treatment, W = 0 for control)

Y Outcome of interest

S
Trial eligibility and willingness to participate if invited to
(S = 1 for eligibility, S = 0 for non-eligibility)

n Size of the RCT study

m Size of the observational study

R Index set of units observed in the RCT study; R , f 1; : : : ; ng

O Index set of units observed in the observational study;O , f n + 1 ; : : : ; n + mg

� R (x) Probability that a unit in R [ O with covariate x is in R

� O (x) Probability that a unit in R [ O with covariate x is in O

� (x) Conditional odds � (x) , � R (x)=� O (x)

� Population average treatment e�ect (ATE) de�ned as � , E[Y (1) � Y (0)]

� 1 Trial (or sample) average treatment e�ect de�ned as � 1 , E[Y (1) � Y (0) j S = 1]

� (x)
Conditional average treatment e�ect (CATE)
de�ned as � (x) , E[Y (1) � Y (0) j X = x]

� 1(x)
Trial conditional average treatment e�ect de�ned as
� 1(x) , E[Y (1) � Y (0) j X = x; S = 1]

e(x) Propensity score de�ned ase(x) , P(W = 1 j X = x)

e1(x)
Propensity score in the trial de�ned as e1(x) , P(W = 1 j X = x; S = 1) ,
known by design

� w (x) Outcome mean de�ned as� w (x) , E[Y (w) j X = x] for w = 0 ; 1

� w; 1(x)
Outcome mean in the trial de�ned
as � w; 1(x) , E[Y (w) j X = x; S = 1] for w = 0 ; 1

� S (x) Selection score de�ned as� S (x) , P(S = 1 j X = x)

f (X ) Covariates distribution in the target population

f (X jS = 1) Covariates distribution conditional to trial-eligible individuals ( S = 1 )

6.2.2 Study designs

6.2.2.1 Transportability or generalizability?

Several terms are present in the literature to describe the issue of assessing the
validity of a causal treatment e�ect from one population to another. In particular,
generalization and transportability are two commonly used denominations, but they
encompass design di�erences we believe should be made explicit. Subtle di�erences
in the de�nitions can be found in the literature, but the following cover a broad
range of proposed works:

� Generalizability : generalize the study result toits larger population.
Mathematically, one considers the population distributionP(X; Y (0); Y(1)),
then selects the trial sample (S = 1) from the population according toP(S =
1jX ). Generalizability supposes to use the trial sample to draw conclusions for
the population, i.e., the estimand is a functional ofP(X; Y (0); Y(1)).
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� Transportability : extend the study result to a di�erent external population.
Mathematically, one is supposed to have access to two studies3 following
P1(X; Y (0); Y(1)) and P2(X; Y (0); Y(1)). The transportability problem sup-
poses to transport some feature ofP1(X; Y (0); Y(1)) to P2(X; Y (0); Y(1)). In
this case, we can use the conditional odds ratio without referring toP(S = 1jX ).
In some cases, the term transportability is used to refer to anexternal popula-
tion, and may implicitly suppose di�erent covariate support; however we will
not consider this latter case in the present review.

According to the above de�nitions, this chapter focuses on both generaliz-
ability and transportability, because they coincide whenP2(X; Y (0); Y(1)) =
P(X; Y (0); Y(1)). Also, in this review we use the terminologyselectedor sampled
throughout the review for simplicity and coherence with existing research work,
although for transportability subjects are not directly sampled into the study from
the target population as pointed out in Degtiar and Rose [2021].

6.2.2.2 Nested or non-nested?

Following Dahabreh et al. [2019a] and Dahabreh and Hernán [2019], the study
design to obtain the trial and observational samples can be categorized into two
types: nestedstudy designs andnon-nestedstudy designs as illustrated on Figure 6.1.
Designs imply di�erent identi�ability conditions and therefore di�erent estimators.

� Non-nested trial design involves separate sampling mechanisms for the RCT
and the observational samples. The trial sample and the observational sample
are obtained separately from the target population(s). For example, the trial
study and the observational study are conducted by di�erent researchers at
di�erent times or in di�erent regions � with smallno time-speci�c or regional
e�ects so that the underlying study populations are assumed to follow the same
distribution. Note the di�erence betweenS and the setsR and O, where in
the observational sample we can have bothS = 1 and S = 0 (Figure 6.1). In
this review, we consider the case where the observational data set is a random
i.i.d sample from the target population. Note that the choice of the proper
target population can in itself be a challenging task [Westreich et al., 2018],
and an implicit assumption is that the target population of interest is the study
sample itself [Lesko et al., 2017].

� Nested trial design involves a two-stage sampling mechanism. First, a large
sample is selected from the target population, and then the trial sample is
selected from and nested in this sample. The rest of the sample constitutes
the observational study. It corresponds to a real medical situation, such
as designs for a pragmatic trial embedded in a broader health system. For
example, in the Women Health Initiative (WHI), after the end of the initial trial
period, a cohort of study participants are followed to measure their long-term
outcomes. Olschewski and Scheurlen [1985] introduce the comprehensive cohort

3. But note that we do not necessarily have to de�ne a superpopulationP(X; Y (0); Y (1)) and
neither P(S = 1 jX ) in this case.
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study (CCS) design for evaluating competing treatments in which clinically
eligible participants are �rst asked to enroll in a randomized trial and, if they
refuse, are then asked to enroll in a parallel observational study in which
they can choose treatments according to their own preference, leading to the
observational data. Note that in this design, even the causal quantity of interest
can be di�erent from the non-nested design, as we may want to transport� 1(x)
to the observational population such that the causal quantity of interest is
E[Y(1) � Y(0) j S = 0] rather than E[Y(1) � Y(0)] in the non-nested design.

Figure 6.1 � Schematics of the nested (left) and non-nested (right) designs; a similar
schematic can be found in Josey et al. [2021] referring to generalizability (left) and
transportability (right).

This design di�erence is also related to generalizability and transportability,
where the latter necessarily corresponds to a non-nested design and the former can
correspond either one of these designs [Josey et al., 2021]. In this chapter we focus on
the non-nested design in the main part but we detail identi�ability and estimators
for the nested case in Appendix D.2.

6.3 � When observational data have no treat-
ment and outcome information

We start by considering the case where only the distribution of the covariates from
the observational study is available or used. Note that we consider the observational
data as a random sample from the target population. In other words, the problem
that we tackle in this section is the generalizability issue, i.e., how to use both data
to estimate the target population ATE. Generalizability is of growing importance in
medical research and beyond. For example, in trials for non-small-cell lung cancer,
inclusion of elderly patients is often limited and thus the trial population cannot
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represent the real-world patient population. In this case, the covariate information
from a larger population based disease registry (e.g., national cancer database) can
be used for generalization of trial �ndings [Dong et al., 2020]. For other examples of
applied work (using the IPSW estimator introduced below) we refer the reader to
Lesko et al. [2016], Tipton et al. [2016], Li et al. [2021]. He et al. [2020] review current
practice, and reveal that generalization is gaining interest with an acceleration since
2015, but with very few quantitative assessments in practice. Another recent review
on generalization methods has also been proposed by Degtiar and Rose [2021].

6.3.1 Assumptions needed to identify the ATE on the tar-
get population

A fundamental problem in causal inference is that we can observe at most one of
the potential outcomes for an individual subject. In order to identify nonetheless the
ATE from RCT and observational covariate data, we require some of the following
assumptions.

6.3.1.1 Internal validity of the RCT

Assumption 6.3.1 (Consistency). Y = W Y(1) + (1 � W) Y(0).

Assumption 6.3.1 implies that the observed outcome is the potential outcome
under the actual assigned treatment.

Assumption 6.3.2 (Randomization). Y(w) ?? W j (X; S = 1) for all w = 0; 1.

Assumption 6.3.2 corresponds to internal validity. It holds by design in a com-
pletely randomized experiment, where the treatment is independent of all the potential
outcomes and covariates, i.e.,f Y(0); Y(1)g ?? W j S = 1. It also holds by design in a
strati�ed randomized trial based on a discreteX , where the treatment is independent
of all the potential outcomes within each stratum ofX . The more general case of
conditional randomization is assumed throughout this chapter.

If Assumptions 6.3.1 and 6.3.2 hold, then the RCT is said to be compliant. In
addition, in an RCT, it is common that the probability of treatment assignment
(also called the propensity score),e1(x), is known. In a complete randomized trial,
the propensity score is �xed as a constant, e.g.,e1(x) = 0 :5 for all x.
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6.3.1.2 Generalizability of the RCT to the target population

Di�erent assumptions on the generalizability of the RCT to the target population
are proposed in the literature, ranging from weak to stringent conditions. We now
describe these assumptions and their implications.

Assumption 6.3.3 (Transportability of the CATE) . � 1(x) = � (x) for all x.

Assumption 6.3.3 requires that the CATE function is transportable from the
RCT to the target population, which is plausible if X captures all the treatment
e�ect modi�ers and there is no trial encouragement. It means that the invitation to
participate in the trial and trial participation itself do not a�ect the outcome except
through treatment assignment [Dahabreh and Hernán, 2019].

Assumption 6.3.4 (Mean exchangeability).

E[Y(w) j X = x; S = 1; W = w] = E[Y(w) j X = x; S = 1]

(mean exchangeability over treatment assignment), and

E[Y(w) j X = x; S = 1] = E[Y(w) j X = x]

(mean exchangeability over trial participation), for allx and w = 0; 1 [Dahabreh
et al., 2019c].

Assumption 6.3.5 (Ignorability assumption on trial participation) .

f Y(0); Y(1)g ?? S j X;

[Stuart et al., 2011, Buchanan et al., 2018].

Assumption 6.3.5 states that the covariatesX we require for generalization
correspond to covariates that are both related to potential outcomes and subject to
a distributional shift between the RCT sample and the target population. A parallel
can be made with theignorability assumptionon treatment assignment in causal
inference with observational data (see De�nition 1.2.4 from Chapter 1), but with the
sample selection. Still, note that those assumptions are similar from a formal point
of view, however from a practical point of view the transportability problem faces
additional challenges compared to those of identi�cation of causal e�ects in a single
population, e.g., because the proper covariates to capture the shift in causal e�ect
are often missing Hernán and Robins [2020] (see p.46).

It is worth discussing the relationships among Assumptions 6.3.3 � 6.3.5, ranging
from weak to strong conditions. Assumption 6.3.3,transportability of the CATE, is
implied by, but does not imply, the stronger conditions in Assumption 6.3.4. The
mean exchangeability over treatment assignmentof Assumption 6.3.4 is implied by,
but does not imply, Assumption 6.3.2. In the same way,mean exchangeability over
trial participation of Assumption 6.3.4, also known asmean generalizability(from
trial participants to the target population), is implied by, but does not imply, the
stronger conditionY(w) ?? S j X in Assumption 6.3.5 (participation in the RCT is
randomized within levels ofX ).
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Assumption 6.3.6 (Positivity of trial participation) . There exists a constantc such
that, for almost all x, with probability 1, � S(x) � c > 0; and 0 < P (W = w j X =
x; S = 1) < 1 for all w and for all x such thatP(S = 1 j X = x) > 0.

Assumption 6.3.6 means that we require adequate overlap of the covariate dis-
tribution between the trial sample and the target population (in other words, all
members of the target population have nonzero probability of being selected into the
trial), and also between the treatment groups over the trial sample. The positivity of
treatment assignment in the trial given covariates, related to the assumption required
for causal inference in confounded settings, is expected to hold by design in the RCT.

6.3.1.3 Towards identi�cation formula

Under Assumptions 6.3.1, 6.3.4 (or 6.3.5), and 6.3.6 (for the regression formu-
lation), and under Assumptions 6.3.1, 6.3.3 (or 6.3.4 or 6.3.5), and 6.3.6 (for the
reweighting formulation), the ATE can be identi�ed based on the following formulas
(proved in Appendix D.1):

1. Reweighting formulation:

� = E

"
n

m� (X )
� 1(X ) j S = 1

#

= E

"
n

m� (X )

(
W

e1(X )
�

1 � W
1 � e1(X )

)

Y j S = 1

#

:

(6.1)
In a fully randomized RCT wheree1(x) = 0 :5 for all x, this formula further
simpli�es to

� = E

"
2n

m� (X )
(2W � 1)Y j S = 1

#

:

2. Regression formulation:

� = E[� 1;1(X ) � � 0;1(X )] : (6.2)

Di�erent identi�cation formulas motivate di�erent estimating strategies as dis-
cussed in the next subsection.

6.3.2 Estimation methods to improve generalizability of
RCT analysis

As the RCT assigns treatment at random to the participants, the CATE� 1(x) = � (x)
is identi�able (under assumptions 6.3.1 and 6.3.2) and can be estimated by standard
estimators, such as the di�erence in means solely from the RCT (see Chapter 1).
However, in general, the covariate distribution of the RCT samplef (X j S = 1)
di�ers from that of the target population f (X ); therefore,� 1 is di�erent from � in
general, and an RCT ATE estimator using only trial data is biased for the ATE
of interest. All along this review, estimators are denoted with the number of used
observations in index, for examplê� n if the estimator depends only on the RCT
individuals, or �̂ n;m if it depends on both datasets.
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6.3.2.1 IPSW and strati�cation: modeling the probability of trial par-
ticipation

To overcome this bias, most existing methods rely on direct modeling of the
selection score previously introduced. The selection score adjustments methods
include inverse probability of sampling weighting (IPSW; Cole and Stuart, 2010,
Stuart et al., 2011, Buchanan et al., 2018) and strati�cation [Stuart et al., 2011,
Tipton, 2013, O'Muircheartaigh and Hedges, 2014]. For an example of an applied
work using IPSW we refer the reader to Lesko et al. [2016], Tipton et al. [2016]. Note
that some works only compute weights to assess how much the trial population di�ers
from the target population without estimating the target population treatment e�ect
[Susukida et al., 2016].

Inverse probability of sampling weighting (IPSW) The IPSW approach
can be seen as the counterpart of inverse propensity weighting (IPW) methods for
estimating the ATE from observational studies by controlling for confounding (see
Chapter 1 for details). Based on the identi�cation formula (Equation 6.1), the IPSW
estimator of the ATE is de�ned as the weighted di�erence of average outcomes
between the treated and control group in the trial. The observations are weighted
by the inverse odds1=� (x) = � O (x)=� R (x) to account for the shift of the covariate
distribution from the RCT sample to the target population. The larger � R , the
smaller the weight of the observation. The form of the IPSW estimator is slightly
di�erent from the expression of the IPW estimator. In the latter, each observation is
weighted by the inverse of the probability to be treated whereas in the former it is
weighted by the inverse of the odds of the probability to be selected into the trial
sample. This is due to the non-nested sampling design (see the IPSW estimator for
the nested design(D.1)), as mentioned by Kern et al. [2016] and Nguyen et al. [a].
The IPSW estimator can be written as follows:

b� IPSW ;n;m ,
1
n

nX

i =1

Yi

b� n;m (X i )

 
Wi

e1(X i )
�

1 � Wi

1 � e1(X i )

!

; (6.3)

where b� n;m is an estimate of� . In a standard RCT with e1(x) = 0 :5 being �xed, this
further simpli�es to

b� IPSW ;n;m =
1
m

nX

i =1

2Yi (2Wi � 1)
b� n;m (X i )

:

The IPSW estimator is consistent if the quantity � is consistently estimated
by b� . The most common method for estimating the selection score is to de�ne it
as b� (x) , b� R (x)=(1 � b� R (x)) , where b� R is estimated by logistic regression trained
to discriminate RCT from observational samples [Stuart, 2010], while recent works
also use other methods such as random forest and Gradient boosting [Kern et al.,
2016]. Similar to IPW estimators, IPSW estimators are known to be highly unstable,
especially when the selection scores are extreme. This can occur if the trial study
contains units with very small probabilities of being selected into the trial. Normalized
weights can be used to overcome this issue [Dahabreh and Hernán, 2019]. Still, the
major challenge remains that IPSW estimators require a correct model speci�cation
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of the selection score. Avoiding this problem requires either very strong domain
expertise or turning to doubly robust methods (Subsubsection 6.3.2.4). Finally,
Dahabreh et al. [2019c] propose the use of sandwich-type variance estimators (for
both nested and non-nested designs) or non-parametric bootstrap approaches, and
note that the latter may be preferable in practice.

Strati�cation The strati�cation approach � or subclassi�cation � is introduced
by Cochran [1968], and further detailed by Stuart et al. [2011], Tipton [2013], and
O'Muircheartaigh and Hedges [2014]. It is proposed as a solution to mitigate the
risks of extreme weights in the IPSW approach. The principle is to de�neL strata
based on the covariate values via the selection score, which, in practice, consists in
grouping observations for which values ofb� n;m are similar. Then, in each stratuml,
the average treatment e�ect is estimated asY(1)l � Y(0)l , whereY(w) l denotes the
average value of the outcome for units with treatmentw in stratum l in the RCT.
Finally, the ATE estimator is the weighted sum of the di�erence between means in
each stratum:

b� strat ;n;m ,
LX

l=1

ml

m

n
Y(1)l � Y(0)l

o
; (6.4)

whereml=m is the proportion of cases in the stratuml in the observational study.
Kang et al. [2007] assess the performance of the strati�cation as opposed to the
IPSW, and show that strati�cation is less e�ective than IPSW at removing bias, but
that IPSW struggle more than strati�cation when the selection scores are small.

6.3.2.2 G-formula estimators: modeling the conditional outcome in the
trial

An alternative to IPSW for generalizing RCT �ndings to a target population
consists in leveraging the regression formulation Equation 6.2. The corresponding
estimators, known asg-formula estimators, �t a model of the conditional outcome
among trial participants, instead of �tting a model for the probability of trial
participation. Applying these models to the covariates in the target population, i.e.,
marginalizing over the empirical covariate distribution of the target population, gives
the corresponding expected outcome [Robins, 1986]. This outcome model-based
estimator is then de�ned as:

b� G;n;m ,
1
m

n+ mX

i = n+1

( b� 1;1;n (X i ) � b� 0;1;n (X i )) ; (6.5)

where b� w;1;n (X i ) is an estimator of� w;1(X i ) �tted on the RCT data. In the simplest
case, one can assume a linear regression model for each treatment levelw, estimate
it by standard ordinary least squares (OLS), on the trial sample and apply it on the
observational sample. If the model is correctly speci�ed, the estimator is consistent.
Kern et al. [2016] suggest using Bayesian additive regression trees [BART, Hill, 2011,
Hahn et al., 2020] to learn the regression functions. Simulations illustrating the
g-formula can be found in Lesko et al. [2017], Dahabreh et al. [2019c], Dong et al.
[2020]. Dahabreh et al. [2019b] show thatg-estimators are equivalent to speci�c IP
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weighting estimators where the probability of treatment among trial participants is
also modeled and when all models are estimated by non-parametric frequency (non-
smooth) estimators. Nevertheless, in practice, their method encounters di�culties in
practice, especially in high-dimensional settings, so that they suggest resorting to
doubly robust estimators (Subsubsection 6.3.2.4).

6.3.2.3 Calibration weighting: balancing covariates

Beyond propensity scores, other schemes use sample reweighting. Dong et al.
[2020] propose a calibration weighting approach, which is similar to the idea of
entropy balancing weights introduced by Hainmueller [2012]. They calibrate subjects
in the RCT samples in such a way that after calibration, the covariate distribution
of the RCT sample empirically matches the target population. Letg(X ) be a vector
of functions ofX to be calibrated, e.g., the moments, interactions, and non-linear
transformations of components ofX . In order to calibrate, they assign a weight� i

to each subjecti in the RCT sample by solving the optimization problem:

min
� 1 ;:::;� n

nX

i =1

� i log� i ; (6.6)

subject to � i � 0; for all i;
nX

i =1

� i = 1;
nX

i =1

� i g(X i ) = eg; (the balancing constraint)

where eg = m� 1 P m+ n
i = n+1 g(X i ) is a consistent estimator ofE[g(X )] from the obser-

vational sample. The balancing constraint calibrates the covariate distribution of
the RCT sample to the target population in terms ofg(X ). The objective function
in (6.6) is the negative entropy of the calibration weights; thus, minimizing this
criterion ensures that the empirical distribution of calibration weights are not too
far away from the uniform distribution, such that it minimizes the variability due
to heterogeneous weights. This optimization problem can be solved using convex
optimization (with Lagrange multipliers). For an intuitive understanding of the
calibration weighting framework, considerg(X ) = X . In such a setting, the balancing
constraint is forcing the means of the observational data and RCT to be equal after
reweighting. More complex constraints can enforce balance on higher-order moments.
The calibration algorithm is inherently imposing a log-linear model of the sampling
propensity score and solving the corresponding parameters by a set of estimating
equations induced by covariate balance. This equivalence provides insights into
using the penalized estimating equation approach to select important variables for
balancing.

Based on the calibration weights, the CW estimator is then

b� CW ;n;m ,
nX

i =1

b� n;m (X i )Yi

(
Wi

e1(X i )
�

1 � Wi

1 � e1(X i )

)

; (6.7)

where b� n;m (X i ) corresponds to the approximation of� i from the optimization problem
(6.6). The CW estimator b� CW ;n;m is doubly robust in that it is a consistent estimator
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for � if the selection score of RCT participation follows a log-linear model, i.e.,
� S(X ) = expf � >

0 g(X )g for some� 0, or if the CATE is linear in g(X ), i.e., � (X ) =

 >

0 g(X ), though not necessarily both. The authors suggest a bootstrap approach to
estimate its variance.

6.3.2.4 Doubly-robust estimators

The model for the expectation of the outcomes among randomized individuals
(used for theg-estimator in Equation 6.5) and the model for the probability of trial
participation (used in IPSW estimators in Equation 6.3) can be combined to form
an Augmented IPSW estimator (AIPSW):

b� AIPSW ;n;m ,
1
n

nX

i =1

1
b� n;m (X i )

"
Wi f Yi � b� 1;1;n (X i )g

e1(X i )
�

(1 � Wi ) f Yi � b� 0;1;n (X i )g
1 � e1(X i )

#

+
1
m

n+ mX

i = n+1

f b� 1;1;n (X i ) � b� 0;1;n (X i )g :

It can be shown to be doubly robust, i.e., consistent and asymptotically normal when
either one of the two models forb� n;m (�) and b� w;1;n (�) (w = 0; 1) is correctly speci�ed,
as demonstrated by Dahabreh and Hernán [2019, supplementary material] for both
the nested and non-nested designs.

More recently, Dong et al. [2020] propose an augmented calibration weighting
(ACW) estimator, given by

�̂ ACW ;n;m ,
nX

i =1

b� n;m (X i )

"
Wi f Yi � b� 1;1;n (X i )g

e1(X i )
�

(1 � Wi ) f Yi � b� 0;1;n (X i )g
1 � e1(X i )

#

+
1
m

m+ nX

i = n+1

f b� 1;1;n (X i ) � b� 0;1;n (X i )g :
(6.8)

They show that �̂ ACW ;n;m achieves double robustness and local e�ciency, i.e., its
asymptotic variance achieves the semi-parametric e�ciency bound (the variance is
smaller than the asymptotic variance ofb� CW ;n;m in Equation 6.7). Moreover, the ACW
estimator enables the use of double machine learning estimation of nuisance functions
(estimates of both) while preserving the

p
n-consistency of the ACW estimator. Other

doubly robust estimators include targeted maximum likelihood estimators (TMLE)
[Rudolph and van der Laan, 2017]. They provide a semi-parametric e�ciency score
for transporting the ATE from one study site to another, where one site is regarded as
a population. Chernozhukov et al. [2018a] propose double/debiased machine learning
methods to consistently estimate the ATE by using �exible machine learning methods
for the nuisance parameters estimation to avoid model mis-speci�cation. Their
approach uses Neyman-orthogonal scores to reduce sensitivity of ATE estimation
with respect to approximation errors of nuisance parameters. In addition, they use
cross-�tting [Zheng and van der Laan, 2011, Chernozhukov et al., 2018a] to provide
an e�cient and unbiased form of data-splitting.

Dahabreh et al. [2020] perform a simulation study when all hypotheses are met to
compare IPSW, g-estimators and doubly robust approaches. This study con�rms that
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when all models are correctly speci�ed all estimators are approximately unbiased,
with the outcome-model based estimator(6.5) showing the lowest variance. Note
that they do not explicitly simulate examples under model mis-speci�cation.

Note that when the overlap assumption between RCT and observational distri-
butions does not hold, we may have to select a sub-population of the observational
data for generalization. In particular, similarly to the propensity score trimming idea
by Crump et al. [2009] for dealing with limited overlap between treated and control
groups, Chen et al. [2021] propose a generalizability score, a function of participation
probability and propensity score, to select sub-populations of observational data
for causal generalization when the overlap between the RCT and observational
distributions is limited.

Finally, we point out an important caveat that all methods assume the trans-
portability condition: given the covariatesx, the conditional treatment e�ect must
be the same in the observational data as in the trial. This assumption could be
violated if some treatment e�ect modi�ers are not captured in the data. However, if
the observational data provide additional treatment and outcome information, some
key assumptions may be testable. In the next section, we review methods developed
in the context of combining RCT and full observational data.

6.4 � When observational data contain treatment
and outcome information

In Section 6.3, we have studied the use of the covariate distribution of the
observational sample to adjust for selection bias of the RCT sample. Now we
consider the setting where we have access to additional treatment and outcome
information (Y; W) from the observational sample. Many studies involve both RCT
and observational data with comparable information, e.g., the study we detail in
Section 6.7 with the Traumabase® and the CRASH-3 datasets. In this context, the
question of interest becomes how to leverage both data sources for e�cient estimation
of the ATE and CATE.

6.4.1 Causal inference on observational data

Under classical identi�ability assumptions, it is possible to estimate the ATE and
CATE based only on the observational data. For ease of reading, we recall these
classical assumptions de�ned already in Chapter 1.

Assumption 6.4.1 (Unconfoundedness). Y(w) ?? W j X for w = 0; 1.

Assumption 6.4.1 (also calledignorability assumption) states that treatment
assignment is as good as random conditionally on the attributesX . In other words,
all confounding factors are measured. Unlike the RCT, in observational studies,
its plausibility relies on whether or not the observed covariatesX include all the
confounders that a�ect the treatment as well as the outcome.
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Assumption 6.4.2 (Overlap). There exists a constant� > 0 such that for almost
all x, � < e (x) < 1 � � .

Assumption 6.4.2 (also calledpositivity assumption) states that the propensity
scoree(�) is bounded away from0 and 1 almost surely.

Under Assumptions 6.4.1 and 6.4.2, the ATE can be identi�ed based on the
following formula from the observational data:

1. Reweighting formulation:

� = E

"
WY
e(X )

�
(1 � W)Y
1 � e(X )

#

; (6.9)

2. Regression formulation:

� = E[� (X )] = E[� 1(X ) � � 0(X )]: (6.10)

The identi�cation formulas motivate inverse propensity weighted estimators, regres-
sion estimators or doubly robust estimators based solely on the observational data.
There are many methods also available to estimate the CATE� (�) based on the
observational data such as causal forests [Wager and Athey, 2018], causal BART [Hill,
2011, Hahn et al., 2020], causal boosting [Powers et al., 2018], or causal multivariate
adaptive regression splines (MARS) [Powers et al., 2018]. In Chapter 1, we have
seen that there are also meta-learners such as the S-Learner [Künzel et al., 2018],
T-learner [Künzel et al., 2018], X-Learner [Künzel et al., 2019], MO-Learner [Rubin
and van der Laan, 2007, Künzel et al., 2018], modi�ed covariate method (MCM)
[Tian et al., 2014, Chen et al., 2017], modi�ed covariate method with e�ciency
augmentation (MCM-EA), and R-learner [Nie and Wager, 2017], which build upon
any base learners for regression or supervised classi�cation such as random forests
[Breiman, 2001] and BART [Hill, 2011]. Among these methods, IPW, MO-Learner,
S-Learner, T-Learner, X-Learner, MCM, MCM-EA, R-Learner, causal forests, and
causal BART were proved to be unbiased under appropriate conditions; MCM-EA
and R-Learner are e�cient under appropriate conditions; MO-Learner has doubly
robustness property, and all of them have been implemented in R. Knaus et al. [2021]
and Powers et al. [2018] conduct comprehensive simulation studies to compare these
methods, and the general conclusion is that none of these methods is overall best
performing across all settings.

6.4.2 Dealing with unmeasured confounders in observa-
tional data

The ATE is useful to inform about the treatment e�ect over a target population on
average. Alternatively, the CATE informs how treatment e�ects vary over individual
characteristics. Under Assumptions 6.3.5 and 6.4.1, the CATE can be estimated
based on the RCT and observational study, and therefore the two data sources can
be pooled to improve estimation e�ciency. In this case, the covariate shift problem
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for the RCT does not bias the estimator of the CATE; furthermore, we do not
require the covariate distribution to overlap between the RCT and observational
samples. In practice, observational data may violate the desirable assumption for
combining, e.g., that there are no unmeasured confounders. The design bene�t
of RCTs can be used to overcome this lack of internal validity. A recent applied
example on the COVID-19 vaccine shows a situation where the covariate adjustment
is empirically found to ensure unconfoundedness because the survival data in the
�rst days following the injection in the RCT are similar to the ones in the adjusted
observational sample [Dagan et al., 2021]. Hence, the next questions are whether
we should include observational data into our analysis and if so, how we should use
it. At a general level, we face a case where we want to combine an unbiased but
high-variance estimator (due to the small sample size of the RCT) and a biased but
low-variance estimator from the observational study.

To answer the �rst question, Yang et al. [2020a] derive a statistical test to
gauge the reliability of the observational data compared to the gold-standard RCT
data. The test outcome determines whether or not to use the observational data
in an integrative analysis. Their strategy leads to an elastic test-based integrative
estimator that uses the optimal combining rule for estimation if the violation test is
not signi�cant and retains only the RCT counterpart if the violation test is signi�cant.
This guarantees the consistency of the CATE estimator regardless of whether or
not the observational data meet the criteria for combining. The elastic integrative
estimator gains e�ciency over the RCT alone estimator and gains robustness to
unmeasured confounding over the naive combining estimator.

Other approaches exist to handle unmeasured confounders. Kallus et al. [2018b]
consider a setting where the ignorability on the trial assumption (Assumption 6.3.5)
holds but where the observational data does not fully overlap with the RCT. They
suggest the following estimation strategy. First, using confounded observational data
f (X j ; Wj ; Yj ) : j 2 Og, they estimate the conditional treatment e�ect with classical
methods such as causal forest [Wager and Athey, 2018], denoted byb� O

m (x). Due to
possible unmeasured confounding,b� O

m (x) may be biased for� (x). To correct for this
bias, they write the bias as� (x) , � (x) � E[b� O

m (x)]. Given that �̂ O
m (x) is obtained

from the observational data, one can learn the bias term� using the unconfounded
RCT data, f (X i ; Wi ; Yi ; Si = 1) : i 2 Rg . Furthermore, they assume that the bias
can be well approximated by a function with low complexities, e.g., a linear function
of the covariatesx: � (x) = � T x. This assumption guarantees the validity of the
framework even if the observational data does not fully overlap with the experimental
data as the bias can be well estimated by extrapolation. A lack of overlap could be
an issue if the bias was approximated using non-parametric models such as random
forests because their ability to extrapolate may be weak. Kallus et al. [2018b] then
use the transformed outcomeY �

i , [e(X i )
� 1Wi � f 1 � e(X i )g� 1(1 � Wi )]Yi , which

satis�es E[Y �
i j X i ] = � (X i ), and estimate the bias asb� n;m (x) = b� T

n;m x where:

b� n;m , argmin�

nX

i=1

n
Y �

i � b� O
m (X i) + � T X i

o2
:

Finally, b� n;m (x) = b� O
m (x) + b� (x) is the estimated conditional average treatment
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e�ect. They prove that under conditions of parametric identi�cation of � , b� n;m (x)
is a consistent estimate of� (x) which converges at a rate governed by the rate of
estimating E[b� O

m (x)] by b� O
m (x).

In clinical settings, parametric models for the CATE are desirable due to their
easy interpretations. Yang et al. [2020b] consider a structural model assumption
for the CATE, e.g., for continuous outcomes, a linear CATE function of the form
� ' 0 (x) , xT ' 0 with ' 2 Rp1 , and for binary outcomes, a CATE function of the form
� ' 0 (x) , f exp(xT ' 0) � 1g=f exp(xT ' 0) + 1 g ranging from � 1 to 1. Furthermore,
to accommodate the possible unmeasured confounders in the observational data,
they assume that a confounding function summarizes the impact of unmeasured
confounders on the di�erence in the potential outcome between the treated and
untreated groups, accounting for the observed covariates. In particular, they consider

� (x) , E[Y(0) j W = 1; X = x] � E[Y(0) j W = 0; X = x]

for the observational data. In the absence of unmeasured confounding� (x) = 0
for any x 2 Rp1 , while if there is unmeasured confounding,� (x) 6= 0 for somex.
Similar to the CATE, Yang et al. [2020b] impose a structural model assumption for
� (x) = � � 0 (x) with � 2 Rp2 The confounding function is unidenti�able based only
on the observational data. Coupling the RCT and observational data, Yang et al.
[2020b] show that the CATE and confounding function are identi�able. The key
insight is to de�ne the random variable

H  0 , Y � � ' 0 (X )W � (1 � S)� � 0 (X )f W � e(X )g; (6.11)

where 0 = ( ' T
0 ; � T

0 )T 2 Rp (p = p1 + p2) is the full vector of model parameters in the
CATE and confounding function. By separating the treatment e�ect� ' 0 (X )W and
(1 � S)� � 0 (X )f W � e(X )g from the observedY, H  0 mimics the potential outcome
Y(0). They then derive the semi-parametric e�cient score of 0:

S 0 (V) ,

0

@
@�' 0 (X )

@'0
@�� 0 (X )

@�0
(1 � S)

1

A f � 2
S(X )g� 1(H  0 � E[H  0 j X; S ])f W � e(X )g; (6.12)

where � 2
S(X ) = Var[Y(0) j X; S ]. A semi-parametric e�cient estimator of  0 can

be obtained by solving the estimating equation based on (6.12). If the predictors
in � ' 0 (X ) and � � 0 (X ) are not linearly dependent, they show that the integrative
estimator of the CATE is strictly more e�cient than the RCT estimator. As a
by-product, this framework can be used to generalize the ATEs from the RCT to
a target population without requiring an overlap covariate distribution assumption
between the RCT and observational data.

The methods mentioned above are applicable to general cases of integrative
analysis, other approaches have been tailored for special applications. Peysakhovich
and Lada [2016] propose a method for integrative analysis when observational data
are time series. First, one can use observational time series data to estimate a
mapping from observed treatments to unit-level e�ects. This estimate is biased due
to potential unobserved confounders. Then, one can use experimental data to identify
a monotonic transformation from biased estimates to real treatment e�ects. To use
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this method, unit-level time series data are needed for the �rst step and assume the
bias preserves unit-level relative rank ordering. Athey et al. [2020a] combine RCT
and observational data to obtain credible estimates of the causal e�ect on a primary
outcome in a setting where both observational and RCT samples contain treatment,
features, and a secondary (often short-term) outcome, but the primary outcome is
observed only in the non-randomized sample, the rational being that the treatment
e�ect on the secondary outcome and that on the primary outcome should be similar.
If this is not the case, they assume that it is because of unobserved confounders
in the observational sample. Their method consists in adjusting the estimates of
the treatment e�ects on the primary outcome using the di�erences observed on the
secondary outcome. They suggest three methods, namely,i) imputing the missing
primary outcome in the RCT, ii) weighting the units in the observational sample
to remove biases andiii) using control function methods. The key assumption for
identi�ability is a latent unconfoundednessY 1st

(w) ?? W j Y 2nd
(w); X , for w = 0; 1,

whereY 1st
(w) and Y 2nd

(w) refer respectively to a primary and secondary potential
outcome under treatmentw. In other words, unobserved confounders that a�ect
both treatment assignment and the secondary outcome in the observational study
are the same unobserved confounders that a�ect both the treatment assignment
and primary outcome. Their assumptions also imply that the missing data in the
potential outcomes are missing at random [Rubin, 1976].

6.4.3 Other use cases

Beyond generalizability or experimental grounding to overcome confounding, there
are other purposes for combining experimental and observational data. Detailing
all these methods would be beyond the scope of this review. Still, for the reader
interested in other methods dedicated to combining data, we provide a non exhaustive
list of other purposes and methodologies.

Using hybrid controls A hybrid control arm is a control arm constructed from a
combination of randomized patients and real-world data on patients receiving usual
care in standard clinical practice, as introduced by Pocock [1976] and pursued by
[Hobbs et al., 2012, Schmidli et al., 2014]. Recently the FDA detailed their usage
in the regulatory purposes [FDA, 2018]. Using hybrid controls has the potential to
decrease the cost of randomized trials, and to diminish ethic constraints on control
groups.

Surrogates The use of surrogates outcomes is increasing, for example in cancer
disease or because long-term outcome (for example in economy) are complicate to
observe. Sometimes the use of intermediate outcomes as surrogates is proposed, but
there is always a fear that it dos not mediate the full e�ect of the treatment. Athey
et al. [2020b] propose a method that relies on two data samples, one experimental
and one observational, to handle the surrogate and the primary outcome. Their
method combines an RCT containing data about the treatment indicator and the
surrogates but not the long-term outcome, and an observational sample containing
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information about the surrogates and the primary (long-term) outcome, but not on
the treatment.

Case-control studies In certain applications, e.g., in epidemiology, the observa-
tional data at hand comes from a case-control study where the selection of observations
is driven by the outcome of interestY. Thus, the RCT and observational data di�er
in terms of the outcome distribution, for instance, if we consider a binary outcome as
indicator of a certain event, the occurrence of the outcome event in the observational
data is impacted by the selection process. Several solutions have been proposed to
handle this type of selection bias induced by preferential selection on the outcome for
the observational dataset. Robins [2000] and Hernán et al. [2005] propose marginal
structural model approaches to eliminate this bias by assuming su�cient knowledge
of the selection model given treatment. More recently, Guo et al. [2021] propose a
control variates technique [Tan, 2006, Yang and Ding, 2019] to eliminate outcome
selection bias by identifying and estimating an estimand that is su�ciently correlated
with the target estimand of interest for the observational cohort.

6.5 � Structural causal models and transporta-
bility

The SCM framework [Pearl, 1995, 2009c] is a general model for causal inference,
di�erent from the PO framework that we discussed in the previous sections. It
provides interesting answers to the transportability problem, as summarized by
Bareinboim and Pearl [2016].

The structural causal model framework. Let us �rst brie�y introduce the
SCM framework, using as much as possible the notations of Subsection 6.2.1 that
we introduced for the PO framework (Appendix D.3 gives a more general primer on
the SCM framework). The covariatesX , treatment W, and responseY are modeled
in the SCM framework as random variables with joint distribution P(X; W; Y ).
Each intervention, such as settingW to w = 0 or w = 1, de�nes an alterna-
tive distribution over (X; W; Y ) that can be systematically deduced from the no-
intervention (or observational) distribution P using the SCM model, and which is
written P(X; W; Y j do(W = w)). In this framework, the CATE then becomes:

� (x) = E[Y j do(W = 1) ; X = x] � E[Y j do(W = 0) ; X = x];

and the ATE:
� = E[Y j do(W = 1)] � E[Y j do(W = 0)] :

These expressions look similar to the corresponding expressions in the PO framework
(Table 6.2) when one identi�es the variableY(w) in the PO framework to the variable
Y under the intervention do(W = w) in the SCM framework, namely when we set
P(Y(w); X ) = P(Y; X j do(W = w)). In fact this analogy is valid in the sense that
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any theorem that holds for SCM counterfactuals holds in the PO framework, and
vice-versa (Pearl, 2009c, Chapter 7; Pearl, 2009b, Chapter 4).

In spite of this formal equivalence, the two frameworks di�er in how they allow
practitioners to express causal assumptions, and to derive corresponding estimands
of causal e�ects. The SCM framework provides a convenient graphical representation
known as causal diagram to encode potentially complex causal assumptions between
variables, and provides a complete language known asdo-calculus to express causal
e�ects (i.e., some expectation under thedo(W = w) probability) as a function of
observational data (i.e., some expectation under the no-intervention distribution)
[Pearl, 1995, 2009c]. When this reduction is possible, the causal e�ect is called
identi�able. In addition, the do-calculus is complete in the sense that a causal e�ect
is identi�able if and only if it can be reduced to a function of observational data using
do-calculus [Huang and Valtorta, 2006, Shpitser and Pearl, 2006]. Interestingly, this
provides a variety of formulas to correctly infer causal e�ects even in the presence of
unmeasured confounders, which cannot be handled by the PO framework (without
additional structural and modeling assumptions), such as the front-door adjustment
formula [Pearl, 1995].

Formulating transportability in the SCM framework. The SCM framework
and do-calculus naturally cover the problem of generalizing an RCT experiment to
a di�erent target population. Following our notations in the PO setting (Subsec-
tion 6.2.1), we again denote byS a binary random variable that indicates which
individuals can be in the RCT, and assume given an SCM model for(X; Y; W; S).
The RCT population then follows the distribution P(X; Y; W j S = 1) , and by design
the RCT allows estimating the conditional distributionsP(Y j do(W = w); X; S = 1)
for w = 0; 1. The problem of generalization to the target population in this setting
is then to deduce the distributions ofP(Y j do(W = w); X ) for w = 0; 1 from these
two distributions and the observed distribution of the covariatesP(X ) in the tar-
get distribution (as in Section 6.3), or of the covariates, treatments and responses
P(X; W; Y ) in the target population (as in Section 6.4). If this deduction (using
do-calculus) is possible, then the causal e�ect on the target population is identi�able,
and the deduction provides a formula for the causal e�ect that can then be estimated
from a �nite population using some consistent estimator.

Interestingly, this formalism covers two important situations: (i) the sample
selection biasproblem, when the RCT population is a subset of the target population
that ful�lls some eligibility criterion 4 , and (ii) the transportability problem, where
the RCT population di�ers more drastically from the target, e.g., when one wants to
generalize an RCT conducted in one country to a population in another country [Pearl,
2015]. To model sample selection bias, on the one hand, one typically adds a nodeS
with incoming edges to a causal graph in order to capture the eligibility conditions
that may depend on pre- or post-treatment variables. It is then possible to derive
conditions under which one can recover from selection bias when the probability of
selection is available [Cooper, 1995, Lauritzen and Richardson, 2008, Geneletti et al.,

4. This setting has been termed asgeneralizability in the introduction of the di�erent study
designs in Subsection 6.2.2.
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2008] or when no quantitative knowledge is available about probability of selection
[Didelez et al., 2010, Bareinboim and Pearl, 2012a]. We provide examples of such
conditions in Appendix D.3.1.2. To model transportability to a di�erent population,
on the other hand, the nodeS has typically no incoming edge, and instead points
to variables that di�er between the RCT and the target population, either in their
functional dependency to their parents in the causal graph, or in the distribution
of their exogenous variables. The resulting graph is called aselection diagramand
allows to encode graphically detailed assumptions about the di�erences between
populations [Pearl and Bareinboim, 2011, Bareinboim and Pearl, 2012b, Pearl and
Bareinboim, 2014, Bareinboim and Pearl, 2013].

Note that even if the two situations imply di�erent causal diagrams, the problem
of selection bias �has some unique features, but can also be viewed as a nuance of the
transportability problem, thus inheriting all the theoretical results of transportability�
[Pearl, 2015]; this remark is connected to the discussion from Subsection 6.2.2.

The SCM approach thus provides a powerful machinery to generalize causal
e�ect across populations, and entails a detailed description of the causal assumptions
between variables in the selection diagram, including the selection variableS. The
two selection diagrams of Figure 6.2 represent for example transportability problems
with a distributional change of covariatesX between the RCT and target populations
(with an arrow from S to X ), and where the interventional nature of the RCT versus
the target population is also represented with an arrow fromS to W.

(a) (b)

Figure 6.2 � Illustration of selection diagrams depicting di�erences between source and
target populations: In (a) and (b), the two populations di�er by covariate distributions
(indicated by S pointing to X ) and the two populations di�er in their interventional nature
(S pointing to W ). Assumption 6.3.3 (transportability assumption) is assumed on (b), but
not on (a) (since S points to Y in (a)). These two examples are inspired by Pearl and
Bareinboim [2011].

In addition, in Figure 6.2(a) the arrow from S to Y indicates that the conditional
distribution of Y given X and W di�ers between the two populations, which in
general prevents any transportability of causal e�ect, while the lack of arrow from
S to W in Figure 6.2(b) encodes the independence assumptionP(Y j X; W ) =
P(Y j X; W; S = 1) , which implies the transportability assumptionP(Y j do(W =
w); X; S = 1) = P(Y j do(W = w); X ) (which itself implies Assumption 6.3.3 in the
PO framework). In that case, one easily deduces by simple conditioning onX that
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the distribution of Y under intervention on the whole population is given by

P(Y j do(W = w)) =
X

x
P(Y j do(W = w); X = x; S = 1)
| {z }

RCT

P(X = x)
| {z }

Obs:

: (6.13)

This transport formula, also known asre-calibration, re-weightingor post-strati�cation
formula [Pearl, 2015], thus combines experimental results obtained in the RCT
population and the observational description of the target population to estimate
the causal e�ect in the target population. In particular, we easily deduce the ATE
on the target population by integrating (6.13) inY to get

� =
X

x
� 1(x)
| {z }
RCT

P(X = x)
| {z }

Obs:

; (6.14)

where � 1(x) is by design identi�able by conditioning on treatment in the RCT
population. This formula (6.14) is equivalent to the regression formula (6.10) in
the PO framework, which is valid under Assumption 6.3.3. Interestingly, Pearl
and Bareinboim [2011] show that the transport formula (6.13) holds more generally
as soon asX is a set of pre-treatment variables which isS-admissible, i.e., if
S ?? Y j X; do(W = w) for w = 0; 1. Graphically, S-admissibility holds whenever
X blocks all paths fromS to Y after deleting from the graph all incoming arrows
into W. We note that S-admissibility implies the mean exchangeability assumption
(Assumption 6.3.4) and is equivalent to theS-ignorability assumption S ?? Y(w) j X
(Assumption 6.3.5) used in the PO framework whenX and S are pre-treatment
variables, and entails similar transport formula in that situation. However, the two
notions di�er for treatment-dependent selection and covariates, as discussed by Pearl
[2015], where several examples illustrate how theS-admissibility assumption can
lead to di�erent transport formulas when both pre- and post-treatment variables
are leveraged. Such an example is presented in Figure 6.3, where the covariateX
is a post-treatment variable, for example a biomarker, believed to mediate between
treatment and outcome.

Figure 6.3 � Post-treatment covariate adjustment: On this selection diagram the arrow
from S to X indicates the assumption of di�erent e�ect of W on X in the two populations.
Here, X is S-admissible but not S-ignorable, and the corresponding transport formula is

P(Y j do(W = w)) =
X

x
P(Y j do(W = w); X = x; S = 1) P(X = x j W = w);

where it invokes an unconventional average of the CATE weighted by a conditional
probability in the target population. This example is taken from Pearl [2015].
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Finally, it is worth mentioning that the transportation problem discussed so
far, to export a causal e�ect estimated in an RCT to a general population is
only one speci�c instance of the more general problem ofdata fusion [Pearl and
Bareinboim, 2011, Bareinboim and Pearl, 2012b, 2016, Hünermund and Bareinboim,
2019, Lee et al., 2020], which simultaneously accounts for confounding issues of
observational data, sample selection issues, as well as extrapolation of causal claims
across heterogeneous environments. The SCM framework, with its elegant way of
formalizing the problem, helps practitioners formulate and discuss causal assumptions
across variables and environments. In particular, subject to a good knowledge of the
graph, it helps selecting sets of variables that are su�cient to establish identi�ability
and exclude variables that would bias the analysis. As we will see in Section 6.7,
already in the early phase of a study, the causal and selection diagrams o�er a
very convenient tool to discuss with clinicians and explicitly lay out conditional
independence assumptions. Once a diagram encodes assumptions about a system,
algorithmic solutions implementing thedo-calculus are available to determine whether
non-parametric identi�ability holds, and to provide correct formula if it holds [Correa
et al., 2018, Tikka et al., 2019].

While the SCM framework provides a powerful and versatile set of concepts
and tools to identify causal e�ects, there are still challenges in their applicability
on real data to estimate causal e�ects, due to the �niteness of the samples, and
practical estimators with publicly available implementations and detailed consistency,
convergence rates or robustness results are still scarce. Some recent work has
proposed solutions for this estimation task in the context of either experimental or
observational data by extending weighting-based methods developed for the back-door
case to more general settings [Jung et al., 2020b,a], or extending the double/debiased
machine learning (DML) approach proposed by Chernozhukov et al. [2018a] under
ignorability assumption to any identi�able causal e�ect [Jung et al., 2020b]. In
the same spirit, Karvanen et al. [2020] propose combination of data from a survey
and a meta-analysis of 34 trials, where identi�ability and transport formula are the
output of the algorithm do-search (see Section 6.6), and estimation is performed
with the real data at hand. Additionally, even if a causal e�ect is not identi�able,
partial-identi�ability techniques have been proposed for deriving bounds for the
causal e�ect [Tian and Pearl, 2000, Dawid et al., 2019]. Cinelli and Pearl [2020]
give an example illustrating partial identi�ability on real data, with experiments
assessing the e�ect of the Vitamin A supplementation. In this setting the existence
of experimental data from one source population leads to identify bounds on the
transported causal e�ect, but the availability of two trials instead of one leads to a
point estimate. Finally, Dahabreh et al. [2019c, 2020] propose an alternative approach
for generalizability and integrative analyses of trials and observational studies using
structural equation models under weaker error assumptions and represented using
single world intervention graphs [Richardson and Robins, 2013].
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6.6 � Software for combining RCT and observa-
tional data

6.6.1 Review of available implementations

A decisive point to bridge the gap between theory and practice is the availability
of software. Practitioners use the methods with easily-available implementations,
even when these methods have some shortcomings. In recent years, there have been
more and more solutions for users interested in causal inference and causation, see
Tikka and Karvanen [2017], Guo et al. [2019], Yao et al. [2020a] for surveys. One can
mention the toolboxes doWhy [Sharma et al., 2019], econML [Microsoft Research,
2019], causalToolbox [Künzel et al., 2018]. There are also many standalone packages.
However, one can regret that many implementations are `one-shots', i.e., associated
with a single article and not pushed further.

Regarding the speci�c topic of this chapter, we present in Table 6.3 the imple-
mentations available about both identi�ability and estimators. The implementations
found are mostly research-dedicated tools made public rather than user-friendly
packages. Note that no implementation of strati�cation(6.4) was found. Most
implementations do not handle categorical variables, or handle only continuous
outcomes for example. In addition, the available implementations are often dedicated
to speci�c sampling designs and estimators are di�erent from nested and non-nested
framework. As a consequence, a new user has to pay attention to all of these practical
� but fundamental � details.

6.6.2 Example of usage

In this part we detail an identi�ability question. Implementation examples for
the nested case are presented in examples D.2.3.1 and D.2.3.2 in Appendix D.2.

Identi�ability queries The R packagescausaleffect [Tikka and Karvanen,
2017] anddosearch [Tikka et al., 2019] can be used for causal e�ect identi�cation,
with the latter handling transportability, selection bias and missing values (bivariates)
issues simultaneously. In this package, thedosearch function takes the observable
distributions, a query, and a semi-Markovian causal graph as input and outputs a
formula for the query over the input distributions, or decides that it is not identi�able.
It is based on a search algorithm that directly applies the rules ofdo-calculus. Their
general identi�cation procedure is not necessary complete given an arbitrary query
and an arbitrary set of input distributions. In order to retrieve the backdoor criterion
from Pearl [2009a], one can write:

1 data <- "P(Y, X ,Z)"
2 query <- "P(Y|do(X))"
3 graph <- "X -> Y
4 Z -> X
5 Z -> Y"
6 dosearch (data , query , graph )
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Table 6.3 � Inventory of publicly available code for generalization (top: software for
identi�cation; bottom: software for estimation).

Name Method - Setting Source & Reference

Identi�cation

causale�ect
Identi�cation and transportation of
causal e�ects, e.g., conditional
causal e�ect identi�cation algorithm

R package on CRAN,
Tikka and Karvanen [2017]

dosearch

Identi�cation of causal e�ects
from arbitrary observational and
experimental probability distributions
via do-calculus

R package on CRAN,
Tikka et al. [2019]

Causal Fusion
Identi�ability in data fusion
framework (Section 6.5)

Browser beta version
upon request
Bareinboim and Pearl [2016]

Estimation

ExtendingInferences

IPWS equation (6.3),
g-formula equation (D.3) � Nested
AIPSW (D.5) - Nested
Continuous outcome

R code on GitHub,
Dahabreh et al. [2020]

generalize
IPSW equation (6.3),
TMLE (Section 6.3.2.4)

R package on GitHub
Ackerman et al. [2020]

genRCT
IPSW equation (D.1) � Nested,
calibration weighting (Section 6.3.2.4)
Continuous and binary outcome

R package available
upon request Dong et al. [2020]

IntegrativeHTE Integrative HTE (Section 6.4.2)
R package on GitHub,
Yang et al. [2020a]

IntegrativeHTEcf
Includes confounding functions
(Section 6.4.2)

R package on GitHub,
Yang et al. [2020a]

generalizing
SCM with probabilistic graphical
model for Bayesian inference
Binary outcome

R package on GitHub,
Cinelli and Pearl [2020]

RemovingHidden
Confounding

Unmeasured confounder
(Section 6.4.2)

R package on GitHub,
Kallus et al. [2018b]

1 $ident i f iable
2 [1] TRUE
3 $formula
4 [1] "[ sum_{Z} [p(Z)*p(Y|X ,Z) ]]"

Beta version of causalfusion The beta version ofcausalfusion [Bareinboim
and Pearl, 2016] can be used, with a user-friendly interface requiring no coding
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skills. For example, if uploading the selection diagrams from Figure 6.2 onto this
interface, it will state that diagram (a) is not transportable, while (b) is transportable
along with the correct transport formula. The authors also propose to load onto
the interface their diagrams from previous publications and research works, some of
which have been discussed in this review.

6.6.3 Simulation study of the main approaches

This part presents simulation results to illustrate the di�erent estimators in-
troduced and their behavior under several mis-speci�cation patterns. The code to
reproduce the results is available on Gitlab5. Note that except for the calibration
weighting, all the estimators are implemented by the authors to correspond exactly
to the formulas introduced in the review (IPSW and IPSW.norm(6.3), strati�cation
(6.4), g-formula (6.5), and AIPSW (6.8)).

Well-speci�ed models We consider the framework of Section 6.3 where the
observational study contains neither outcome nor treatment and the aim is to
estimate the causal e�ect on the target population. We use similar simulations as
in Dong et al. [2020], where four covariates are generated independently as with
X j � N (1; 1) for eachj = 1; : : : ; 4. The trial selection scores are de�ned using a
logistic regression model:

logit f � S(X )g = � 2:5 � 0:5X 1 � 0:3X 2 � 0:5X 3 � 0:4X 4: (6.15)

The outcome is generated according to a linear model:

Y(w) = � 100+27:4w X 1 +13:7X 2 +13:7X 3 +13:7X 4 + � with � � N (0; 1): (6.16)

This outcome model implies a target population ATE of� = 27:4E[X 1] = 27:4. Note
that the sample selection (S = 1) in (6.15) is biased toward lower values ofX 1 and
consequently toward lower treatment e�ect.

To generate a non-nested trial, we proceed as follows. First a sample of size
50; 000 is drawn from the covariate distribution. From this sample, the selection
model (6.15) is applied which leads to an RCT sample of sizen � 1000. Then, the
treatment is generated according to a Bernoulli distribution with probability equals
to 0.5, e1(x) = e1 = 0:5. Finally the outcome is generated according to(6.16). The
observational sample is obtained by drawing a new sample of sizem = 10; 000 from
the distribution of the covariates.

Figure 6.4 presents estimated ATEs with the inverse propensity of sampling
weighting with and without weights normalization (IPSW and IPSW.norm; Section
6.3.2.1), strati�cation (with 10 strata; Section 6.3.2.1), g-formula (Section 6.3.2.2),
calibration weighting (CW; Section 6.3.2.3), and augmented IPSW (AIPSW; Section
6.3.2.4) over 100 simulations. All estimators are implemented by the authors, except
for the CW implementation which comes from Dong et al. [2020]. The true ATE is
represented with a dashed line. The ATE estimated only with the RCT sample is

5. https://gitlab.inria.fr/misscausal/combine-rct-rwd-review
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Figure 6.4 � Well-speci�ed model. Estimated ATE with the inverse propensity of sampling
weighting with and without weights normalization (IPSW and IPSW.norm; Section 6.3.2.1),
strati�cation (with 10 strata; Section 6.3.2.1), g-formula (Section 6.3.2.2), calibration
weighting (CW; Section 6.3.2.3), and augmented IPSW (AIPSW; Section 6.3.2.4) over 100
simulations.

also displayed as a baseline. As expected it is biased downward (its mean is equal
to 14.24) as the distribution of the covariates and in particular the treatment e�ect
modi�ers such asX 1 is not the same in the trial sample and in the population (as
illustrated in Table D.5 in Appendix D.4). Note that all the estimators are unbiased
which is expected. The variability of the two IPSW estimators is larger than for the
others. The number of strata in the strati�cation estimator plays an important role.
As shown in Figure D.6, the results in this study are biased when the number of
strata is smaller than10.

Mis-speci�cation of sampling propensity score or outcome model To
study the impact of mis-speci�cation of the sampling propensity score model, we
generate the RCT selection according to the model

logit f � S(X )g = � 2:5 � 0:5eX 1 � 0:3eX 2 � 0:5eX 3 � 0:4eX 4 + 3;

and outcome according to the model

Y(w) = � 100 + 27:4w X 1X 2 + 13:7X 2 + 13:7X 3 + 13:7X 4 + �:

The analysis is then performed using classical logistic and linear estimators. As
shown in Figure 6.5, when the sampling propensity score model is mis-speci�ed,
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Figure 6.5 � Mis-speci�ed models. Estimated ATE when RCT and/or outcome models are
mis-speci�ed. Estimators used being IPSW (IPSW and IPSW.norm), strati�cation (with
10 strata), g-formula, calibration weighting (CW), and augmented IPSW (AIPSW) over
100 simulations.

the IPSW estimators are biased; whereas when the outcome model is mis-speci�ed,
the g-estimator is biased. In both settings, the double robust estimator (AIPSW)
is unbiased and robust to mis-speci�cation. In the case where both models are
mis-speci�ed, all estimators are biased except the CW estimator. This demonstrates
some robust properties of calibration against slight model mis-speci�cation.

Stronger distributional shift The above sampling propensity score model im-
plies a weak covariate shift between the RCT sample and the observational sample.
A stronger shift can be obtained, at least on covariateX 1, swapping the coe�cient
� 0:5X 1 with � 1:5X 1. Figure 6.6 shows that the variance of the weighted and CW
estimators have increased in the setting with a stronger covariate shift. Figure 6.6(a)
illustrates the di�erent strength of the distributional shifts, and Figure 6.6(b) presents
estimated ATE if the RCT sample is either weakly or strongly shifted w.r.t. the
target population distribution.
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(a) Distributional shift on X 1

(b) Simulation results

Figure 6.6 � Weak versus strong distributional shift between experimental and observational
data. Estimators used being IPSW (IPSW and IPSW.norm), strati�cation (with 10
strata), g-formula, calibration weighting (CW), and augmented IPSW (AIPSW) over 100
simulations.

Impact of the treatment-e�ect modi�ers In this part, we consider a heteroge-
neous treatment e�ect setting whereX 1 impacts the RCT sampling while also being a
treatment e�ect modi�er. We consider the IPSW estimator and its variations without
usingX 1 (labeled as IPSW.without.X1) and using onlyX 1 (labeled as IPSW.X1). As
shown in Figure 6.7, IPSW.X1 is still unbiased when using onlyX 1 in the sampling
propensity score estimation, as it is the only covariate being the treatment e�ect
modi�er. However, if X 1 is missing, the resulting estimator IPSW.without.X1 is
strongly biased. Therefore, it is important to include all variables that a�ect both
sampling and outcome to adjust for bias. We also conjecture that including outcome
predictors that do not a�ect sampling may increase the e�ciency of the estimator.

Note also that if the treatment e�ect was homogeneous (does not depend onX 1),
then the estimated ATE on the RCT would be unbiased (as shown in Figure D.7 in
Appendix D.4.3) so in this setting there is no need to use the observational data and
associated methods to transport the ATE from the trial to the target population.
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Figure 6.7 � Impact of
treatment-e�ect modi�ers.
Estimated ATE when
IPSW estimator includes
all covariates, only X 1, or
all covariates except X 1,
with g-formula presented
as a control, over 100
simulations. Simulations
are still performed with
(6.15) for RCT eligibility
and (6.16) for outcome
modeling.

6.6.4 Practical summary of reviewed estimators

While simulation studies are helpful to get a better understanding of the di�erent
estimators and their relative performance under di�erent simulation settings, in
practice, it often remains challenging to choose an appropriate (set of) estimators for
a given problem. In Table 6.4 we provide a compressed summary of the di�erent
estimators' properties to guide the choice of an appropriate estimator depending on
the concrete problem and data.

Note that the complete proofs of consistency for the non-parametric case can be
found in Colnet et al. [2021].

6.7 � Application: E�ect of Tranexamic Acid

To illustrate the methodological question of combining experimental and observa-
tional data and demonstrate how to apply some of the previously discussed methods,
we consider a currently open medical question about major trauma patients. We
focus again on trauma patients su�ering from a traumatic brain injury (TBI) and the
drug tranexamic acid (TXA) which is an anti�brinolytic agent that limits excessive
bleeding, commonly given to surgical patients. Previous clinical trials showed that
TXA decreases mortality in patients with traumatic extracranial bleeding [Shakur-
Still et al., 2009]. Such prior result raises the possibility that it might also be e�ective
in TBI, becauseintracranial hemorrhage is common in TBI patients. Therefore
the question here is to assess the potential decrease of mortality in patients with
intracranial bleeding when using TXA.

To answer this question, we have at disposal both a RCT, named CRASH-3,
and the previously introduced observational Traumabase® registry. Both data have
previously been analyzed separately in Cap [2019] (for the RCT) and in Chapter 4 (for
the observational study) and the medical teams of both studies want to share their
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Table 6.4 � Summary table of reviewed estimators for the the generalization task (see
Section 6.3).
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Advantages Inconveniences

IPSW (6.3) 3 7 7 7 3

Sandwich-type vari-
ance estimators
or non-parametric
bootstrap variance
estimators exist. Nor-
malized weights can be
used to overcome the
variability issue.

Requires correct model
speci�cation of � s ;
very unstable and high
variability when the
selection scores are
extreme (when the
trial study contains
units with very small
probabilities of being
in the trial).

Strati�cation
(6.4)

3 7 7 7 3
Preferable over IPSW
in case of small selec-
tion scores

Less e�ective in reduc-
ing bias than IPSW
Kang et al. [2007].

G-formula
(6.5)

3 7 7 7 3

Possible use of BART
[Kern et al., 2016];
empirically lowest vari-
ance among all other
estimators in case of
correct model spec-
i�cation [Dahabreh
et al., 2019b]

In practice not well
performing for high-
dimensional data.

CW (6.7) 3 7 3 7 3

Bootstrap procedure
proposed by Dong
et al. [2020] to esti-
mate the estimator's
variance.

Requires either loglin-
ear selection score or a
CATE that is linear in
the CW

ACW (6.8) 3 3 3 7 3
Allows the use of non-
parametric nuisance
parameters

Sensitivity to unmea-
sured covariates in ob-
servational dataset not
studied yet.

AIPSW (6.8) 3 3 3 7 3

Easily implementable
and existing sandwich-
type variance estima-
tors.

Can have bad per-
formances in terms
of bias and variance
in case of double
mis-speci�cation [Kern
et al., 2016].

TMLE
[Rudolph and van der Laan, 2017]3 3 3 7 3

Empirically good �nite
sample performance;
recommended for high-
dimensional covariate
space; variance estima-
tion through e�cient
in�uence curve.

Sensitive to positivity
violations

BART
[Kern et al., 2016]7 7 7 7 3

Empirically good
performances in terms
of bias and RMSE
[Kern et al., 2016],
recommended in case
of suspected treatment
covariate interactions
and treatment e�ect
heterogeneity.

Lack of theoretical
guarantees for this
approach.
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respective data to answer both medical and methodological questions. Such initiatives
allow to confront and combine the evidence obtained from the observational data
set using causal inference estimators with the evidence obtained from the CRASH-3
randomized controlled trial. In particular it allows to:

� Benchmark the observational study with the RCT. As the treatment e�ect
was estimated with a recent doubly robust estimator handling missing data,
its adoption by the community could be reinforced using the RCT's result to
validate the estimated e�ect.

� Assess the generalizability and transportability methods, considering the
Traumabase® as the target population, and confront the estimators presented
in this review to a real situation.

We will �rst present the two data sources, treatment e�ect analyses and �ndings
from these, before turning to the combined analysis in Section 6.7.3. The code to
reproduce all analyses for this application is available on GitLab6, even if the medical
data cannot be publicly shared for privacy reasons.

6.7.1 The observational data: Traumabase

To improve decisions and patient care in emergency departments, the
Traumabase® group, which comprises 23 French Trauma centers, collects detailed
clinical data from the scene of the accident to the release from the hospital. We
refer to Chapter 3 for a detailed introduction of this project. At the moment of the
presented study, the Traumabase® registry contained around 8,270 patients su�ering
from TBI. A �rst study was performed to assess the e�ect of TXA on mortality for
traumatic brain injury patients from this observational registry (see Chapter 4 and
Appendix G). More precisely, the treatment variable is the administration of TXA
during pre-hospital care or on admission to a Trauma Center7 and considered to
have occurred within three hours of the initial trauma. In these used Traumabase®

data, TXA is administered to roughly 8.2% of patients su�ering from TBI, and 20%
die before the end of their hospital stay. Notably, mortality is much higher among
patients who receive TXA than those who do not (30% vs. 14%). This situation is a
classical example of confounding bias: the e�ect arises because patients who appear
to be in more severe state are more likely to be administered TXA and are also
more likely to die, with or without the treatment.

Before turning to the causal analysis on these data, we �rst discuss an important
practical aspect, namely missing values, and how we handle them in the subsequent
analyses.

6. https://gitlab.inria.fr/misscausal/combine-rct-rwd-review
7. More precisely, to the resuscitation room of a hospital equipped to treat major trauma

patients.
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6.7.1.1 Missing values

The problem of missing values is ubiquitous in data-analysis practice and par-
ticularly present with observational data, as they are not necessarily collected for
research purposes. The Traumabase® is a high-quality dataset but, nevertheless,
missing values occur as it has been discussed intensively in Chapter 4, see e.g., the
proportions of missing values in a subset of relevant variables reported on Figure 4.1.

6.7.1.2 Covariate adjustment

Since the Traumabase® is an observational registry, straightforward treatment
e�ect estimation on these data is not possible due to confounding. The causal graph
from Figure 4.6 is the result of a two-stage Delphi method [Dalkey and Helmer, 1963]
in which six anesthetists and resuscitators specialized in critical care�and therefore
familiar with the allocation process for TXA��rst selected covariates related to either
treatment or outcome or both, and second classi�ed these covariates into confounders
and predictors of only treatment or outcome. Even though it is not possible to
test for unobserved confounding, this Delphi procedure is an attempt to gather as
much expert knowledge about the studied question as possible to manually identify
possible confounders and qualitatively assess the plausibility of the unconfoundedness
assumption. Note that this approach is an explicit example where we leverage the
advantages of the SCM and PO frameworks: the causal graph helps to select relevant
variables during the conception phase of the study, and the treatment e�ect analysis
uses di�erent estimation methods from the PO framework.

6.7.1.3 Results

We adjust for confounding using the identi�ed confounders and use additional
predictors for the outcome model (see Figure 4.6 from Chapter 4), to estimate the
direct causal e�ect of TXA on 28-day intra-hospital TBI-related mortality and on all
cause intra-hospital mortality among traumatic brain injury patients (for the latter
see results of Chapter 4). The two methods presented here for handling missing
values are multiple imputation via chained equations (MICE) [van Buuren, 2018]
and missing incorporated in attributes (MIA) [Twala et al., 2008]; the treatment
e�ect estimation is then performed using either logistic regressions or generalized
random forests [Athey et al., 2019], denoted respectively byGLM and GRF in
Table 6.5.8 The doubly robust results (AIPW) in Table 6.5 show that from this
study there is no evidence for an e�ect of TXA on mortality of TBI patients.
However, when considering the IPW estimations, the conclusion di�ers in that they
indicate a deleterious e�ect of the drug for almost all subgroups considered, for both
de�nitions of the outcome. These �ndings might be due to inaccurate estimations of
the propensity scores used for the reweighting, for instance due to possible model
mis-speci�cation for the parametric approach and to insu�cient sample sizes or

8. Note that another method for handling the missing values could theoretically be used, namely
EM for logistic regression [Jiang et al., 2020]. In this application however, this method is not (yet)
adapted due to the large number of mixed covariates.
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machine learning regulation bias for the non-parametric random forest approach.
In the non-parametric case, the doubly robust approach can compensate the slow
convergence of the non-parametric propensity model estimations with the outcome
model estimations and correct for the regularization bias that comes from �tting
predictive models using machine learning, while there is no such bias correction for
the IPW approach and in case of insu�cient the latter would also require additional
samples to estimate the propensity scores su�ciently well. Additionally, note the
large variability of the parametric IPW and AIPW estimators (GLM ) which could
also support the remark on possible model mis-speci�cation.9 In such a situation,
the possibility to transport the treatment e�ect from the RCT is also a step to
comfort the results.

The AIPW �ndings on the data�obtained prior to the publication of CRASH-
3�are consistent with the main conclusion of the CRASH-3 study (no e�ect).
Results are presented in Table 6.5). As patients can be strati�ed based on trauma
severity, analyses on sub-strata can also be performed, but are only reported in the
Appendix D.5.

Table 6.5 � ATE estimations from the Traumabase® for TBI-related 28-day mortality. Red
cells conclude on deteriorating e�ect, white cells conclude on no e�ect. Additional results
can be found in Table D.1 in Appendix D.5.

Multiple imputation (MICE) MIA Unad-
justed
ATE
� 102

IPW
(95% CI)

� 102

AIPW
(95% CI)

� 102

IPW
(95% CI)

� 102

AIPW
(95% CI)

� 102

GLM GRF GLM GRF
Total
(n = 8 ; 248)

15
(6.8, 23)

11
(6.0, 16)

3.4
(-9.0, 16)

-0.1
(-4.7, 4.4)

9.3
(4.0, 15)

-0.4
(-5.2, 4.4)

16

6.7.2 The RCT: CRASH-3

A total of 175 hospitals in 29 di�erent countries participated to the randomized
and placebo-controlled trial, called CRASH-3 [Dewan et al., 2012], where adults
with TBI su�ering only from intracranial bleeding, i.e., without major extracranial
bleeding, were randomly administrated TXA [Cap, 2019]. The inclusion criteria of
the trial are patients with a Glasgow Coma Scale (GCS)10 score of 12 or lower or
any intracranial bleeding on CT scan, and no major extracranial bleeding, leading to
9202 patients (which is uncommonly large for a medical RCT). We provide a DAG
summarizing the trial selection and addition regressors present in CRASH-3 of the
outcome in Figure 6.8.

The primary outcome studied is head-injury-related death (not simply death) in
hospital within 28 days of injury in patients treated within 3 hours of injury. Six

9. Larger variance of the IPW is often observed when comparing to AIPW, independently of
the nuisance parameter approach.

10. The Glasgow Coma Scale (GCS) is a neurological scale which aims to assess a person's
consciousness. The lower the score, the higher the severity of the trauma.
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Figure 6.8 � Causal graph for the CRASH-3 trial representing treatment, outcome, inclusion
criteria with S and other predictors of outcome (Figure generated using the Causal Fusion
software presented in Section 6.6 from Bareinboim and Pearl [2016]).

covariates are present at baseline, with age, sex, time since injury, systolic blood
pressure, Glasgow Coma Scale score (GCS), and pupil reaction. The study concludes
that the risk of head-injury-related death was 18.5% in the TXA group versus 19.8%
in the placebo group (855 vs 892 events; risk ratio [RR] 0.94 [95% CI 0.86 - 1.02]),
i.e, there is no e�ect of TXA on mortality when considering the total sample. The
rest of the data analysis focuses on the e�ect on the total sample as well.

6.7.3 Transporting the ATE on the observational data

With the two separate analyses in mind, we are now ready to tackle the combined
analysis, namely the generalization from the RCT results to the target population
de�ned by the observational Traumabase® data.

6.7.3.1 Common covariates description

In the following, we discuss common variables de�nition, outcome, treatment,
and designs in order to leverage both sources of information. We recall the causal
question of interest: �What is the e�ect of the TXA on brain-injury death on patients
su�ering from TBI?� This part is important for the harmonization of the study
protocol.

Treatment exposure The treatment protocol of CRASH-3 frames the timing
and mean of administration precisely (a �rst dose given by intravenous injection
shortly after randomization, i.e., within 8 (resp. 3) hours of the accident, and a
maintenance dose given afterwards [Dewan et al., 2012]). For consistency with
the original CRASH-3 study described above, we also only keep observations from
the RCT with administration within 3 hours. The Traumabase® study being a
retrospective analysis, this level of granularity concerning TXA is not available.
Neither the exact timing, nor the type of administration are speci�ed for patients
who received the drug. However, the expert committee agreed that the assumption of
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treatment within 3 hours of the accident is very likely since this drug is administered
in pre-hospital phase or within the �rst 30 minutes at the hospital.

Outcome of interest The CRASH-3 trial de�ned its primary outcome as head
injury-related death in hospital within 28 days of injury. For the Traumabase®

data we also look at death in hospital within 28 days but with a wider range of
possible causes of death, namely TBI, brain death, multiple organ failure, brain
death, or withdrawal of life-sustaining therapy. This slightly di�erent de�nition
for the Traumabase® outcome allows to obtain medically similar outcomes despite
di�erent data collection processes.

Multi-centered design Both studies are multi-centered, but while the
Traumabase® is a French registry with 20 participating Trauma Centers, the
CRASH-3 trial enrolled patients in various countries on di�erent continents. While
this large spectrum of participating centers is likely to contribute to external validity
of the CRASH-3 trial, it should be noted that more than 65% of the patients
included were from developing countries; regions of the world that di�er from
developed countries by a prolonged pre-hospital care period, limited access to brain
imaging tests and neurosurgery within short periods of time, and the absence of
expert centers for heavy trauma and neuro-intensive care. Thus, on top of the
restrictive inclusion criteria of the RCT, this aspect of large heterogeneity in the
participating Trauma centers motivates the combination both studies to estimate the
e�ect for a population with access to a speci�c high level of care, here represented
by the French Trauma centers.

Covariates accounting for trial eligibility In total, four criteria depending on
�ve variables determined inclusion in the CRASH-3 trial: age (only adults were
eligible), presence of TBI (de�ned as presence of intracranial bleeding on the CT
scan, or a GCS of less than 13 in the case of no available CT scan), absence of major
extracranial bleeding (de�ned explicitly in CRASH-3 and de�ned via the number
of packed red blood cells transfused in the �rst 6 hours of admission or by colloid
injection in the Traumabase), and delay of less than 8 hours (later reduced to 3
hours) between the injury and the randomization. The necessary variables are also
available in the Traumabase®, either exactly or in form of proxies, which allows the
estimation of the trial inclusion model on the combined data.

Additional covariates Note that other covariates are available in both data sets,
while not responsible of trial inclusion according to CRASH-3 investigators. But
as this could still be covariates moderating the outcome and treatment e�ect, we
included them. According to the two data sets, we could add three of them: sex
(binary), systolic blood pressure (continuous), and pupils reactivity (categorical,
ranging from 0 to 2, being the number of active pupils). Note that this three
covariates are all mentioned in the baseline of CRASH3 results [Cap, 2019], arguing
that they should impact the outcome.
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6.7.3.2 Descriptive analyses

Missing values First, note that the RCT contains almost no missing values,
whereas the variables for determining eligibility in the observational data contains
important fractions of missing values, as shown in Table 6.6, while the sample sizes
of the two data are similar, see Table 6.7. This requires a modi�cation of the
methods introduced in this review and illustrated in the simulations section in order
to account for these missing values. For correctly estimating the trial inclusion model
and the outcome models (Section 6.3.2), we need to handle the missing values in the
covariates, especially in the observational data.11 This modi�cation consists in two
alternative estimation strategies for �tting the trial inclusion and outcome models:

� Logistic regression with incomplete covariates using an expectation maximiza-
tion algorithm [Dempster et al., 1977]. A computationally e�cient variant of
this method using stochastic approximation is implemented in the R package
misaem[Jiang et al., 2020].

� Generalized regression forest with missing incorporated in attributes [Twala
et al., 2008, Josse et al., 2019]. This method is implemented in the R package
grf [Tibshirani et al., 2020].

Table 6.6 � Percentage of missing values in each covariate for the Traumabase® and
CRASH-3.

Major
Extracranial

Age Glasgow initial
SystolicBlood

Pressure
Sex Pupil Reactivity

CRASH-3 0 0 0.69 0.25 <0.1 <0.1
Traumabase 0 0.27 2.0 29 0.76 2.0

Table 6.7 � Sample sizes for both studies.

Traumabase CRASH-3
m #treated #death n #treated #death

Total (within 3 hours) 8248 683 1411 9168 4632 1745

Distribution shift There are di�erent ways of assessing the shift between the
distributions of the two studies, for instance by univariate comparisons. We provide a
simpli�ed comparison of the means of the covariates between the treatment groups of
the two studies in Figure 6.9. This graph illustrates again the fundamental di�erence
between the two studies, namely the treatment bias in the observational study and
the balanced treatment groups in the RCT. Another representation of the distribution
shift is presented in the Appendix D.5 with histograms (Figures D.8 �D.12).

11. If we assumed the missing values being missing completely at random (MCAR), we could
�throw away� the incomplete observations and perform the analyses on the complete observations,
but this would reduce the total sample size by 917. And as explained in Chapter 4, the MCAR
assumption is not plausible for the present observational data, thus such acomplete case analysis
would be biased.
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Figure 6.9 � Distributional shift and di�erence in terms of univariate means of the trial
inclusion criteria (red: group mean greater than overall mean, blue: group mean less than
overall mean, white: no signi�cant di�erence with overall mean, numeric values: group
mean (resp. proportion for binary variables). Graph obtained with the catdes function of
the FactoMineR package [Lê et al., 2008].

6.7.3.3 Analyses

Notations and estimator details We use two consistent ATE estimators from
the solely CRASH-3 data:

� Difference_in_mean : the di�erence in mean estimator (see De�nition 1.4.1,
Chapter 1);

� Difference_in_condmean_ols the di�erence in conditional mean �tting an
outcome model with an OLS (see De�nition 1.4.2, Chapter 1).

To transport the ATE to the target population, we apply the estimators discussed
in this review (with the additional handling of the missing values as outlined in the
previous section), namely:

� IPSW (6.3): with sampling propensities estimated via logistic regression
(EM_IPSW_glm) or via generalized random forest (MIA_IPSW_grf);

� normalized IPSW (6.3): with sampling propensities estimated via logistic
regression
(EM_IPSW.norm_glm) or via generalized random forest (MIA_IPSW.norm_grf);

� G-formula (6.5): with outcome models estimated via logistic regression
(EM_G-formula_glm) or via generalized random forest (MIA_G-formula_grf );

� AIPSW (6.8): with sampling propensities and outcome models estimated
via logistic regression (EM_AIPSW_glm) or via generalized random forest
(MIA_AIPSW_grf).

The con�dence intervals of these estimators are computed with a strati�ed
bootstrap in the RCT and the observational data set in order to maintain the ratio
of relative sizes of the two studies (with 100 bootstrap samples). Note that the
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Calibration Weighting (CW) estimators are not used in this analysis as it would
require a speci�c adaptation in the case of the missing values. Propensity score
methods and outcome modeling methods are more straightforward to adapt to
the missing data situation with o�-the-shelf computational tools. Since this topic
combines missing data assumptions with the speci�c assumptions for the goal of
generalization, the speci�c validity domain for each estimator remains an open-
research work.

We also present the estimators for the observational study applied solely on
the Traumabase® data. For details about the derivation and properties of these
estimators applied on incomplete observations we refer to Section 4:

� AIPW with nuisance parameters via logistic regression (AIPW_glm),

� AIPW with nuisance parameters via generalized random forest (AIPW_grf).

Since AIPW combined with either missing incorporated in attributes (MIA) or
multiple imputation ( MICE) is recommended when analyzing observational data,
these are the estimators kept in this analysis. These estimators are built upon the
unconfoundedness assumption and as outlined in Section 6.7.1, the list of identi�ed
confounders comprises 17 variables, complemented with 21 variables predictive of
the outcome but not related to the treatment. Hence the results of the observational
study depend on these 38 variables while the generalization results are using a
di�erent set of variables, namely three of the �ve variables that determine treatment
eligibility 12 and the additional three baseline covariates susceptible to moderate
outcome and treatment e�ect.

Final results As we can observe on Figure 6.10, the generalization from the RCT
to the target population using all the observations from both data sets, presents
certain discrepancies with respect to the two previous studies. On the one hand, half
the generalization estimators support the CRASH-3 conclusion about the treatment
e�ect: no signi�cant e�ect. On the other hand, some estimators support a deleterious
treatment e�ect (corresponding to a positive ATE). Note that the AIPW ATE
estimations from the solely Traumabase® data do not reject the null hypothesis of
no treatment e�ect. The analysis can also be performed on a imputed Traumabase®

data set, the corresponding results are presented in appendix on Figure D.17. Note
that these results are to be interpreted carefully due to the potential impact of
missingness on the performance of the chosen estimators. For instance, note the
large con�dence intervals for theGRFestimators that are likely to be due to the
imbalanced proportions of missing values in the RCT and the observational data.

Here we present the results transported onto the total TBI Traumabase® popula-
tion, but the CRASH-3 study focuses on subgroups of patients (mild and moderate
patients) for which a positive e�ect of the tranexamic acid is measured. The gen-
eralization of the CRASH-3 �ndings onto this subgroup in the Traumabase® raises
multiple methodological issues that still need to be addressed in future works and
that we detail in the Appendix D.5.

12. We �lter the CRASH-3 population using the remaining two variables, TBI and delay between
injury and randomization, therefore these variables are removed for the remainder of the analysis.
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Figure 6.10 � Juxtaposition of di�erent estimation results with ATE estimators computed on
the Traumabase® (observational data set), on the CRASH-3 trial (RCT), and transported
from CRASH-3 to the Traumabase® target population. All the observations are used.
Number of variables used in each context is given in the legend.

Overall this data analysis highlights practical limitations that can be encountered
when combining two di�erent data sets: the need for a good understanding of the
common covariates, exposure, and outcome of interest before combining the data
sets, di�erent missing data patterns, and poor overlap when considering speci�c
target (sub-)populations.

6.8 � Summary, recommendations, and short-
comings

Combining observational data and RCTs can improve many aspects of causal
inference, from increased statistical power to better external validity. Questions on
external validity arise as soon as there are heterogeneities in the populations under
study, whether these be heterogeneities of a treatment e�ect or simply heterogeneities
of outcome. And yet, most e�ects of interest have some form of heterogeneity:
mortality rates increase with age, di�erent populations are exposed to di�erent
risks, have di�erent comorbidities, etc. Generalization challenges may arise even
for homogeneous treatment e�ects, as developed by Cinelli and Pearl [2020] in a
thought experiment on the Russian Roulette: its treatment is homogeneous �for
every game, there is one chance out of six of dying� but the average treatment e�ect
may di�er across populations since the chances of dying of other independent reasons
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di�er. To come to clear conclusions, an RCT is often run on a more homogeneous
subpopulation. The de�nition of the corresponding inclusion criteria is then crucial.
Observational data can help de�ning these inclusion criteria, and the methods
reviewed in the present chapter, combining the RCT and observational data, can
extrapolate the results of the RCT to di�erent populations, supplementing other
RCTs with di�erent inclusion criteria. These statistical methods are crucial to
explore potential heterogeneities left aside in the RCT. A plethora of settings is
associated with a variety of identi�ability criteria and estimators. Yet, whether in
the potential-outcomes or in the structural causal models framework, the number
of methods for combining experimental and observational data with treatment and
outcome is still limited.

Identi�ability: which data to answer our question? Domain expertise can
be used to postulate a causal graph: a directed acyclic graph representing the
mechanisms (as Figure 6.8). The SCM framework is then convenient to see whether
the question at hand can be formulated in an identi�able way. It o�ers a principled
way of selecting variables needed for identi�cation of the causal e�ect and to avoid
biased causal e�ects, such as conditioning on the wrong covariates.

Without such an approach, identi�ability claims are limited and the recommen-
dation is often to include as many as possible to be sure to avoid violation of any
assumption: �it is probably best to include as many outcome predictors as possible
in regression models for the expectation of the outcome or the probability of trial
participation� [Dahabreh and Hernán, 2019].

Selecting a small number of covariate can help reducing the variance of estimators.
Some developments in the broad settings of causal inference �and not dedicated to
fusion of experimental and observational data� use causal graphs to select between
di�erent adjustment sets to get estimators with smaller variance [Rotnitzky and
Smucler, 2019, Witte et al., 2020, Guo and Perkovi¢, 2020].

Challenges in the SCM framework A challenge in the use of the SCM frame-
work is that, to fully exploit its potential, it requires a graph, much more detailed
than the one we could establish for the Traumabase® analysis. The consortium of
clinicians managed to formulate groups of variables to identify confounders but not
the precise links between all (or a set of) these variables.

Also, the current developments of the SCM framework mention neither treatment
e�ect heterogeneity nor explicitly state the di�erences between nested and non-nested
designs. Finally, the corresponding literature is typically useful to the practitioner
for variable selection, but lacks estimators that can be readily instantiated on the
data �with the notable exception of Cinelli and Pearl [2020] in a Bayesian setting.

Estimation: what are the treatment e�ects in wider populations? For
causal e�ects on a combination of experimental and observational data, available
estimators mostly lie in the potential outcome framework. Estimation typically relies
on a propensity score �modeling trial participation� or outcome-regression models.
Weakly-parametric models such as machine-learning estimators or estimators coping
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with missing values can be used both, enabling a large class of functional forms. A
di�erent approach is that of calibration weighting, which rather relies on balancing the
functions of the covariates. Theoretical properties of di�erent estimators, and their
behavior in our experimental study, outline practical recommendations. Calibration
weighting and doubly-robust methods (AIPSW) are more robust to mis-speci�cation.
Calibration weighting is more robust than doubly-robust methods which break down
if both the propensity-score and the outcome regression model are mis-speci�ed
(Figure 6.5). But, on the other hand, calibration weighting su�ers more variance in
case of large shifts of the causal e�ect between the RCT and the observational data
(Figure 6.6) and is expected to break down with large dimension of covariates when
there is no natural function to match. Modeling the probability of trial participation
via strati�cation can help if this probability takes very high or very low value;
however de�nition of the strata �in particular their number� can be important.
If chosen too small, results are biased towards the RCT (Figure D.6), akin to a
typical bias-variance compromise. Any model of trial participation must correctly
capture the treatment-e�ect modi�ers, in the sense of heterogeneous treatment e�ect
(Figure 6.7). As a consequence, the data collection and modeling should focus of on
covariates likely to modulate the treatment e�ect. For reliable causal conclusions,
a good knowledge of the data and the mechanisms at hand is crucial. Indeed, not
only is it important to formulate good models of the response or the selection biases,
but also di�erent settings, i.e, the nested and non nested design, lead to di�erent
estimators (this is often implicit in the publications). A few estimators are readily
available, but they must be used for the particular design they were conceived for.

Challenges to handle missing values We have seen the need to account for
missing values. Missing values occur more often in observational data since RCT
typically deploy signi�cant e�orts to avoid them, but they are not immune to
participants missing scheduled visits or completely dropping out from the study. The
literature for RCT mainly focuses on missing outcome data and calls for sensitivity
analysis giving that available strategies (weighting, multiple imputation) rely on
untestable assumptions on the missing values mechanism [Carpenter and Kenward,
2007, National Research Council, 2010, Kenward, 2013, O'Kelly and Ratitch, 2014,
Li and Stuart, 2019, Cro et al., 2020]. In observational studies, many methods are
available relying on di�erent assumptions either on the missing values mechanism or
on the identi�ability conditions of the causal e�ect (see Chapter 4).

Missing values may lead to subtle biases in the inferences, as they are seldom
uniformly distributed across both datasets�missing more in one than in the other.
We will consider this issue in the next chapter and propose solutions for ensuring
identi�ability and estimation of generalized treatment e�ects.

An extreme case of missing information arises from the fact that observational data
and clinical trials are seldom collected to be analyzed jointly. As such, they typically
measure di�erent covariates. The common practice to analyze these data jointly
consists in only considering the covariates present in both data. However, throwing
away covariates leads to lost opportunities to characterize better confounding e�ects
and variables responsible for trial eligibility. Nguyen et al. [b] and Nguyen et al.
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[a] use extra covariates present in the experimental data to assess the sensitivity of
the estimated treatment e�ect to an unobserved treatment e�ect moderator that
interacts with treatment in in�uencing the outcome when generalizing from an RCT
to a target population.

Discrepancies between RCTs and observational data The analysis of real-
world data allows to apply the methods and to assess their feasibility. This analysis
is pointing towards moderate external validity of the RCT since the results where
the ATE is generalized are not entirely concordant with the RCT. Notably, the
study using only the observational data supports the results from the RCT. Which
analysis to trust depends on the assumptions we are willing to make, either the
transportability assumptions or the unconfoundedness assumptions and whether
the variables have been selected appropriately. However, caution is needed when
interpreting the presented results, since the impact of the missing values when
combing RCT and observational data requires further research as mentioned above.
In addition, the fact that outcome, treatment and covariates are comparable is of
major importance [Lodi et al., 2019] and remains a challenging question when it
comes to data fusion. The observed discrepancies support a possible deleterious e�ect
of the treatment, and as soon as the treatment e�ect depends on the timing, another
explanation of the di�erence could come from slightly di�erent time-to-treatment in
both data sets. Such considerations, beyond others, have to be investigated jointly
with the clinicians. Finally, the results are presented for the total population but
in this application, the clinicians are more interested in assessing treatment e�ects
on speci�c strata (see Appendix D.5 for more details). However, there are issues to
be solved before answering their request. Indeed, when considering certain strata in
our application we are facing the issue of violated positivity, which leads to a non-
transportable treatment e�ect on the strata of interest: mild and moderate patients.
Therefore, further discussions and analyses with the medical expert committee are
necessary to re-de�ne a target population of interest on which generalization is
possible and medically relevant. As it is generally the case, beyond methodological
and theoretical guarantees, a major step before applying a set of methods is to
clearly state the causal question and estimand(s) and the associated identi�ability
requirements.
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Chapter 7

Missing values in combined data

This chapter corresponds to the paperGeneralizing treatment e�ects with incomplete
covariates, under review at Biometrical Journal , written with Julie Josse and the
Traumabase® group.

Abstract

We focus on the problem of generalizing a causal e�ect estimated on a randomized
controlled trial (RCT) to a target population described by a set of covariates from
observational data. Available methods such as inverse propensity weighting are
not designed to handle missing values, which are however common in both data
sources. In addition to coupling the assumptions for causal e�ect identi�ability and
for the missing values mechanism and to de�ning appropriate estimation strategies,
one di�culty is to consider the speci�c structure of the data with two sources and
treatment and outcome only available in the RCT. We propose and compare three
multiple imputation strategies (separate imputation, joint imputation with �xed
e�ect, joint imputation without source information), as well as a technique that
uses estimators that can handle missing values directly without imputing them.
These methods are assessed in an extensive simulation study, showing the empirical
superiority of �xed e�ect multiple imputation followed with any complete data
generalizing estimators. This work is motivated by the analysis of a large registry
of over 20,000 major trauma patients and a RCT studying the e�ect of tranexamic
acid administration on mortality. The analysis illustrates how the missing values
handling can impact the conclusion about the e�ect generalized from the RCT to
the target population.
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7.1 � Introduction

Observational and clinical trial data can provide di�erent perspectives when
evaluating an intervention or a medical treatment. Combining the information
gathered from experimental and observational data is a promising avenue for medical
research, because the knowledge that can be acquired from integrative analyses would
not be possible from any single-source analysis alone. Such integrative analyses can
be used for example to predict a treatment e�ect on a speci�c target population
using the one estimated from the RCT, to validate methods, especially applied to
observational data by emulating a trial, to better estimate heterogeneous e�ects
(which generally cannot be estimated from experimental data due to underpowered
studies). Here, we are interested in the former case, where the experimental data
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or randomized controlled trial (RCT) is considered as a biased sample of a target
population and we would like to estimate the treatment e�ect on the target population
represented by an observational study. More precisely, the e�ect is estimated on a
RCT composed of covariates, treatment and outcome while the observational study
is composed only of covariates. A detailed review of the existing works on data
integration of RCTs and observational data to estimate causal e�ects, also called
treatment e�ects, has been given in Chapter 6. For complementary reading we also
refer to Degtiar and Rose [2021]. But all these methods do not consider the problem
of missing data which is ubiquitous in data analysis practice [Josse and Reiter, 2018].
We emphasize here that we focus on incomplete covariates in both studies, while the
outcome and treatment (available in the RCT) are assumed to be fully observed.

In certain cases, naive approaches such as complete-case analysis can yield
unbiased treatment e�ect estimates [Bartlett et al., 2015]; however, in many settings,
especially for observational data, the estimations are known to be biased since
the complete-case observations are generally not a representative subsample of
the population of interest [Little and Rubin, 2019]. Furthermore, this approach
is sometimes not even possible since in high-dimensional settings the probability
of having complete observations decreases rapidly Zhu et al. [2019]. There exists
a multitude of methods to handle missing values [Little and Rubin, 2019, van
Buuren, 2018, Mayer et al., 2020], such as maximum likelihood estimation or multiple
imputations with the aim of estimating as well as possible a parameter and its
variance. These methods make assumptions on the mechanism that generated the
missing values. More recent works also consider the question of supervised learning
with missing values which is a di�erent problem from statistical inference of model
parameters [Josse et al., 2019, Le Morvan et al., 2020a]. In the context of causal
inference there exist several recent works that address missing data [Mattei and
Mealli, 2009, Seaman and White, 2014, Yang et al., 2019, Kallus et al., 2018a, Mayer
et al., 2020]. One di�culty in the context of causal inference, is that one has to
couple identi�ability assumptions for the causal parameter with assumptions on the
missing values mechanisms to de�ne an appropriate strategy. Recalling the approach
from Chapter 4, identi�ability of the causal e�ect with missing values is ensured
by adapting the causal inference assumptions to the missing values setting with
an unconfoundedness despite missing values(UDM) assumption [Rosenbaum and
Rubin, 1984]. However, these works only consider the case of a single dataset�or
potentially multiple datasets with the same data distribution, i.e., sampled from
the same population of interest�and do not treat the case of transporting or
generalizing a treatment e�ect from an RCT to a target distribution de�ned through
an observational dataset; the RCT representing a �distorted� population due to
sampling or selection bias (generally de�ned via eligibility criteria). In practice, the
observed distributions between the observational data and the RCT do not only
di�er due to the selection bias but may also di�er in terms of missing values patterns.
Another �eld that explicitly studies data integration and missing values therein is
meta-analysis. Burgess et al. [2013] study a multiple imputation approach in the
context of meta-analysis where missing values can occur in di�erent data sources.

In this paper we propose to revisit the standard identi�ability assumptions
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and estimators for generalizing a treatment e�ect from one to the other under the
perspective of identifying the impact of missing values and suggesting appropriate
strategies to handle missing values according to the di�erent assumptions, such as
the missing values mechanisms. Indeed, to the best of our knowledge, there exists
no directly applicable method for this setting nor guidelines for a correct handling of
missing values in either of or both data sources. Our main contributions are:

� we de�ne several multiple imputation strategies adapted for the aforementioned
data integration problem in Section 7.3;

� we propose alternative identi�ability assumptions which can be seen as an an
extension of theunconfoundedness despite missingness(UDM) assumption from
the observational data case (see Chapter 4) and suggest adapted estimators in
Section 7.4;

� we assess the performance of the proposed estimators and naive complete case
estimators in an extensive simulation study in Section 7.5;

� we present a real-world data analysis which has motivated this work in Sec-
tion 7.6.

For simplicity, we will assume that the relevant covariates that allow for adjust-
ment of the sampling bias are observed both in the RCT and the observational
dataset, and we focus on the case of di�erent missing values mechanisms for these
covariates.

Before diving into the statistical aspects of the problem of treatment e�ect
generalization, we brie�y motivate this work with the same medical question about
major trauma patients as in the previous chapters and that has been addressed in
various studies over the past few years.

We focus again on trauma patients su�ering from a traumatic brain injury (TBI)
and on the treatment with tranexamic acid (TXA) which is an anti�brinolytic agent
that limits excessive bleeding, commonly given to surgical patients. Previous clinical
trials showed that TXA decreases mortality in patients with traumaticextracranial
bleeding [Shakur-Still et al., 2009]. Such a result raises the possibility that it might
also be e�ective in TBI, becauseintracranial hemorrhage is common in TBI patients.
Therefore the question here is to assess the potential decrease of mortality in patients
with intracranial bleeding when using TXA.

To answer this question, we have at disposal two data sources: �CRASH-2�,
a multi-center international RCT, and �Traumabase�, an observational national
registry. The details about these data are provided in Section 7.6, as well as the
analysis results for generalizing the treatment e�ect from the CRASH-2 study to the
Traumabase registry.
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7.2 � Background and notations

For ease of readability, we �rst recall the notations, standard assumptions and
estimators in the complete case from Chapter 6 which also apply in this section.

7.2.1 Notations

The general case consists in assuming that each patient from the two populations
is fully characterized by a random tuple(X; Y (0); Y(1); W; S), whereX 2 X is a
p-dimensional vector of covariates,W denotes the binary treatment assignment,
Y(w) is the potential outcome for treatment levelw, w 2 f 0; 1g and S indicates
RCT participation 1. The data considered is composed ofn + m independent random
tuples: (X i ; Yi (0); Yi (1); Wi ; Si ) i =1 ;:::;n + m . For simplicity of exposition, we introduce
an additional indicator variable Q that allows to distinguish between observations
from the RCT (indexed by the setSetR , f 1; : : : ; ng) and from the observational

cohort (indexed by SetO , f n + 1; : : : ; n + mg). Thus Qi ,

(
R if i 2 SetR
O if i 2 SetO

.

Note that (i) P(Q = Rj S = 1) = 1 , and we assume that conditionally onS = 0,
Q is independent of all other variables considered in this setting. In this paper,
we consider the case where for each RCT samplei such that Qi = R, we observe
(X i ; Wi ; Yi ; Si = 1) , while for observational datai such that Qi = O, we consider
that we only observe the covariatesX i , more precisely:

� the RCT samples i = 1; : : : ; n are identically distributed according to
P(X; Y (0); Y(1); W; S j S = 1) ,

� and the observational data samplesi = n + 1; : : : ; n + m are identically
distributed following P(X; S ).

An illustration of the data we consider in this work is provided in Figure 7.1.

Q
Covariates Treatment

Outcome
under W=0

Outcome
under W=1

X 1 X 2 X 3 W Y (0) Y (1)
1 R 1.1 20 5.4 1 23.4 24.1

: : : R : : : : : : : : : : : :
n � 1 R -6 45 8.3 0 26.3 27.6

n R 0 15 6.2 1 28.1 23.5
n + 1 O -2 52 7.1 NA NA NA
n + 2 O -1 35 2.4 NA NA NA
: : : O : : : NA NA NA

n + m O -2 22 3.4 NA NA NA

Q
Covariates Treatment

Outcome
under W

X 1 X 2 X 3 W Y
1 R 1.1 20 5.4 1 24.1

: : : R : : : : : : : : :
n � 1 R -6 45 8.3 0 26.3

n R 0 15 6.2 1 23.5
n + 1 O -2 52 7.1 NA NA
n + 2 O -1 35 2.4 NA NA
: : : O : : : NA NA

n + m O -2 22 3.4 NA NA

Figure 7.1 � Example of data structure in the full data problem setting. Left: complete
underlying data with potential outcomes in the RCT. Right: observed data with factual
outcomes.

We de�ne the conditional average treatment e�ect (CATE):

8x 2 X ; � (x) = E[Y(1) � Y(0) j X = x] ; (7.1)

1. This indicator S comprises several components: eligibility, selection into the trial and
willingness to participate.
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and the population average treatment e�ect (ATE):

� = E[Y(1) � Y(0)] = E[� (X )] ;

while we de�ne the RCT (or sample) average treatment e�ect as

� 1 = E[Y(1) � Y(0) j S = 1] :

We denote by� w(x) and � w;1(x) the conditional response surfaces under treatment
w 2 f 0; 1g in the general and in the RCT population, respectively:

� w(x) = E [Y(w) j X = x] ; � w;1(x) = E [Y(w) j X = x; S = 1] ;

and by � S(x) the selection score:

� S(x) = P(S = 1 j X = x) :

Note that � S(x) is the probability of being eligible for selection in the RCT and
of being willing to participate given covariate valuesx. It is di�erent from the
probability that an individual with covariates x, known to be in the study (RCT or
observational population), is selected in the RCT:

� S(x) 6= � R (x); � R (x) = P(9i; Q i = R; X i = x j 9i 2 SetR [ SetO ; X i = x) :

We similarly note

� O (x) = P(9i; Q i = O; X i = x j 9i 2 SetR [ SetO ; X i = x) = 1 � � R (x) :

Finally, we denote by� (x) the conditional odds that an individual with covariatesx
is in the RCT or in the observational cohort:2

� (x) =
P(i 2 R j 9 i 2 SetR [ SetO ; X i = x)
P(i 2 O j 9 i 2 SetR [ SetO ; X i = x)

=
� R (x)
� O (x)

=
� R (x)

1 � � R (x)
:

This quantity arises in several approaches that have been proposed to generalize a
treatment e�ect from an RCT to a target population, see for example Westreich et al.
[2017]. As we will see in the following, this conditional odds is identi�able under
certain assumptions and can be used instead of the selection score� S to generalize a
treatment e�ect. Indeed the latter is only identi�able in the case of a nested trial
design [Dahabreh et al., 2019a] which we do not cover in this chapter.

2. In the statistical and econometric literature, this term is sometimes also referred to as
conditional odds even though, by de�nition, it is an odds and not a ratio of odds.
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7.2.2 Assumptions for identi�ability of the ATE on the
target population in the full data case

The main identi�ability assumptions that allow for generalizing an ATE from
the RCT onto a target population are as follows:

� Internal validity of the RCT: consistency of potential outcomes, treatment
randomization.

� Consistency of potential outcomes

Y = W Y(1) + (1 � W) Y(0):

� Treatment randomization

Y(w) ?? (W; X ) j S = 1 for all X and w = 0; 1:

� Generalizability of the RCT to the target population:

� Ignorability on trial participation

f Y(0); Y(1)g ?? S j X: (7.2)

� Positivity of trial participation

9 c such that for all x; P (� S(x) � c > 0) = 1;

and 0 < P (W = w j X = x; S = 1) < 1 for all w

and for all x such that P(S = 1 j X = x) > 0

(7.3)

Assumption Equation 7.2 implies that we have measured all variables related
to the trial eligibility indicator S that are treatment e�ect modi�ers. In other
words, participation in the RCT is randomized within levels ofX . This is analogous
to the ignorability assumption on treatment assignment in causal inference with
observational data. With Assumption (7.3) we require adequate overlap of the
covariate distribution between the trial sample and the target population, as well as
between the treatment groups in the trial.

7.2.3 Estimators in the full data case

The covariate distribution of the RCT sample is generally di�erent from that of
the target population; therefore,� 1 is di�erent from � , and an estimator based solely
on the RCT is biased for the ATE of interest� . Under the previous identi�ability
assumptions, di�erent estimators are available to estimate the ATE� : one proposes
to reweight the RCT sample so that it �resembles� the target population with respect
to the observed shifted covariates and treatment e�ect modi�ers. Another proposes
to model the conditional outcomes with and without treatment in the RCT, and then
to apply the model to the target population of interest. Doubly robust approaches
are combinations of the former two, improving the robustness and e�cacy. For
simplicity, we assume a standard RCT with a constant propensity score of0:5 for all
individuals.
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Inverse probability of sampling weighting (IPSW). This estimator is de�ned
as the weighted di�erence of average outcomes between the treated and control groups
in the trial. The observations are weighted by the inverse odds1=� (x) = � O (x)=� R (x)
to account for the shift of the covariate distribution from the RCT sample to the
target population. The IPSW estimator can be written as follows:

b� IP SW;n;m =
2
n

nX

i =1

Yi (2Wi � 1)
b� n;m (X i )

; (7.4)

where b� n;m is an estimate of� . The IPSW estimator is consistent as soon as� is
consistently estimated byb� n;m . In practice, analysts often rely on logistic regression.

Conditional outcome-based estimation. It �ts models of the conditional re-
sponse surfaces among trial participants. Applying these models to the covariates
of the observational data, gives the corresponding expected outcome [Robins, 1986].
This outcome-model-based estimator, also called g-formula estimator, is then de�ned
as:

b� CO;n;m =
1
m

n+ mX

i = n+1

( b� 1;1;n (X i ) � b� 0;1;n (X i )) ; (7.5)

where b� w;1;n (X i ) is an estimator of� w;1(X i ). If the model is correctly speci�ed, then
the estimator is consistent. Note that in the previous chapter, we denoted this
estimator by b� G;n;m .

Doubly robust estimators The selection score and outcome models used in
the �rst two estimators can be combined to form an augmented IPSW estimator
(AIPSW):

b� AIPSW ;n;m =
2
n

nX

i =1

1
b� n;m (X i )

[Wi f Yi � b� 1;1;n (X i )g � (1 � Wi ) f Yi � b� 0;1;n (X i )g]

+
1
m

m+ nX

i = n+1

f b� 1;1;n (X i ) � b� 0;1;n (X i )g :

It is doubly robust, i.e., consistent and asymptotically normal when either one of the
two models for b� n;m and b� w;1;n (X ) (w = 0; 1) is consistent.

Calibration weighting. It is well known that IPSW is likely to be unstable as
soon as some of the estimated odds are very small. To resolve the instability of IPSW
calibration weighting [Dong et al., 2020] have been proposed. They calibrate, i.e.
weight subjects in the RCT sample in such a way that afterwards, the covariates are
balanced between the RCT sample and the target population: usually the balance
is enforced on the �rst and second moments of the covariatesX 1; : : : ; X p such that
the weighting mean and variance for each variable in the RCT match the ones in
the observational data. More precisely, in order to calibrate, they assign an entropy-
balancing weight! i to each subjecti in the RCT sample obtained by solving an
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optimization problem:

min
! 1 ;:::;! n

nX

i =1

! i log! i ; (7.6)

subject to ! i � 0; for all i; (7.7)
nX

i =1

! i = 1;
nX

i =1

! i g(X i ) = eg; (7.8)

where eg = m� 1 P m+ n
i = n+1 g(X i ) is a consistent estimator ofE[g(X )] from the obser-

vational sample. The balancing constraint calibrates the covariate distribution of
the RCT sample to the target population in terms ofg(X ). The objective function
in (7.6) is the negative entropy of the calibration weights; thus, minimizing this
criterion ensures that the empirical distribution of calibration weights are not too far
away from the uniform, such that it minimizes the variability due to heterogeneous
weights. Based on the calibration weights, the CW estimator is then de�ned as

b� CW ;n;m = 2
nX

i =1

b� i Yi (2Wi � 1): (7.9)

This estimator is doubly robust in that it is a consistent estimator for� if either
the selection score follows a log-linear model, or if the CATE(7.1) is linear in the
calibration constraint.

7.2.4 Missing values mechanisms

In Chapter 2, we have already recalled Rubin [1976]'s taxonomy of missing values
mechanisms. We have seen that an ignorable missingness mechanism is eithermissing
completely at random(MCAR) or missing at random(MAR). The former means
that the missingness mechanism is independent of the data, whereas the latter states
that the missingness only depends on the observed values. In a nutshell, ignorable
missingness means that the missing data mechanism can be �ignored� when doing
inference for the parameter in the data likelihood function since the two are separable
in the full data likelihood function, whereas non-ignorable missingness complicates
analyses more signi�cantly.

More formally, we denote the response pattern of thei -th sample asRi 2 f 0; 1gp

such that Rij = 1 if X ij is observed andRij = 0 otherwise. We model1 � Ri

as a random vector and its (conditional) distribution is known as the missing
values mechanism. Additionally, for our problem, for all response patternsr and
X = ( X obs(r ) ; X mis (r )) the partition of the data in realized observed and missing
values given a speci�c realization of the pattern,

(MCAR ) 8 r; P (R = r jX; S; Q; W; Y ) = P(R = r ) (7.10)

(MAR ) 8 r; P (R = r jX; S; Q; W; Y ) = P(R = r jX obs(r ) ; Q; W; Y) (7.11)

If the missingness mechanism is non-ignorable, it is quali�ed asmissing not at
random (MNAR) and it formally states that the mechanism does not satisfy(7.10)
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or (7.11), in other words the missingness is allowed to depend on the missing values
themselves.

In Figure 7.2 we provide an example of observed incomplete data and recall the
underlying data for our problem.

Q
Covariates Treatment

Outcome
under W=0

Outcome
under W=1

X 1 X 2 X 3 W Y (0) Y (1)
1 R 1.1 20 5.4 1 23.4 24.1

: : : R : : : : : : : : : : : :
n � 1 R -6 45 8.3 0 26.3 27.6

n R 0 15 6.2 1 28.1 23.5
n + 1 O -2 52 7.1 NA NA NA
n + 2 O -1 35 2.4 NA NA NA
: : : O : : : NA NA NA

n + m O -2 22 3.4 NA NA NA

Q
Covariates Treatment

Outcome
under W

X �
1 X �

2 X �
3 W Y

1 R 1.1 20 NA 1 24.1
: : : R : : : : : : : : :

n � 1 R -6 NA 8.3 0 26.3
n R 0 15 6.2 1 23.5

n + 1 O -2 52 NA NA NA
n + 2 O -1 NA 2.4 NA NA
: : : O : : : NA NA

n + m O NA NA 3.4 NA NA

Figure 7.2 � Example of data structure in the incomplete data problem setting. Left:
complete underlying data with potential outcomes in the RCT. Right: observed incomplete
data with factual outcomes.

7.3 � Multiple imputation

7.3.1 General concept

Multiple imputation (MI) is one of the most powerful approaches to estimate
parameters and their variance from incomplete data [Little and Rubin, 2019, Kim
and Shao, 2013, Schafer, 1997]. In a nutshell, for a single dataset, it consists in
generatingM plausible values for each missing entry, which leads toM completed
datasets. Then, an analysis is performed on each imputed data setm = 1; : : : ; M ,
to get an estimate for the parameter of interest, say� as b� m and an estimate of
its variance bV m ( b� m ) and the results are combined using Rubin [2004]'s rules to
get correct inference with missing values, namely con�dence intervals with the
appropriate coverage.

7.3.2 Adapted multiple imputation for multiple data
sources with di�erent data design

For our problem, there are multiple possibilities to derive a multiple imputation
strategy to generalize a treatment e�ect. This is due to the multi-source structure of
the data and the fact that there is an additional complication due to the number
of variables are not the same in the RCT and in the observational study. Indeed,
we assume that the observational study does not include treatment and outcome
but only covariates. We stress again that we assume missing values only occur in
the covariates of both data. We suggest and describe three strategies to tackle this
problem:

1. Within-study multiple imputation, see also Figure 7.3 (a):
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(a) Multiple imputation of the RCT: Impute M times the covariates of the
RCT using (X i ; Wi ; Yi ) i : Q i = R .

(b) Multiple imputation of the observational data: Impute M times the
covariates of the observational data using only the covariates(X i ) i : Q i = O .

(c) CreateM � M complete tables by concatenating all possible combinations
of imputed RCT and observational data. Estimate the treatment e�ect
on every combination using any complete case estimator as in Section 7.2
and aggregate these estimations using Rubin's rules.

2. Ad-hoc joint covariates multiple imputation, ignoring the group variable, see
also Figure 7.3 (b):

(a) Impute M times the joint datasets (the concatenation of the covariates
from the RCT and the ones from the observational study) with covariates
X and ignore the �source� indicator variableQ during the imputation.

(b) Concatenate the outcomeY and treatment W for each imputed RCT.

(c) Compute the M treatment e�ect estimators using any complete case
estimator as in Section 7.2 and aggregate them using Rubin's rules.

3. Joint covariates multiple imputation, modeling the group variable as a
�xed e�ect, i.e. keep the indicator variable Q indicating the corresponding
�group�/�source� during the imputation, see also Figure 7.3 (c):

(a) Impute M times the joint datasets with covariatesX and model the source
indicator variable Q as a �xed e�ect during the imputation.

(b) Concatenate the outcomeY and treatment W for each imputed RCT.

(c) Compute the M treatment e�ect estimators using any complete case
estimator as in Section 7.2 and aggregate them using Rubin's rules.

The �rst strategy has the advantage that it takes into account the outcomeY
and treatment W which are dependent variables of the covariatesX , when imputing
the covariates of the RCT as suggested by Leyrat et al. [2019], Seaman and White
[2014], Mattei and Mealli [2009] as it models the entire joint distribution. The other
strategies only consider the covariatesX . The second strategy solely relies on the
relationships between the covariatesX and the assumption that these are stable
across the data sources, i.e.,Cov(X ) = Cov(X jS = 1) . The third strategy allows to
additionally take into di�erences between both sources when imputing by modeling
the source as a �xed e�ect. Strategy 3 can thus be seen as a �xed e�ect method,
where the variableQ is included as a variable in the imputation model which allows,
e.g., in case of multiple imputation with conditional regression models, to impute
according to an analysis of covariance model. A drawback of this approach is that it
generally in�ates the between-group variability [Andridge, 2011].

In the case of several observational data sources, a fourth strategy could be
considered, namely a multilevel multiple imputation approach, adding random e�ects
into the model for each (observational) data source. Indeed, multilevel multiple
imputation is speci�cally designed for cases of hierarchical or clustered observations,
allows for a random intercept between groups (or, in our case, data sources) [van
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Buuren, 2018, Burgess et al., 2013, Audigier et al., 2018]. It could be also appropriate
when the observational data consists of patient records coming from di�erent hospitals.
It is indeed useful to encode the clustered structure of these records to account for
between-hospital variability in terms of patient population and treatment practices.
For a broader overview of multilevel imputation, we refer to Audigier et al. [2018],
van Buuren [2018].

All three strategies can be implemented easily using the R package mice [van
Buuren, 2018] which uses conditional models such as linear and logistic regressions
to perform multiple imputation. The sketched fourth strategy could be implemented
using the micemdR package [Audigier et al., 2018].
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(a) Within-study multiple imputation.

(b) Ad-hoc joint covariates multiple imputation.

(c) Joint covariates multiple imputation, modeling the source variable as �xed e�ect.

Figure 7.3 � Schematic illustrations of di�erent multiple imputation strategies.

Multiple imputation is suited if the missing values are ignorable as described in
Subsection 7.2.4 and if the identi�ability assumptions of the ATE� in the full data
case are met, namely Assumptions (7.2) and (7.3).

Note that for the considered imputation strategies, increasing the number of
imputations does not improve (signi�cantly) the �nal result. There exists no clear
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rule about the number of multiple imputations to achieve good performances, however
an accepted rule of thumb is to choose the number of imputations to be similar to
the percentage of incomplete cases [Hippel, 2009] or to the average percentage of
missing data [van Buuren, 2018].

7.4 � Missing incorporated in attributes under
adapted ignorability assumption

Multiple imputation makes classical identi�ability assumptions of the causal e�ect
and ignorability assumptions of the missing values mechanism [Seaman and White,
2014, Leyrat et al., 2019]. An alternative to handle missing covariates values consists
in modifying the identi�ability assumptions so that they directly handle missing
values but do not necessarily require assumptions on the missing values mechanism.
This can be seen as an advantage as it possibly allows for MNAR data, but the
new identi�ability assumptions may be more di�cult to satisfy than in the full data
case. More precisely, we extend the work from Chapter 4 where we have adapted the
unconfoundedness assumption to the incomplete covariates in order to identify the
(average) treatment e�ect in the observational data case. In the following we lay out
the modi�ed assumptions for generalizability of the RCT to the target population
we make to achieve a similar identi�ability in the case of missing values in the RCT
and the observational data.3 We then explain how to generalize treatment e�ects
under these assumptions. First, we recall the notation introduced in Chapter 4,
required for the following approach. The matrix of observed covariates can be written
with X �

i , X i � Ri + NA� (1 � Ri ), with � the element-wise multiplication and
1 the matrix �lled with 1, so that X �

i takes its value in the half discrete space
X � , �

1� j �jX j
fX j [ f NAgg. And, similar to D'Agostino and Rubin [2000] and the

proposal of Chapter 4, we de�ne the generalized conditional response surfaces� �
a

and � �
a;1 as follows:

� �
w(x � ) = E(Y(w) j X � = x � );

� �
w;1(x � ) = E(Y(w) j X � = x � ; S = 1) ;

(7.12)

The possibility to infer causal e�ects and to generalize the e�ect(s) from the RCT
to another (broader) target population in the presence of missing data, i.e., using
observations(X �

i ; Wi ; Yi ; Si = 1) i =1 ; :::; n and (X �
i ) i = n+1 ; :::; n + m , depends on the follow-

ing additional assumptions on the joint law of(X i ; Wi ; Yi (0); Yi (1); Si = 1; Ri ) i =1 ; :::; n

and (X i ; Ri ) i = n+1 ; :::; n + m .

� Ignorability on trial participation, conditionally independent selec-
tion (CIS)

Assumption (7.2) andf Y(0); Y(1)g ?? S j X � : (7.13)

3. Note that the assumptions for internal validity of the RCT are the same as in the full data
case.

� 225 �



MISSING DATA IN COMBINED EXPERIMENTAL & OBSERVATIONAL DATA

� Positivity of trial participation

Assumption (7.3) and9 c� such that for all x � ; P(� S(x � ) � c > 0) = 1;

and 0 < P (W = w j X � = x � ; S = 1) < 1 for all w

and for all x � such that P(S = 1 j X � = x � ) > 0:
(7.14)

Assumption (7.13) means that being eligible to the RCT does not a�ect the
potential outcomes conditionally on the covariatesX � .

The intuition behind these additions is to assume that instead of requiring
conditional independence of potential outcomes and trial eligibility conditionally on
all covariates, we only require conditional independence conditionally on theobserved
information, meaning the observed values and the pattern of missing values. Taking
the example given in Figure 7.2, for observation1, only X 1 and X 2 and the fact that
X 3 is unobserved are decisive for trial eligibility, while for observation2, only X 1

and X 3 and the fact that X 2 is missing decide upon trial eligibility, etc. A possible
scenario could be the existence of a list of su�cient but not necessary trial eligibility
criteria. In other words, one could imagine a �check list� ofL conditions and it is
necessary to ful�ll at least l < L of these to be eligible.

Similar to the UDM assumption in Chapter 4, Assumption 7.13 can be replaced
by two su�cient assumptions: Equation 7.2 and S ?? X j X � , thus the term
conditionally independent selection(CIS).

7.4.1 Generalized nuisance parameters and estimators

Since the conditional response surfaces� �
w and � �

w;1 now depend onX � rather
than X and thus depends on the pattern of missing values, the estimators that
involve an estimation of these quantities require an adaptation. Analogously to the
generalized response surfaces, on can also de�ne the generalized conditional odds� � ,
following the same logic.

� �
w(x � ) = E [Y(w) j X � = x � ] ; � �

w;1(x � ) = E [Y(w) j X � = x � ; S = 1] : (7.15)

The resulting estimators are then formed analogously to the estimators in the full
data case, by substituting the corresponding nuisance or intermediary parameters
with their generalized counterparts. More explicitly, the outcome-model-based
estimator de�ned by (7.5) becomes

b� �
CO;n;m =

1
m

n+ mX

i = n+1

�
b� �

1;1;n (X �
i ) � b� �

0;1;n (X �
i )

�
: (7.16)

Fitting the new nuisance or intermediary parameters(7.15) is not straightforward,
since these require to �t a separate regression model for each possible patternr
of missing values. For example, if we have three incomplete covariatesX 1; X 2; X 3,
this means we need to �t a separate regression onf X 1; X 2; X 3g, on f X 1; X 2g, on
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f X 2; X 3g, on f X 1g, etc. We can see from this example that this is not possible in
moderate and high dimensions with classical regression methods. This is why we
propose to use random forests with a splitting criterion adapted to missing data.
Indeed, as noted already by Athey et al. [2019], and discussed in Chapter 4, many
modern machine learning methods, including tree ensembles and neural networks,
can be adapted to this context and thus readily handle missing data and enable
direct �tting of the generalized models above [Josse et al., 2019].

Nonparametric estimation. As an example of such a modern nonparametric
estimation approach, we propose to estimate the generalized parameters via ran-
dom forests [Breiman, 2001, Athey et al., 2019], with missing data handled using
the missing incorporated in attributes(MIA) method of Twala et al. [2008]. The
resulting IPSW, CO and AIPSW estimators will be denoted bŷ� � ;MIA

IP SW;n;m , �̂ � ;MIA
CO;n;m ,

and �̂ � ;MIA
AIP SW;n;m respectively.

For ease of reading, we recall what we have already seen in Chapter 4: In random
trees, the MIA approach extends the classical splitting rules such that missing values
are incorporated in the splitting criterion. More speci�cally, consider splitting on the
j -th attribute and assume that for some individuals, the value ofX j is missing, MIA
treats the missing values as a separate category or code and considers the following
splits:

� f i : X ij � t or X ij is missingg vs. f i : X ij > t g

� f i : X ij � tg vs. f i : X ij > t or X ij is missingg

� f X ij is missingg vs. f X ij is observedg,

for some thresholdt. The MIA approach does not seek to model why some features
are unobserved; instead, it simply tries to use information about missingness to make
the best possible splits for modeling the desired outcome. Thus the MIA strategy
works with arbitrary missingness mechanisms and does not require the missing data
to follow a speci�c mechanism. This MIA approach for (generalized) random forests
is implemented in the R packagegrf [Tibshirani et al., 2020] which is also used in
the simulation part of this work presented in Section 7.5.

Parametric alternative. Parametric estimation is however possible in the case
of logistic and linear regression models. This is based on work by Jiang et al. [2020]
and Schafer [1997] for logistic and linear regressions with missing covariates. The
functions � � and � � that take in incomplete covariatesx � are estimated via EM
[Dempster et al., 1977]. The resulting IPSW, CO and AIPSW estimators will be
denoted by�̂ � ;EM

IP SW;n;m , �̂ � ;EM
CO;n;m , and �̂ � ;EM

AIP SW;n;m respectively.
The details of this approach are given in the Appendix E.1.
However, a major limitation of this approach is that, in addition to the modi�ed

identi�ability assumptions (7.13) and (7.14), in order to justify the use of the EM
algorithm, one typically needs to make further assumptions on the missing value
mechanism; in particular, this approach assumes the MAR mechanism(7.11). In
other words, although we did not require the missing at random assumption to identify
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� , this assumption is used for consistent parametric estimation of the generalized
conditional models� � and � �

w;1.

7.5 � Simulations

We conduct a detailed simulation study to assess the performance of the previ-
ously introduced estimators to handle missing values. This controlled study allows
to quantify the impact of di�erent missing values mechanisms and identi�ability
assumptions on the �nal estimate for the ATE� . The code to reproduce the results
is available on GitHub.4

7.5.1 Data generation

7.5.1.1 Classical assumptions for identi�ability in treatment e�ect gen-
eralization and on missing values mechanisms

We consider the selection model generated as a logistic model as follows

logit f � S(X )g = � 2:5 � 0:5X 1 � 0:3X 2 � 0:5X 3 � 0:4X 4; (7.17)

where everyX is drawn from a multivariate normal distribution with mean 1 and

covariance matrix � such that � ij =

(
1 if i = j
0:6 if i 6= j

to have correlated covariates.

The outcome is generated according to the linear model below such thatX 1 is a
treatment e�ect modi�er and the true ATE � is set to 27.4.

Y(w) = � 100+27:4wX 1+13:7X 2+13:7X 3+13:7X 4+ � with � � N (0; 1): (7.18)

We do not modify the treatment assignment mechanism since by assumption it is
independent of the rest and in standard RCT design it is constant for all individuals.
Missing values in the covariates are generated as follows, de�ning di�erent models
for the response indicatorR (see Subsection 7.2.4):

� Missing values can occur in all four covariates.

� Proportion of missing values in each incomplete covariate: 20%.

� The missing values mechanism can be one out of the following and is imple-
mented in the produce_NAfunction (see Chapter 9):

� MCAR where the probability to have missing values does not depend on
any variable:

P(Ri � = r jX i ; Si ; Qi ; Yi ; Wi ) = P(Ri � = r ) (7.19)

We chooseP(Rij = 0) = 0 :2 for all i 2 f 1; : : : ; n + mg, and j 2 f 1; 2; 3; 4g.

4. https://github.com/imkemayer/combined-incomplete-data
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� MAR:

P(Ri � = r jX i ; Si ; Qi ; Yi ; Wi ) = f (X obs(r )); (7.20)

for some functionf : X ! [0; 1]; for all i 2 f 1; : : : ; n + mg. For example,
missing values inX 1 are introduced for observationi using a logistic model
on X 2; X 3; X 4, assuming these three variables are observed for observation
i .

� MNAR:

P(Rij = 0jX i ; Si ; Qi ; Yi ; Wi ) = g(X ij ); (7.21)

for some functiong : X j ! [0; 1]; for all j and i 2 f 1; : : : ; n + mg. In this
study, we use a self-masking MNAR mechanism, i.e., the missingness of
a variable depends on its value alone. More precisely, we use an upper
quantile censorship approach. The quantile levelq is chosen such that
when missing values are generated on theq-quantile at random, the
requested proportion of missing values is achieved. For more details about
this chosen approach, we refer to the documentation of theproduce_NA
function 5.

We assume that the trial selection, randomization and potential outcomes are
completely independent from the missing values. The simulation design is summarized
by Algorithm 1.

Algorithm 1: Steps for simulation design under the standard assumption.
Input : Population sizeN > 0, RCT size n < N , observational study

m < N , number of covariatesp, missing values mechanism,
proportion of missing values.

Output: Joint data table X � of RCT and observational data and additional
variablesW; Y for the RCT.

1 SampleN >> n observationsX 1; : : : ; X N from the target population P(X );
2 SampleS according to the logistic model (7.17) onX ;
3 Keep the f S = 1g indexed observationsX R  X f i : Si =1 g as the RCT data;
4 SampleW according to a Bernoulli distribution B(0:5) (coin �ip);
5 SampleY according to the linear model (7.18) onX R ;
6 Samplem observationsX O from the target population P(X ) as the

observational data;
7 Concatenate the datasets:X  [X T

R ; X T
O ]T and append the indicatorQ to

the data (X  [X ; Q ]);
8 Sample missing values for then + m observations according to either (7.19),

(7.20) or (7.21);

For ease of comparison with the alternative simulation scenario, we provide the
expression of the joint distribution over(X; R; W; Y; S; Q) factorized according to
the underlying generative model:

5. https://rmisstastic.netlify.app/how-to/generate/missSimul.pdf
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p(X; R; W; Y; S; Q) / p(RjS; Q; X; W; Y )p(S; Q; YjX; W )p(WjX )p(X )

/ p(RjS; Q; X; W; Y )p(QjS)p(SjX; W )p(Y jX; W )p(WjX )p(X )
(7.22)

In the MCAR case (7.10), this factorization simpli�es as follows:

p(X; R; W; Y; S; Q) / p(R)p(QjS)p(S; YjX; W )p(WjX )p(X ):

7.5.1.2 Modi�ed assumptions on treatment e�ect generalization

We also generate data according where the CIS assumption(7.13) is met. In such
scenarios, we expect that the methods described in Section 7.4 will work best.

The main di�erence with the previous setting of simulation, lies in the de�nition
of the selection model, the outcome model remaining unchanged. To relate this
setting to the previous one, we begin by giving the expression of the factorization of
the joint distribution under these assumptions on the data generating process.

p(X; R; W; Y; S; Q) / p(S; QjX; R; W; Y )p(RjX; W; Y )p(Y jX; W )p(WjX )p(X )

/ p(QjS)p(SjX; R; W; Y )p(RjX )p(Y jX; W )p(WjX )p(X )
(7.23)

Note that we can see from this factorization, that the di�erence w.r.t. the previous
case induced by the modi�ed transportability assumptions, and in particular the
modi�ed ignorability (7.13) which induces a (conditional) dependence betweenR
and f S; Qg by assumption.

In order to simulate data under the CIS assumption(7.13), we need to modify
the de�nition of � S such that it becomes pattern-dependent.

logit f � S(X )g = � 2:5� 0:5X 1 � R1 � 0:3X 2 � R2 � 0:5X 3 � R3 � 0:4X 4 � R4; (7.24)

The simulation design and the adapted CIS ignorability assumption is summarized
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in Algorithm 2 and is di�erent from the one described in Algorithm 1.

Algorithm 2: Steps for simulation design under the CIS assumption.
Input : Population sizeN > 0, RCT size n < N , observational study

m < N , number of covariatesp, missing values mechanism,
proportion of missing values.

Output: Joint data table X of RCT and observational data and additional
variablesW; Y for the RCT.

1 SampleN >> n observationsX 1; : : : ; X N from the target population P(X );
2 Sample missing values for theN observations according to either (7.19),

(7.20) or (7.21);
3 SampleS according to pattern-dependent logistic model onX ;
4 Keep the f S = 1g indexed observationsX R  X f i : Si =1 g;
5 SampleW according to a Bernoulli distribution B(0:5) (coin �ip);
6 SampleY according to the linear model (7.18) onX R ;
7 Samplem observationsX O from the target population;
8 Sample missing values for them observationsX O using the same mechanism

as before but possibly with di�erent proportions;
9 ConcatenateX R and X O (X  [X T

R ; X T
O ]T ), and append the indicatorQ to

the data (X  [X ; Q ]);

7.5.2 Estimation methods

We consider di�erent scenarios of data generating processes by varying the type
of missing values (MCAR, MAR, MNAR), ignorability assumption (standard or
CIS), as well as the number of observations.

We compare the following methods to handle missing values (the following
acronyms are identical to the method labels used in Figures 7.4 �7.5:

� Full data: we apply the standard full data estimators from Section 7.2 on the
full data before introducing missing values (this would serve as a reference).

� Complete cases (CC): we apply the standard full data estimators from Sec-
tion 7.2 on the complete observations extracted from the incomplete data (by
deleting observations with missing values).6

� EM (see Subsection 7.4.1): we use EM to �t logistic and linear regression
models of� � and � �

w;1 on the incomplete data using the R packagemisaem
[Jiang et al., 2020].

� MIA (see Subsection 7.4.1): we use generalized random forests with MIA
splitting criterion to estimate the generalized models� � and � �

w;1 on the
incomplete data, using the R packagegrf [Athey et al., 2019].

� Multiple imputation (MI, see Section 7.3): we apply the standard full data
estimators from Section 7.2 on the imputed data (5-10 imputations obtained
using the R packagemice) where we use either

� within-study multiple imputation (WI-MI), or

6. Note that this approach is the most common default option in many implementations.
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� ad-hoc multiple imputation (AH-MI), or

� �xed e�ect multiple imputation (FE-MI).

We do not assess the random e�ect multiple imputation (i.e., the joint covariates
multiple imputation with a 2-level model accounting for the multiple data sources,
sketched Strategy 4 from Section 7.3) in this simulation study because this does not
correspond to our motivating data example from the introduction.

Note that for the EM and MIA approach, we only compute the IPSW, CO and
AIPSW estimators (see Subsection 7.2.3) since the calibration weighting estimator
in its current form is not applicable on incomplete data and future work is required
to adapt this estimator to incomplete data.

7.5.3 Results

Due to the large number of di�erent scenarios we consider in this simulation study,
we �rst provide a summary of the expected behaviors of the di�erent estimators in
various cases before we report results of our experiments.

7.5.3.1 Summary of expected and empirical results

In Table 7.1 we summarize the expected results in terms of consistency of the
di�erent approaches, depending on the mechanisms that generate the data. For
example, the MIA approach being suited for the modi�ed ignorability assumption
CIS (7.13), we expect it to perform well under CIS, independently of the missingness
mechanism. In contrast, we do not expect it to be consistent under the standard
ignorability assumption (7.2), whereas multiple imputation should be consistent
under this standard assumption, provided the missingness is either MCAR or MAR.

Table 7.1 � Expected behavior under di�erent assumptions about the data generating
process and used estimation approach. Color code: blue=no bias; red=bias.

Full data Complete cases EM MIA Multiple
imputation

M
C

A
R

CIS
(Assmpt. 7.13)

�
=

0
:6

I
(Assmpt. 7.2)

M
A

R

CIS
(Assmpt. 7.13))

I
(Assmpt. 7.2)

M
N

A
R

CIS
(Assmpt. 7.13)

I
(Assmpt. 7.2)

This Table 7.1 is based on the Table 7.2 that summarizes the required assumptions
for each method.

Some simulations results are in agreement with what is expected but there are
also some gaps between the expected and empirical behavior in the chosen simulation
settings. Indeed, in Figure 7.4 and Figure 7.5 we report the empirical bias with at
95% Monte Carlo con�dence interval (based on a Monte Carlo standard error) of the
estimated generalized ATE�̂ relative to the true value � = 27:4, using nsim = 100
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Table 7.2 � Methods for handling incomplete observations in treatment e�ect transport and
their assumptions on the underlying data generating process. (3 indicates cases that can be
handled by a method, whereas7 marks cases where a method is not applicable in theory;
(7) indicates cases without theoretical guarantees but with good empirical performance.)

Covariates Missingness
Identi�ability of
transported �

Models
for (S; Y)

multiva-
riate

normal
other MCAR MAR general

I
( � (7.2) & (7.3))

CIS
( � (7.13) & (7.14))

Generalized
linear

models

Non-
parametric

models

CC 3 3 3 7 7 3 7 3 3
EM 3 7 3 3 7 7 3 3 7
MIA 3 3 3 3 3 7 3 3 3
MI 3 3 3 3 7 3 3 3 (7)

repetitions of each scenario. We de�ne the empirical bias and its Monte Carlo
standard error respectively by

bB �̂ = [Bias(�̂ ) =
1

nsim

nsimX

i =1

�̂ i � �

dSE( bB �̂ ) =

vu
u
t 1

nsim (nsim � 1)

nsimX

i =1

(�̂ i � � )2;

where� =
P nsim

i =1 �̂ i , following Morris et al. [2019].

� As expected, in Figure 7.4 we note that the full-data estimations are unbiased
in all scenarios under the standard ignorability assumption(7.2). Under the
CIS assumption, only the full-data estimators that (partly) rely on the outcome
model, namely CO, AIPSW, and CW are unbiased, whereas the parametric
IPSW estimator fails under CIS. Surprisingly, the nonparametric full-data
IPSW estimator recovers the true value in the MAR and MNAR case (see
Figure 7.5).

� The complete case estimations are, unsurprisingly, unbiased only in the MCAR
case.

� The behavior of the EM estimations is as expected: all estimators are unbiased
under CIS under MCAR and MAR. However the AIPSW estimator performs
better than the IPSW and the CO. In the MNAR case, the algorithm fails to
converge.

� The MIA estimations overall have either small or no bias under CIS, especially
the AIPSW estimator. Furthermore, under the CIS assumption, the AIPSW
estimator always performs at least as well as the simple estimators (IPSW and
CO). Under the standard ignorability assumption, the behavior is heterogeneous
and tends toward biased results for all missingness mechanisms.

� Surprisingly, the within-study MI IPSW estimator is biased in all cases except
the CIS+MCAR, and CIS+MNAR cases. This behavior is not expected and it
remains to be investigated whether this is due to the simulation design.
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� The joint �xed e�ect MI estimator (FE-MI) comes closer to the expected
behavior of the multiple imputation approach than the ad-hoc MI (AH-MI)
and the within-study MI (WI-MI) estimator as it has small or no bias under
the standard ignorability and ignorable missingness (I+MCAR and I+MAR),
but all three fail in the MNAR case (as expected).

Note that for the full data case, the choice of the estimator, namely parametric
(in our case, generalized linear models) or non-parametric (here generalized random
forests), has an impact on the bias, especially for the single-model estimators IPSW
and CO. This is not surprising given the linear speci�cation of the conditional odds
and outcome models from (7.17) and (7.18) and the rather slow convergence of the
chosen non-parametric method, random forest (grf ), for linear models.7

In view of the results, if one has to recommend a method, it is preferable, from
the present empirical evidence, to choose the MIA-AIPSW estimator or the joint
multiple imputation coupled with the CW estimator. The MIA approach is simple to
use in R thanks to thegrf package which directly handles incomplete variables with
the MIA splitting criterion for random forests. However, in terms of computational
costs, this approach can be more expensive due to (automatic) parameter tuning.
The joint multiple imputation approaches are easy to implement (with themice
package) but the relative computational running time is of similar magnitude as the
MIA approach.

7. The random forest approach would require a lot of data to estimate linear regression functions;
random forests are however known for their good performance in the presence of non-linearities
and high order interaction terms [Breiman, 2001].
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Figure 7.4 � Empirical bias of generalizing ATE estimators under the standard ignorability
assumption, 95% Monte Carlo con�dence intervals, n = 1000.
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Figure 7.5 � Empirical bias of generalizing ATE estimators under the conditionally inde-
pendent ignorability (CIS) assumption, 95% Monte Carlo con�dence intervals, n = 1000.

7.5.3.2 Impact of di�erent proportions of missing values in the RCT and
observational data

It is common that the RCT presents signi�cantly less missing values than the
observational study due to a more systematic monitoring of the data collection
process. This invokes the question of how the above studied methods behave in
the case of unbalanced proportions of missing values or di�erent missing values
mechanisms in the di�erent data sources.

Extending the previous simulation study by such a case, we summarize in Fig-
ure 7.6 the performance of the di�erent estimators under di�erent scenarios of varying
proportions of missing values in the RCT and the observational data when the data
is MAR given S (or equivalently, we say it is MCAR in each data set). Note that
this implies a slightly di�erent factorization of the joint distribution over all variables
than the one in the standard MCAR case (8):

p(X; R; W; Y; S; Q) / p(RjS; Q; X; W; Y )p(S; Q; YjX; W )p(WjX )p(X )

/ p(RjS; Q; X; W; Y )p(S; QjX; W )p(Y jX; W )p(WjX )p(X )

/ p(RjQ)p(QjS)p(SjX; W )p(Y jX; W )p(WjX )p(X )

As expected, the complete case estimators are unbiased in this special case since
conditionally on S, the data is MCAR. The doubly robust multiple imputation
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estimators can cope with very di�erent proportions of missing values, either 10%,
50% in RCT and observational data respectively, or 5% and 22% respectively.

These results are supporting our claim that the previous results and methods
apply as well to the likely case of di�erent proportions of missing values in the two
studies. Indeed the following data analysis in Section 7.6 is an example of this case.

Figure 7.6 � Bias estimates of generalized ATE understandard ignorability where missing
values are�study-wise MCAR� (� MAR given S). For n 2 f 1000; 5000g, nsim = 20
repetitions. Case A={m= 10� n, RCT=10% NA, Obs=50% NA}; case B={ m = 10 � n,
RCT=5% NA, Obs=22% NA}.

7.6 � Application on critical care data

In this part, we come back to the medical question introduced in the beginning
of this chapter about the potential e�ect of tranexamic acid (TXA) on mortality in
patients with intracranial bleeding. We recall that, in order to answer this question,
we have at disposal two data sources: (1) CRASH-2, a multi-center international
RCT, (2) Traumabase®, the observational national registry.

A detailed data analysis of the observational registry to address the above medical
question has been presented in Chapter 4. We thus refer to this previous analysis
for a detailed description of the observational registry as well as their �ndings. In a
nutshell, leveraging only the observational registry does not provide evidence towards
a bene�cial (or detrimental) e�ect of TXA on trauma patients with TBI in terms of
head-injury-related mortality.

We will �rst recall a summary of the �ndings of the original CRASH-2 study
[Shakur-Still et al., 2009] before turning to focus on how the handling of missing
values in the RCT and the observational registry impacts the �nal estimations of the
population average treatment e�ect.
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7.6.1 Findings of the CRASH-2 RCT

The CRASH-2 (Clinical Randomisation of Anti�brinolytic in Signi�cant Haemor-
rhage) trial enrolled 20,211 patients in 274 hospitals in 40 countries between May
2005 and 2009 [Shakur-Still et al., 2009].

The aim of this trial was to study the e�ect of tranexamic acid in adult trauma
patients with ongoing signi�cant hemorrhage or at risk of signi�cant hemorrhage,
within 8 hours of injury (inclusion criteria), except those for whom anti�brinolytic
agents were thought to be clearly indicated or clearly counter-indicated (exclusion
criteria). 8.

More precisely, eligible patients were de�ned as trauma patients within 8 hours
of the injury, of age at least 16 years:

� with ongoing signi�cant hemorrhage (systolic blood pressure less than 90 mmHg
and/or heart rate more than 110 beats per minute)

� or who are considered to be at risk of signi�cant hemorrhage.

The inclusion criteria and other baseline regressors are summarized in the graph
of Figure 7.7.

Figure 7.7 � Causal graph of CRASH-2 trial representing treatment, outcome, inclusion
criteria with S and other predictors of outcome (Figure generated using the Causal Fusion
software by Bareinboim and Pearl [2016]).

The results of the CRASH-2 study are reported in Shakur-Still et al. [2009] and
show a bene�cial e�ect of TXA on the trial population for the primary outcome of
interest (all-cause 28 day death).

8. Extract from the study protocol available at https://www.thelancet.com/protocol-reviews/
05PRT-1.
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7.6.2 Integration of the CRASH-2 trial and the
Traumabase ® registry

In the following, we discuss common variables de�nition, outcome, treatment,
and designs in order to leverage both sources of information. We recall the causal
question of interest: �What is the e�ect of the TXA on brain-injury death on patients
su�ering from TBI?� This part is important for the harmonization of the study
protocol.

Treatment exposure The treatment protocol of CRASH-2 frames the timing
and mean of administration precisely (a �rst dose given by intravenous injection
shortly after randomization, i.e., within 8 hours of the accident, and a maintenance
dose given afterwards [Shakur-Still et al., 2009]). The Traumabase® study being
a retrospective analysis, this level of granularity concerning TXA is unfortunately
not available. Neither the exact timing, nor the type of administration are speci�ed
for patients who received the drug. However, the expert committee agreed that the
assumption of treatment within 3 hours of the accident is very likely since this drug
is administered in pre-hospital phase or within the �rst 30 minutes at the hospital
(see Chapter 4).

Outcome of interest The CRASH-2 trial de�ned primary outcome as any-cause
death in hospital within 28 days of injury. This outcome is also available in the
Traumabase®.

Covariates accounting for trial eligibility For the CRASH-2 trial, four criteria
determined inclusion: age (patients of at least 16 years old were eligible), ongoing or
risk of signi�cant hemorrhage (de�ned as systolic blood pressure below 90 mmHg or
heart rate above 110 beats per minute, or clinicians evaluation of a risk), within 8
hours of injury and absence of a clear indication or counter-indication of anti�bri-
nolytic agents. The necessary variables are also available in the Traumabase®, either
exactly or in form of proxies, which allows the estimation of the trial inclusion model
on the combined data.

Additional covariates Note that other covariates are (partially) available in both
data sets, while not responsible of trial inclusion according to CRASH-2 investigators.
But as this could still be covariates moderating the outcome and treatment e�ect,
we include them in the outcome models used for instance in the CO and AIPSW
estimators (7.5) and (7.6). According to the two data sets, we could add three of
them: sex (binary), type of injury (categorical, 1 =blunt, 2 = penetrating, 3 =
blunt and penetrating), and initial Glasgow coma scale (numeric, integers from3 to
15). Note that this three covariates are all mentioned in the baseline of CRASH-2
results [Shakur-Still et al., 2009], arguing that they should impact the outcome. The
variablescentral capillary re�ll time and respiratory rate are also mentioned but are
not available in the Traumabase®, we thus omit them from this joint study.
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Missing values First, note that the RCT contain almost no missing values, whereas
the variables for determining eligibility in the observational data contains important
fractions of missing values, as shown in Table 7.8, while the sample sizes of the data
sets are similar, see Table 7.3.

Figure 7.8 � Percentages of missing values in each covariate for the Traumabase® and
CRASH-2 RCT.

Table 7.3 � Sample sizes for the two studies.

m n #treated #all-cause 28d death
Traumabase 8248 � 686 1648
CRASH-2 � 3727 1866 1176

While the MCAR assumption is admitted for the RCT [Shakur-Still et al., 2009],
the missing values in the observational Traumabase® are more complex and, according
to the medical experts monitoring the collection process, partly non-ignorable. For
instance, the pre-hospital systolic blood pressure (SBP) is likely to be missing for
patients with severe ongoing bleeding. Since the latter is informed in thehemorrhage
risk variable, we could admit the missing values in the SBP variable as being MAR.
A similar reasoning can be applied for the delay between the accident and treatment
administration. However, there remains uncertainty as to whether the observed
variables allow to fully explain the missingness in this variable.

Distribution shift There are di�erent ways of assessing the shift between the
distributions of the two studies, for instance by univariate comparisons. We provide a
simpli�ed comparison of the means of the covariates between the treatment groups of
the two studies in Figure 7.9. This graph illustrates again the fundamental di�erence
between the two studies, namely the treatment bias in the observational study and
the balanced treatment groups in the RCT, but also a covariate shift between the
two studies. For instance, the average patient age in the RCT is 7-9 years below the
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average age in the observational study; and there are only 16% of female patients in
the RCT while there are over 20% in the observational study.

Figure 7.9 � Distributional shift and di�erence in terms of univariate means of the trial
inclusion criteria (red: group mean greater than overall mean, blue: group mean less than
overall mean, white: no signi�cant di�erence with overall mean, numeric values: group
mean (resp. proportion for binary variables). Graph obtained with the catdes function of
the FactoMineR package [Lê et al., 2008].

Ignorability Due to the design of the CRASH-2 study, namely the eligibility
criteria which all need to be informed to decide upon trial eligibility, the modi�ed
ignorability assumption CIS(7.13) is less plausible to hold in this case and we rather
consider the standard assumptions(7.2) and (7.3) to be satis�ed by the CRASH-2
and Traumabase® studies. The additional assumptions concerning the missing values
mechanism(s) have been outlined above and we consider that the assumptions for
the multiple imputation strategy to be applicable are su�ciently plausible in this
real-world example.

The distribution of the estimated selection scores are given in Figure 7.10 (a)
(logistic regression via EM), Figure 7.10 (b) (generalized random forest with MIA),
and Figure 7.10 (c) (logistic regression on joint �xed e�ect multiple imputations, MI).
We notice that the scores obtained using EM and MI are similar and suggest that the
positivity assumption is satis�ed since we observe a good degree of overlap between
the distributions of the scores for the two data sets. The scores estimated via MIA
however concentrate around 0 and 1 for the observational and RCT observations
respectively, suggesting poor overlap under this model. In Appendix E.2, we provide
further comparisons of the estimated selection scores, pointing towards the multiple
imputation strategy as the suited approach in this case.
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These results provide an additional argument in favor of the multiple imputation
strategy which appears to be more adapted to the handling of missing values in this
analysis; in particular we will apply a joint �xed e�ect multiple imputation strategy
since it outperforms the other multiple imputation strategies in the simulation study
of Section 7.5.

(a) EM. Obtained with the misaemR package. (b) MIA. Obtained with the grf R package.

(c) Joint �xed e�ect MI. Obtained with the mice
R package.

Figure 7.10 � Estimated densities of the �tted selection scores.

7.6.3 Final results when transporting the ATE from the
CRASH-2 trial onto the observational study popu-
lation

We now apply the estimators presented in this work and implemented �rst for
the simulation study of Section 7.5. The con�dence intervals for the corresponding
point estimators are computed via non-parametric strati�ed bootstrap [Efron and
Tibshirani, 1994] using 100 bootstrap samples (using strati�ed sampling to preserve
the study-speci�c sample sizes).

We additionally report two consistent ATE estimators from the solely CRASH-2
data:

� Difference_in_mean : the di�erence in mean estimator (classical estimator for
RCT, see De�nition 1.4.1);

� Difference_in_condmean_ols the di�erence in conditional means where the
we assume linear-logistic outcome models forY(1) and Y(0) (estimator for
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RCT with smaller variance, see De�nition 1.4.2).

The former only involves treatment assignmentW and outcomeY and thus requires
no additional handling of the incomplete covariates; the latter is obtained using an
EM algorithm for logistic regression with ignorable missing values in the covariates
[Jiang et al., 2020].

And we present the AIPW estimators [Robins et al., 1994] for the observational
study applied solely on the Traumabase® data. The derivation and properties of
these estimators applied on incomplete observations have been provided in Chapter 4:

� Nuisance parameters via generalized random forest after multiple imputation
(MI_AIPW),

� Nuisance parameters via generalized random forest using MIA splitting criterion
(MIA_AIPW).

Since AIPW combined with either missing incorporated in attributes (MIA) or multiple
imputation ( MI) is recommended in the conclusion of Chapter 4 when analyzing
observational data, these are the estimators kept in this analysis.

When summarizing the results from the separate analyses on the RCT and the
observational data respectively and the results from the joint analysis of both studies,
we observe on Figure 7.11 a discrepancy between the di�erent results. The only
approach with consistent estimations throughout all estimators is the EM approach
that points towards a bene�cial e�ect of TXA on all-cause mortality. The joint �xed
e�ect multiple imputation IPSW and AIPSW estimators ( MI_IPSWand MI_AIPSW)
also conclude on a bene�cial e�ect of the treatment. However, the calibration
weighting estimator (MI_CW) does not �nd a signi�cant e�ect.

The large con�dence intervals could be partly explained by the measurement
noise in the administration delay variable in the Traumabase®: contrary to the RCT,
the Traumabase® does not encode the exact delay of treatment administration, but is
de�ned by a noisy proxy (delay between accident and admission to the resuscitation
bay). However there exists evidence that administration delay is a treatment modi�er
for TXA and that only early administration has a bene�cial e�ect [Hijazi et al., 2015,
CRASH-2 Collaborators et al., 2011]. This remark and the discrepancies between
the �ndings, especially the di�erent conclusions of the joint �xed e�ect multiple
imputation estimators call for additional attempts to further re�ne the administration
delay proxy variable in the Traumabase® and potentially for additional analyses with
supplementary data such as the CRASH-3 study [Cap, 2019] which describes another
slightly di�erent TBI patient population.
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Figure 7.11 � Separate and joint ATE estimators and 95% con�dence computed on the
Traumabase® (observational data set; purple), on the CRASH-2 trial (RCT; cyan), and
generalized from CRASH-2 to the Traumabase® target population (red). Number of
variables used in each context is given in the legend. The con�dence intervals obtained
on the observational data set and on the joint data sets are obtained via nonparametric
bootstrap.

7.7 � Conclusion

In this work we have shown that missing values in multiple data sources require
additional assumptions either on the mechanism that generated the missing values
or on the data generating processes of both data sources to ensure generalizability
(or transportability) of the treatment e�ect. We have proposed several estimators
that are suited for generalizing a treatment e�ect from an RCT to a di�erent target
population described by observational covariate data. Which of the proposed methods
is preferable depends on the underlying identi�ability assumptions for generalizing
the treatment e�ect. If the identi�ability assumptions on the full data case are
kept and only assumptions on the missingness mechanism are added, we recommend
a joint multiple imputation that models the data source as �xed e�ect as long as
the missing values are ignorable. If the identi�ability assumptions are altered to
account for informative missing values implicated in the selection process, then
estimators involving generalized conditional models are suited. These estimators
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rely on strong assumptions about the form of ignorability that is imposed, and
we note that in many common examples in medicine or epidemiology it does not
appear to be the most plausible one. The approach(es) that only imply additional
assumptions on the missing values mechanism seem both closer to real application
contexts and methodologically more feasible. Indeed, the presented data analysis on
a treatment administered in critical care falls into this latter case and the results
obtained with the proposed estimators from the two di�erent presented approaches
do not come to the same conclusion. This illustrates again the importance of
choosing adequate assumptions for identi�ability with missing covariate values and
corresponding estimation strategies.

On the methodological side, for all considered approaches and simulation settings,
the question of varying missing values mechanisms across data sources remains to be
addressed in more detail. Note as well that we have focused on missing values in
both data sets, but the recommendations extend to the case where there are only
missing values in the observational data and not the RCT due to di�erent levels of
systematic data collection.

Finally, the problem of incomplete observations addressed here is di�erent from
the problem of inconsistent variable sets between an RCT and an observational
dataset, e.g., one variable is completely missing in one set, which is a challenging
problem of a di�erent kind that is left for future work. We note that this latter
problem may cause issues of identi�ability and is thus more related to the problem
of unobserved confounding and a recent work proposes sensitivity analysis to address
this issue [Colnet et al., 2021].
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Chapter 8

Hydroxychloroquine with or without
azithromycin and in-hospital mortality or

discharge in patients hospitalized for
COVID-19 infection

This chapter presents a work led by EmilieSbidian , Etienne Audureau and Julie
Josse in collaboration with researchers from AP�HP, INSERM, and Inria. I have
contributed to the data analysis, an application of the methodology proposed in
Chapter 4; the medical considerations and interpretations have been led by Emilie
Sbidian and Etienne Audureau .

Abstract

Background

Several publications have raised the question of hydroxychloroquine (HCQ)
e�cacy for COVID- 19 infection. We aimed to assess the clinical e�ectiveness of
oral HCQ in preventing death or allowing to hospital discharge using a non-selected
population.

Methods

Retrospective cohort study from the 39 public hospitals in France. All adult
inpatients with COVID-19-documented infection between February 1st and April 6th,
2020 were eligible. Patients were classi�ed into 3 groups: (i) HCQ alone, (ii) HCQ
together with AZI, and (iii) neither HCQ nor AZI. Outcomes were all-cause 28-day
mortality and discharge home. Multivariable analyses relied on augmented inverse
probability of treatment weighted (AIPTW) estimates of the average treatment e�ect
(ATE) on the whole population.
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Results

A total of 4,642 patients (mean age: 66.1� 18; males: 2,738 (59%)) were included,
of whom 623 (13.4%) received HCQ alone, 227 (5.9%) HCQ plus AZI, and 3,792
(81.7%) neither drug. After accounting for confounding, no statistically signi�cant
di�erence was observed between the `HCQ' and `Neither drug' groups for 28-day
mortality: AIPTW ratio in ATE 1.05 (0.77 to 1.33). 28-day discharge rates were
statistically signi�cantly higher in the `HCQ' group: AIPTW ratio in ATE (1.25
[1.07 to 1.42]). As for the `HCQ+AZI' vs neither drug, trends for signi�cant ratios
in AIPTW ATE were found suggesting higher mortality rates in the former group.

Conclusions

No evidence for e�cacy of HCQ or HCQ combined with AZI on 28-day mortality
was found. Signi�cantly higher rates of discharge home were observed in patients
treated by HCQ, a �nding warranting further con�rmation in replicative studies.

� 248 �



Table of contents
Table des mat ières

8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 249
8.2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 250

8.2.1 Study Design . . . . . . . . . . . . . . . . . . . . . . . . . . . 250
8.2.2 Data sources . . . . . . . . . . . . . . . . . . . . . . . . . . . . 251
8.2.3 Data acquisition . . . . . . . . . . . . . . . . . . . . . . . . . . 251
8.2.4 Study population . . . . . . . . . . . . . . . . . . . . . . . . . 251
8.2.5 Outcomes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 252
8.2.6 Drug exposures . . . . . . . . . . . . . . . . . . . . . . . . . . 252
8.2.7 Covariates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 253
8.2.8 Statistical analysis . . . . . . . . . . . . . . . . . . . . . . . . 253

8.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255
8.3.1 Study population . . . . . . . . . . . . . . . . . . . . . . . . . 255
8.3.2 Descriptive results . . . . . . . . . . . . . . . . . . . . . . . . 256
8.3.3 Average treatment e�ects on the whole population . . . . . . . 257
8.3.4 Average treatment e�ects for the treated on the propensity-

matched population . . . . . . . . . . . . . . . . . . . . . . . . 259
8.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261

8.4.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263
8.5 Declarations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263

8.5.1 Ethical approval . . . . . . . . . . . . . . . . . . . . . . . . . . 263
8.5.2 Availability of data and materials . . . . . . . . . . . . . . . . 263
8.5.3 Authors' contributions . . . . . . . . . . . . . . . . . . . . . . 263
8.5.4 Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . 264

8.1 � Introduction

The COVID-19 pandemic due to the SARS-CoV-2 coronavirus started in Wuhan,
China last December, 2019 [Guan et al., 2020]. The COVID-19 epidemic is a
worldwide pandemic with more than 16 million cases reported up to July 26, 2020, of
whom more than 645,000 have died. Because e�ective treatments are urgently needed,
more than 600 clinical trials are currently ongoing in a worldwide e�ort to �ght
the coronavirus. The 4-aminoquinolines chloroquine (CQ) and hydroxychloroquine
(HCQ) are synthetic antimalarials drugs (AMD). The use of HCQ or HCQ with
azithromycin (AZI) has arisen as a promising treatment or combination of treatment
for COVID-19 infection. First, in vitro data have shown the e�ectiveness of HCQ
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(and to a lesser extent CQ) in reducing the viral load of cells infected with SARS-
CoV-2 [Yao et al., 2020b]. Then, a Chinese clinical trial showed that CQ had a
signi�cant e�ect, including a better clinical outcome, when compared to control
groups [Chen et al., 2020]. A French research team suggested that HCQ, at a dose of
600 mg/day, was associated with viral load reduction in twenty COVID-19 patients
and its e�ect was strengthened by AZI [Gautret et al., 2020a]. These preliminary
results were further backed up by two prospective cohorts from the same team of 80
and 1,061 participants, suggesting good clinical outcomes in 65 (81%) and 973 (92%)
patients, respectively, with lower frequency of aggressive clinical course requiring
oxygen therapy, fewer transfers to the intensive care unit (ICU), or death after at
least 3 days of treatment and a viral load reduction at day 6 [Gautret et al., 2020b,
Million et al., 2020]. In multivariate analysis, hydroxychloroquine use was associated
with a lower risk of in-hospital death among 6,493 patients with COVID-19 who
were seen in 8 di�erent hospitals and 400 ambulatory practices in the New York City
metropolitan area [Mikami et al., 2021]. Several published or preprint publications
have raised the question of HCQ e�cacy for COVID- 19 infection. Four observational
studies with diverse cohort sizes (81, 368, 1,376, and 1,438 participants) failed to
�nd a di�erence between HCQ and no-HCQ groups in terms of risk of death or
need for mechanical ventilation [Mahévas et al., 2020, Magagnoli et al., 2020, Geleris
et al., 2020, Rosenberg et al., 2020]. Preliminary results from the UK RECOVERY
randomized trial have been communicated concluding that there was no bene�cial
e�ect of HCQ on 28-day mortality in hospitalized patients with COVID-19 [Torjesen,
2020 (cited on 2020-06-16, Horby et al., 2020]. Data from large health care databases
provide a unique opportunity to assess the potential e�ectiveness and harm of HCQ
in a real-world setting, including unselected population. Because some variation
has been reported between studies, replicated analyses minimizing selection and
confounding biases are crucially needed to disentangle current evidence on the actual
risks and bene�ts of HCQ-based treatments. We consequently aimed to assess the
clinical e�ectiveness of oral HCQ in preventing death or allowing to hospital discharge
using a large, exhaustive, non- selected population of in-patients hospitalized for
COVID-19 infection in 39 hospitals in France, accounting in detail for patients
characteristics.

8.2 � Methods

8.2.1 Study Design

We performed a retrospective cohort study using the Corona OMOP database,
which combines electronic medical records and administrative claim data from
the Greater Paris Public Hospitals (Assistance Publique - Hôpitaux de Paris (AP-
HP) data warehouse, called `Entrepôt de Données de Santé' (EDS). This study
was approved by the French data protection agency Commission Nationale de
l'Informatique et des Libertés (regulatory decision DE-2017-013), IRB00011591.
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8.2.2 Data sources

The EDS currently collects data on more than 11 million patients treated in
the 39 hospitals of the AP-HP, Ile-de-France, France. The warehouse contains
medico-administrative data from the Medical Information System Program (PMSI),
the French national hospital database which gathers information from standardized
discharge reports on diagnoses and procedures performed in all medical units involved
in patient management during his/her hospital stay. Primary and associated diagnoses
are recorded using the International Classi�cation of Diseases,10th edition (ICD-
10) and therapeutic procedures using a national standardized classi�cation system
(Classi�cation Commune des Actes Médicaux, CCAM,11th edition).

In addition to PMSI data, the EDS gathers information from multiple electronic
health record databases, including biology and imaging results, drug prescriptions
(stored within the ORBIS medication database and coded according to the interna-
tional Anatomical Therapeutic Chemical (ATC) classi�cation system) and medical
text reports associated with hospital visits, including emergency department data
and outpatient visits. EDS data were part of a European collaborative project which
aimed to capture the trajectory of COVID-19 disease in patients and their response
to interventions [Brat et al., 2020 (cited on 2020-07-17].

8.2.3 Data acquisition

PMSI information was not available for patients being still hospitalized or for
whom discharge reports were not yet processed at the time of analysis. Consequently,
data acquisition for the present study relied on both structured data (i.e. PMSI
pertaining to past hospitalizations, if any, biological results, ORBIS medication
system) and unstructured data (i.e. medical text records). For the latter, we used
arti�cial intelligence algorithms based on Natural Language Processing (NLP), to
extract information on patients diagnoses (including comorbidities, see below) and
drugs prescriptions (including HCQ+ =� AZI), considering contexts where mentions
of drugs by name do not correspond to actual prescriptions (i.e. when the drug is
mentioned in a negative context) [Hamon and Grabar, 2010], and considering both
International non-proprietary name (INN) and trade-marks.

8.2.4 Study population

All adult (� 18 years of age) inpatients with at least one polymerase chain
reaction-documented SARS-CoV-2 RNA from a nasopharyngeal sample between
February 1st ; 2020and April 6th ; 2020were eligible for the present analysis. The date
of inclusion in the study cohort (index date) was de�ned as the date of admission.
We excluded patients having received speci�c COVID-19 treatments, i.e. treatments
assessed in ongoing trials: remdesivir, lopinavir-ritonavir (ATC J05AR10), favipiravir
(J05AX27), anti-interleukin 1 - i.e., anakinra (ATC L04AC03), canakinumab (ATC
L04AC038) - anti-interleukin 6 - i.e., tocilizumab (ATC L04AC037), sarilumab (ATC
L04AC14). When patients were transferred between hospitals for the same stay,
several discharge reports were available which were analyzed as a single hospital stay
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until �rst discharge home. Patients who died or were discharged within 24 hours
following their admission were excluded. The end of follow-up was de�ned by the
time of death, discharge home, day 28 (D28) after admission, whichever occurred
�rst, or administrative censoring on May 4, 2020. Patients transferred to hospitals
outside AP-HP or to follow-up care and rehabilitation services before day 28 were
considered as censored.

8.2.5 Outcomes

The study's primary outcome was all-cause 28-day mortality, assessed as a time-
to-event endpoint under a competing risks survival analysis framework. For patients
discharged home before day 28, we looked at subsequent re-admissions to determine
vital status on day 28. The secondary outcome was 28-day discharge home, also
assessed as a time-to-event endpoint.

8.2.6 Drug exposures

While there was no overarching recommendation regarding HCQ+ =� AZI pre-
scription at the AP- HP level, guidelines were nonetheless proposed at local level
in several individual hospitals, suggesting hydroxychloroquine to physicians as a
therapeutic option for patients with moderate- to-severe COVID-19 infection, i.e.
requiring oxygen. The suggested HCQ regimen was a loading dose of 600 mg on day
1, followed by 400 mg daily for 9 additional days. AZI at a dose of 500 mg on day 1
and then 250 mg daily for 4 more days in combination with HCQ was an additional
suggested therapeutic option. Prescription of HCQ or HCQ together with AZI was
at the discretion of the physicians.

Using data acquisition procedures previously detailed, we identi�ed patients with
a prescription of HCQ (ATC P01BA02), AZI (ATC J01FA10), steroids (ATC H02AB),
and antithrombotic agents (heparin group, ATC B01AB) usually used for acute
respiratory distress syndrome [Villar et al., 2020, Camprubí-Rimblas et al., 2018].
Exposure to a HCQ/AZI combination was de�ned as a simultaneous prescription
of the two treatments (within one day). Based on previous possible combinations,
patients were further classi�ed into three groups: (i) receiving HCQ alone, (ii)
receiving HCQ together with AZI, and (iii) receiving neither HCQ nor AZI. Patients
receiving AZI alone were excluded, in accordance with our objective to assess clinical
e�ectiveness of HCQ with or without AZI vs. neither speci�c treatment.
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8.2.7 Covariates

For each patient, age, sex, hospital-admission location, ICU admission, ICU
stay length and hospital stay length were recorded. Co-morbidities and risk factors
(smoker status, obesity, hypertension, diabetes, dyslipidemia, ischaemic or rhythmic
heart diseases, heart failure, renal disease, presence of chronic respiratory insu�ciency
or asthma or cystic �brosis, and cancer) were recorded for the two-year period before
the index date. Clinical severity features within 24h after admission were also
recorded: ICU transfer within the �rst 24h, oxygen saturation, partial pressure of
oxygen (PaO2 mmHg), and carbon dioxyde (PCO2). Lastly, biologic values were
also recorded at the index date using their LOINC (Logical Observation Identi�ers
Names and Codes). Biological values were recorded for neutrophils, lymphocytes,
C reactive protein, D-Dimer, prothrombin time, creatine, and lacticodesydrogenase.
Detailed de�nitions of the covariates are available in Supplemental Table F.1.

8.2.8 Statistical analysis

All analyses were performed considering the three main treatment modalities
of interest, as previously described (HCQ/HCQ+AZI/Neither drug), in the entire
population or after stratifying by the level of severity of COVID-19 at admission,
considering (i) early ICU admission as de�ned as occurring within the �rst 24 hours
of admission or (ii) not. Descriptive statistics are detailed in Appendix F.

8.2.8.1 Causal inference modeling

Due to the in�uence on treatment assignment of baseline characteristics of patients
included in non-randomized observational studies, it is essential to account for such
di�erences when estimating treatment e�ects to address bias arising from confounding
[Austin, 2011]. To do so, we used two complementary analytical approaches, both re-
lying on propensity-score estimation. First, causal inference modeling was conducted
based on the computation of the average treatment e�ect (ATE) of HCQ+ =� AZI
on the whole population, under assumptions of unconfoundedness (i.e., potential
outcomes are independent of the treatment assignment conditionally on a vector
of covariates) [Rosenbaum and Rubin, 1983b] and its extension in the presence of
missing values [Rosenbaum and Rubin, 1984, Wendling et al., 2018]. This calculation
relied on doubly robust estimators combining an outcome regression with a model
for the treatment (i.e., propensity score) to derive augmented inverse probability of
treatment weighting (AIPTW) estimators, a more e�ective approach in minimizing
bias due to model mis-speci�cation than only IPTW [Funk et al., 2011]. Second,
average treatment e�ect for the treated (ATT) population was estimated using a
propensitymatched analysis. Matching between treated (i.e. HCQ+ =� AZI) and
controls (i.e. neither drug) was performed with1 : 1 ratio, using the nearest neighbor
matching method with exact matching on the gender.

The selection of the relevant covariates to be used in causal inference modeling
was based on available published data at the time of analysis [Goyal et al., 2020] and
expert a priori knowledge on key prognostic factors and determinants of treatment
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assignment, including patients' demographics, co-morbidities, hospital and time
period of admission. Supplemental Figure F.1 generated using DAGitty [Textor et al.,
2011],Textor et al. [2011] shows the causal inference model we applied, di�erentiating
between variables assessed as predictors of the treatment assignment, unrelated to the
outcome (brown), predictors of the outcome, unrelated to the treatment assignment
(blue), predictors of both treatment and outcome (violet).

As the primary analysis, we constructed cause-speci�c Cox proportional hazards
regression models to account for the competing risk between all-cause death and
hospital discharge. For ATE computation on the whole population, doubly-robust
estimation equations were derived based on regression models for the outcome and the
censoring (using Cox modeling), and the treatment distribution (using a generalized
linear model with a logit link function), conditional on baseline covariates [Ozenne
et al., 2020]. ATEs were calculated as the ratios in the standardized absolute risks,
Benichou and Gail [1990] along with their 95% con�dence intervals (95% CI). For
ATT computation on the propensity-matched population, hazard ratios and 95% CI
were computed from the cause-speci�c Cox models using robust variance estimators.

8.2.8.2 Sensitivity analyses and missing data handling

We conducted several sensitivity analyses to check the stability of our results
under varying approaches. First, we assessed 28-day mortality as a binary endpoint,
considering patients discharged home before day 28 as alive at that date and excluding
patients transferred to hospitals outside AP-HP or to follow-up care and rehabilitation
services before day 28. To do so, we used the causal forest implementation based
on the generalized random forests (GRF) method [Athey et al., 2019] to compute
forest-based weighting functions and derive AIPTW estimates for doubly robust
inference of the average treatment e�ect (ATE). Second, conventional multivariable
and IPT-weighted analyses (`singly robust') using cause speci�c Cox models and
Fine-Gray competing risks analyses were also performed, computing IPT-weighted
and adjusted hazard ratios (HR) and subhazard ratios (SHR), respectively, and
plotting raw and adjusted cumulative incidence curves to illustrate the associations.

For all IPT-weighting and propensity-matched population based analyses, stan-
dardized di�erences of the means were computed before and after IPTW or matching
to assess imbalance of the covariates between treatment groups. Standardized dif-
ferences less than 10% were considered negligible following common practice when
using IPTW to estimate causal treatment e�ects in observational studies [Austin
and Stuart, 2015].

To account for the potential in�uence of missing data on causal inference proce-
dures, we used single imputation with a (regularized) iterative Factorial Analysis for
Mixed Data model (FAMD) [Audigier et al., 2016], accounting for similarities between
both individuals and relationships between covariates, treatment assignment and the
outcome. Variables showing departure from normality using graphical methods and
kurtosis/skewness statistics were log-transformed prior to imputation. For the GRF
method, the GRF-MIA approach which enables the computation of ATE without
any imputation of the data was used for missing data handling.
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A two-tailed p-value of less than 0.05 was considered signi�cant. Statistical
analyses were performed using R v3.6.4 (R Foundation for Statistical Computing,
Vienna, Austria; packagesgrf, riskRegression[Ozenne et al., 2020, Tibshirani et al.,
2020]).

8.3 � Results

8.3.1 Study population

From February 1st to April 6; 2020; 5; 556 adult patients were hospitalized at
AP-HP for a Covid19 infection and did not receive speci�c COVID-19 treatments
other than HCQ or AZI. Patients who died(n = 91) or who were discharged(n = 196)
within 24 hours after their admission were excluded, as well as patients receiving AZI
alone(n = 582) or patients who did not initiate HCQ and AZI the same day (more or
less 24 hours,n = 45 ). Thus, a total of 4,642 patients (mean age:66:1 � 18; males:
2; 738(59%)) were included in the study population, of whom623(13:4%) received
HCQ alone,227(5:9%) received HCQ plus AZI, and3; 792(81:7%) neither HCQ nor
HCS plus AZI (Figure 8.1). In the `HCQ alone' and `HCQ plus AZI' groups, median
timing of the �rst dose of HCQ after the admission was0:42 days, IQR (0 to 2.3).

Figure 8.1 � Flow chart of the study population.
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8.3.2 Descriptive results

The main characteristics of the study population are summarized in Table 8.1.
Patients receiving `HCQ alone' or `HCQ plus AZI' were more likely younger, males,
current smokers and overall presented with slightly more co-morbidities (obesity,
diabetes, any chronic pulmonary diseases, liver diseases) than the `Neither drug'
group, while no major di�erence was apparent in biological parameters. Supplemental
Table F.2 shows the main characteristics of the study population after imputation of
missing data using the FAMD methodology, as previously described.

Table 8.1 � Patient characteristics by treatment group.

Missing data
HCQ alone,

n=623
HCQ plus AZI,

n=227
Neither drug,

n=3792
Demographic characteristics
Age years, median (IQR) 63 (53 � 74) 61 (53 � 72) 69 (54 � 82)
Male sex, n (%) 413 (66.3) 158 (69.6) 2167 (57.1)
Comorbidities, n(%)
Current smoker 156(3.3) 178(28.6) 65(28.6) 913(24.1)
Obesity 156(3.3) 121(19.4) 59(26) 467(12.3)
Hypertension 156(3.3) 30(4.8) 8(3.5) 229(6)
Diabetes 156(3.3) 243(39) 89(39.2) 1229(32.4)
Dyslipidemia 156(3.3) 141(22.6) 50(22) 761(20.1)
Ischaemic heart disease 156(3.3) 1643(26.2) 47(20.7) 924(24.4)
Rhythmic heart diseases 156(3.3) 60(9.6) 23(10.1) 488(12.9)
Chronic renal failure
& Chronic end-stage kidney
failure

156(3.3) 142(22.8) 26(11.5) 770(20.3)

Asthma 156(3.3) 45(7.2) 30(13.2) 280(7.4)
Chronic obstructive
pulmonary diseases

156(3.3) 27(4.3) 19(8.4) 173(4.6)

Other chronic respiratory
failure

156(3.3) 19(3.0) 8(3.5) 87(2.3)

Hepatic Failure 156(3.3) 35(5.6) 25(11) 160(4.2)
Cancer 156(3.3) 117(18.8) 50(22) 822(21.7)
Hemopathies 156(3.3) 35(5.6) 15(6.6) 210(5.5)
Chemotherapy 156(3.3) 96(15.4) 42(18.5) 679(17.9)
Current steroid use 106(17) 43(18.9) 400(10.5)
Biological parameters at baseline
Oxygen saturation (%),
median (IQR)

2114 (45:1) 95 (92:3 � 97) 95.2 (92:7 � 97) 95 (92 � 97:3)

Partial pressure of oxygen
(mmHg), median (IQR)

2032 (43:3) 75.1 (64 � 90:2) 73.1 (62 � 87:5) 73.5 (59 � 91:5)

Partial pressure of carbon
dioxide (mmHg), median

2007 (42:8) 35.2 (31:9 � 39:1) 35.6 (30:8 � 39:2) 35 (30:2 � 39:6)

(IQR)
Neutrophil count per mm 3 ,

median (IQR)
652 (13:9) 4.64 (3:41 � 6:71) 4.6 (3:5 � 6:6) 4.82 (3:28 � 7:08)

Lymphocyte count per mm3 ,
median (IQR)

660 (14:1) 0.94 (0:64 � 1:28) 1 (0:7 � 1:3) 0.96 (0:69 � 1:3)

Prothrombin time (%),
median (IQR)

1155 (24:6) 86 (76 � 96) 81 (72 � 89) 86 (75 � 96)

D-Dimer ( � g/L), median (IQR) 2883 (61:5) 847 (577 � 1458) 720 (486 � 1274) 1110 (630 � 2066)
Creatine (mg/dL), median (IQR) 221 (4:7) 84 (68:5 � 110) 80.2 (65:5 � 99:5) 83 (65 � 113)
C reactive protein (mg/L),
median (IQR)

546 (11:6) 77.3 (42:7 � 135) 85.5 (45 � 136) 65 (23:3 � 103)

Lacticodeshydrogenase (U/L),
median (IQR)

2174 (46:4) 371 (292 � 290) 402 (314 � 554) 367 (265 � 527)

IQR: interquartile range.

Table 8.2 shows unadjusted clinical outcomes by treatment group. Raw 28 -day
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mortality rates statistically di�ered between the three groups (number of deaths:
111(17:8%); 54(23:8%) and 830(21:9%) for `HCQ alone', `HCQ plus AZI' and 'Neither
drug' groups, respectively;p < 0:001 ). Of the 4,642 patients, 777 (16.7%) were
transferred to ICU within 24h after the admission, more markedly so in the `HCQ
plus AZI' group (27:3%; p< 0:001). Groups main characteristics strati�ed by early
ICU transfer are summarized in Supplemental Tables F.3 and F.4.

Table 8.2 � Unadjusted clinical outcomes by treatment group.

HCQ alone,
n=623

HCQ plus AZI,
n=227

Neither drug,
n=3792

p-values

Overal l � HCQ vs.
HCQ+AZI ��

HCQ vs.
neither drug ��

HCQ+AZI vs.
neither drug ��

ICU transfer
Early ( < 1 day) 94 (15.1) 62 (27.3 %) 621 (16.4)
Later � 1 day) 112 (18) 35 (15.4 %) 17 2(4.5)
Concurrent with
treatment initiation

50 (44.6) 26 (54.2) �

After treatment
initiation

62 (55.4) 22 (45.8) �

Time to ICU transfer,
days, median (IQR)

1.18 [0.15 ; 3.49] 0.37 [0.07 ; 2.26] 0.16 [0.00 ; 0.80] < 0.001 0.004 < 0.001 0.001

Mortality
Overall mortality rate

n (%)
126 (20.2 %) 56 (24.7 %) 865 (22.8 %) 0.264 0.289 0.289 0.572

28-day mortality rate,
n (%)

111 (17.8 %) 54 (23.8 %) 830 (21.9 %) < 0.001 0.002 < 0.001 0.795

Time to death,
days, median (IQR)

8.66 [4.72 ; 15.4] 7.30 [4.46 ; 11.7] 7.54 [3.94 ; 13.0] 0.104 0.227 0.112 0.797

Hospital discharge
Overall discharge rate,
n (%)

363 (58.3 %) 117 (51.5 %) 1545 (40.7 %) < 0.001 0.095 < 0.001 0.003

28-day discharge rate,
n (%)

351 (56.3 %) 114 (50.2 %) 1507 (39.7 %) < 0.001 0.055 < 0.001 0.011

Time to discharge,
days, median (IQR)

8.90 [6.02 ; 13.4] 8.75 [5.99 ; 13.2] 5.99 [3.15 ; 11.1] < 0.001 0.994 < 0.001 < 0.001

Length of stay
among those alive,
days, median (IQR)

10.2 [6.73 ; 17.5] 9.83 [6.91 ; 17.6] 10.9 [4.74 ; 31.9] 0.974 0.984 0.984 0.984

Length of stay among
those alive,
days, mean (SD)

15.0(12.7) 14.7(12.0) 17.6(15.7) < 0.001 0.976 0.002 0.056

� Based on overall between-groups comparisons, using Chi 2 or Kruskal-Wallis tests for categorical and continuous variables, respec-
tively.
�� Based on pairwise between-groups comparisons, using Chi 2 or Mann-Whitney tests with Benjamini-Hochberg correction for test
multiplicity.
Bolded results are statistically signi�cant at the p < 0:05 level

8.3.3 Average treatment e�ects on the whole population

Results from competing risks multivariable analyses for the average treatment
e�ect of HCQ+/AZI on 28 -day mortality and hospital discharge are displayed in
Table 8.3, showing both raw unadjusted estimates and AIPTW results from double
robust estimation accounting for confounders for the outcome and the treatment
allocation. In the whole population, the raw ratio in average treatment e�ect on 28-
day mortality for the `HCQ' versus 'neither drug' comparison was0:78 (0:64 to 0:91):
After accounting for confounding, no signi�cant di�erence was observed between the
`HCQ alone' and 'Neither drug' groups with a AIPTW ratio in ATE of 1:05 (0:77
to 1:33; p = 0:723). Regarding 28 -day discharge rates, a statistically signi�cant
di�erence was found for the ratio in AIPTW ATE in favor of `HCQ alone' (1:25 [1:07
to 1:42; p = 0:006]). For the `HCQ plus AZI' vs. `Neither drug' comparison, a trend
was found towards higher mortality rates in the former group, though not reaching
statistical signi�cance (ratio in ATE 1:40 [0:98 to 1:81]; p = 0:062). Results from
subgroup analyses according to early ICU transfer, age (< vs.� 65 years), period
(< March 20th , March 20th � 30th ; > March 30th ) are detailed in Table 8.3, notably
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showing varying results regarding 28 -day mortality for the HCQ+AZI vs neither
drug comparison according to age (with a statistically signi�cant unfavourable HR
found in older patients) and period (with an increasingly worsening association with
time), while results varied regarding 28-day discharge according to age for the HCQ
vs neither drug comparison (with a statistically signi�cant relationship being only
found in younger patients), and period for the HCQ+AZI vs neither drug comparison
(with highly contrasted results depending on the period).

Table 8.3 � Adjusted clinical outcomes according to treatment groups: results from weighted
analyses on the whole population.

HCQ alone
vs

neither drug

HCQ plus AZI
vs

neither drug
Raw Estimate

(95% CI)
Adjusted Estimate �

(95% CI)
Raw Estimate

(95% CI)
Adjusted Estimate �

(95% CI)
28-day mortality
Whole population 0.78 (0.64-0.91) 1.05 (0.77-1.33) 1.05 (0.80-1.30) 1.40 (0.98-1.81)
Transfer to Yes 0.84 (0.53-1.14) 0.75 (0.20-1.30) 0.99 (0.59-1.38) 1.20 (0.77-1.63)
ICU within the
�rst 24 hours

No 0.77 (0.62-0.93) 1.13 (0.82-1.44) 1.02 (0.72-1.32) 1.41 (0.82-2.00)

Age
< 65 years 0.81 (0.47-1.15) 0.82 (0.41-1.22) 0.82 (0.29-1.35) 1.49 (0.00-3.68)
� 65 years 0.91 (0.75-1.08) 1.20 (0.87-1.54) 1.40 (1.10-1.70) 1.51 (1.03-2.00)

Period
Before March 20th 0.76 (0.42-1.09) 1.08 (0.30-1.86) 0.74 (0.07-1.41) 0.59 (0.00-2.93)
March 20th -
March 30th

0.80 (0.62-0.98) 0.90 (0.65-1.16) 0.98 (0.68-1.27) 1.24 (0.77-1.71)

After March 30th 0.71 (0.44-0.98) 1.20 (0.62-1.79) 1.33 (0.78-1.88) 1.96 (1.28-2.64)
28-day hospital discharge
Whole population 1.37 (1.27-1.48) 1.25 (1.07-1.42) 1.28 (1.11-1.44) 1.00 (0.77-1.23)
Transfer to Yes 1.51 (1.09-1.93) 1.03 (0.42-1.64) 1.64 (1.13-2.15) 1.09 (0.76-1.42)
ICU within the
�rst 24 hours

No 1.35 (1.24-1.45) 1.16 (0.98-1.33) 1.27 (1.09-1.45) 1.01 (0.74-1.28)

Age
< 65 years 1.21 (1.12-1.31) 1.24 (1.09-1.38) 1.22 (1.08-1.37) 1.12 (0.92-1.33)
� 65 years 1.43 (1.22-1.65) 1.04 (0.70-1.37) 1.04 (0.71-1.36) 0.85 (0.42-1.27)

Period
Before March 20th 1.15 (0.95-1.35) 1.23 (0.81-1.65) 1.00 (0.62-1.39) 0.77 (0.00-3.24)
March 20th -
March 30th

1.41 (1.26-1.57) 1.26 (1.06-1.46) 1.45 (1.23-1.68) 1.26 (1.04-1.47)

After March 30th 1.55 (1.33-1.77) 1.32 (1.02-1.63) 1.14 (0.79-1.48) 0.69 (0.44-0.94)

All results are ratios in average treatment e�ect
� AIPTW: Augmented inverse probability of treatment weight estimator for doubly robust inference of the average treatment e�ect conditional
on baseline covariates, derived from cause speci�c Cox proportional hazards modeling; 95% CI: 95% con�dence interval
Baseline covariables considered for adjustment were sex, age, current smoker, diabetes, obesity, hypertension, dyslipidemia, Ischaemic
heart disease, rhythmic heart diseases, Chronic renal failure & Chronic end-stage kidney

Results from double robust analyses considering 28-day mortality as a binary end-
point analyzed at a �xed timepoint are shown in Supplemental Table F.5, con�rming
those obtained in the competing risk analysis. Results from multivariable analyses
using conventional adjustment and/or IPT weighting are shown in Figure 8.1 for the
cause speci�c Cox proportional hazards models, with balance statistics before/after
IPT weighting being shown in Supplemental Table F.6 (HCQ) and F.7 (HCQ+AZI).
Using these approaches, results essentially con�rmed those obtained from double
robust estimates, illustrating for the `HCQ alone' vs. `Neither drug' comparison (Fig-
ure 8.1A) the in�uence of confounders on estimations as indicated by the progressive
alignment of death incidence curves according to treatment after adjustment and/or
IPT weighting, and the persistence of statistically signi�cant di�erences in discharge
rates after adjustment, but not when using IPT weighting(p = 0 :073) or combining
both approaches(p = 0 :116). Regarding the `HCQ plus AZI' vs. `Neither drug'
comparison (Figure 8.1B), a trend for a statistically signi�cant di�erence was found
for mortality after multiple adjustment and IPT weighting (HR = 1:53; p = 0:057),
but not for discharge (HR = 0:98; p = 0:923). Results from Fine-Gray models
identi�ed similar but not signi�cant trends for the excess risk of mortality in the
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`HCQ plus AZI' group. (Supplemental Figures F.2 and F.2).

Figure 8.2 � Death and discharge cumulative incidence curves: results from cause speci�c
Cox competing risks analyses.
Panel A - HCQ vs. Neither drug; Panel B - HCQ+AZI vs. Neither drug; Adjusted results are
based on the adjustment strategy for the outcome detailed in Figure F.1.

8.3.4 Average treatment e�ects for the treated on the
propensity-matched population

Results from the propensity-matched analyses are shown in Table 8.4 and Fig-
ure 8.3, with balance statistics before/after matching being shown in Supplemental
Table F.6 (HCQ) and F.7 (HCQ+AZI). In the whole population, HR on 28-day
mortality for the `HCQ' versus 'neither drug' comparison was0:87(0:68 to 1:13),
and 0:93(0:70 to 1:23) after further adjustment. Regarding 28-day discharge rates,
a statistically signi�cant di�erence in favor of `HCQ alone' (HR = 1:27[1:08 to
1.49]; adjustedHR = 1:34[1:13 to 1:59]). For the `HCQ plus AZI' vs. `Neither
drug' comparison, a trend was again found towards higher mortality rates in the
former group, though not reaching statistical signi�cance (adjustedHR = 1:44[0:93
to 2:23]; p = 0:099), while a signi�cant favorable association was found regarding
28-day discharge (adjustedHR = 1:47[1:07 to 2:03]): Results from subgroup analyses
are detailed in Table 8.4, notably showing varying results regarding 28 -day discharge
according to age for both the HCQ and HCQ+AZI vs neither drug comparisons
(with statistically signi�cant relationships being only found in younger patients),
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and period for the HCQ vs neither drug comparison (with increasingly stronger
associations with time).

Table 8.4 � Adjusted clinical outcomes according to treatment groups: results from
propensity-matched analyses.

HCQ alone
vs

neither drug

HCQ plus AZI
vs

neither drug
Raw Estimate

(95% CI)
Adjusted Estimate �

(95% CI)
Raw Estimate

(95% CI)
Adjusted Estimate �

(95% CI)
28-day mortality
Whole population 0.87 (0.68-1.13) 0.93 (0.70-1.23) 1.33 (0.89-1.99) 1.44 (0.93-2.23)
Transfer to Yes 0.99 (0.60-1.65) 0.84 (0.43-1.61) 1.66 (0.79-3.49) 1.64 (0.51-5.31)
ICU within the
�rst 24 hours

No 0.84 (0.63-1.13) 0.90 (0.64-1.27) 1.19 (0.74-1.93) 1.04 (0.58-1.88)

Age
< 65 years 0.85 (0.49-1.47) 0.79 (0.38-1.65) 1.18 (0.49-2.85) 1.83 (0.30-11.21)
� 65 years 0.88 (0.66-1.17) 0.86 (0.63-1.18) 1.29 (0.83-2.02) 1.43 (0.84-2.45)

Period
Before March 20th 0.61 (0.34-1.12) 0.75 (0.41-1.36) 0.84 (0.22-3.21) 1.02 (0.18-5.66)
March 20th -
March 30th

0.90 (0.65-1.25) 0.86 (0.59-1.25) 1.20 (0.73-1.97) 1.80 (0.99-3.29)

After March 30th 0.98 (0.55-1.75) 1.72 (0.69-4.29) 2.02 (0.91-4.51) 1.57 (0.21-11.76)
28-day hospital discharge
Whole population 1.27 (1.08-1.49) 1.34 (1.13-1.59) 1.46 (1.10-1.95) 1.47 (1.07-2.03)
Transfer to Yes 1.37 (0.89-2.12) 1.04 (0.62-1.73) 2.01 (1.08-3.75) 1.30 (0.52-3.21)
ICU within the
�rst 24 hours

No 1.15 (0.97-1.37) 1.23 (1.02-1.50) 1.34 (0.97-1.85) 1.56 (1.09-2.21)

Age
< 65 years 1.35 (1.10-1.65) 1.42 (1.14-1.77) 1.65 (1.17-2.31) 1.65 (1.11-2.44)
� 65 years 1.13 (0.86-1.48) 1.16 (0.86-1.56) 1.13 (0.65-1.95) 1.27 (0.62-2.61)

Period
Before March 20th 0.86 (0.61-1.22) 0.85 (0.59-1.22) 1.11 (0.47-2.62) 1.05 (0.40-2.74)
March 20th -
March 30th

1.34 (1.08-1.67) 1.53 (1.22-1.93) 1.42 (1.01-2.00) 1.46 (0.97-2.21)

After March 30th 1.59 (1.13-2.24) 1.59 (1.07-2.34) 1.79 (0.92-3.45) 1.28 (0.45-3.64)

� AIPTW: Augmented inverse probability of treatment weight estimator for doubly robust inference of the average treatment e�ect conditional
on baseline covariates, derived from cause speci�c Cox proportional hazards modeling; 95% CI: 95% con�dence interval .

Figure 8.3 � Death and discharge cumulative incidence curves: results from propensity-
matched analyses.
Panel A - HCQ vs. Neither drug; Panel B - HCQ+AZI vs. Neither drug; Adjusted results are
based on the adjustment strategy for the outcome detailed in Figure F.1.
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8.4 � Discussion

Using a large non-selected population of 4,642 hospitalized for COVID-19 infection
in 39 hospitals in France, we found no evidence for e�cacy of HCQ or HCQ combined
with AZI on 28 -day mortality. Our �ndings suggest that patients treated by
association of HCQ and AZI are at greater risk of mortality compared with the
'Neither drug' group. Signi�cantly higher rates of discharge home were observed in
patients treated by HCQ when using competing risks survival analyses, a �nding
whose statistical signi�cance persisted after multivariable adjustment and propensity-
score weighting. These results were found to be robust to a variety of methodological
approaches conducted regarding missing data handling and causal inference modeling
to properly account for potential confounders.

The absence of di�erence on mortality between hospitalized patients receiving
HCQ and those receiving neither drug is consistent with previous observational studies
led in hospitalized patients after accounting for confounding by multivariable analyses
potentially combined with propensity score weighting, matching or adjustment
methods(8 � 11), as well as with preprint results from the Recovery trial [Horby
et al., 2020]. It should be stressed out that �ndings from these reports pertain to
hospitalized patients and do not provide information on the e�cacy of either drug
when administered in earlier forms of the disease.

Regarding the association of HCQ and AZI, our �ndings indicate a trend towards
higher risk of death for the `HCQ plus AZI' group compared with the 'Neither
drug' group (ratio in ATE at 1:40 [0:98 to 1:81]; adjusted HR at 1:44[0:93 to 2:23]
in propensity-matched analysis). This �nding is consistent with the results from
the Rosenberg et al. [2020] study (adjusted HR for mortality1:35[0:76 to 2.40]).
Because of a limited sample size for this subgroup in our study, our results should
be taken with caution. However, among possible hypotheses that could be discussed,
an increased risk of serious adverse events such as arrhythmia has been advocated
in several studies.11;28 Among 90 consecutively included patients receiving HCQ
for Covid-19 infection in Israel, Mercuro et al. [2020 (cited on 2020-05-26] detected
change in QTc in 21 patients(23%), and more evidently so in the `HCQ plus AZI'
subgroup. HCQ is already known to inhibit voltage-gated sodium and potassium
channels, prolonging the QT interval and increasing the risk of torsades de pointes,
syncope and sudden cardiac death [Roden, 2004]. Azithromycin has also been
implicated in QTc prolongation and proarrhythmic events [Roden, 2004]. In addition
to HCQ and AZI interaction, patients hospitalized with severe COVID-19 pneumonia
are also at risk to present clinical characteristics leading to QT prolongation such as
hypokalemia or congestive heart failure.

In our study, we identi�ed increased discharge rates at day-28 in the HCQ group,
corresponding to a ratio in average treatment e�ect of1:28 in favor of HCQ, with
corresponding predicted day-28 discharge rates of56%[HCQ] vs. 45%[neither drug] in
the whole study population, with similarly statistically signi�cant associations in the
propensity-matched analysis for bothHCQ and HCQ+AZI. Importantly, subgroup
analyses revealed that these associations were only found in younger patients, and also
depended somewhat on the period of inclusion, indicating increasingly apparent e�ects
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over time. This latter result could relate to the organizational nature of the discharge
endpoint, as increasing numbers in patients accrual were concomitantly recorded in
the participating AP-HP hospitals over that same period. To our knowledge, this is
the �rst report from a large observational study speci�cally addressing this issue in
addition to mortality and ICU-related outcomes,8� 11 whereas a similar endpoint was
used for the Recovery randomized controlled trial [Horby et al., 2020]. In this trial,
patients allocated to HCQ were less likely to be discharged from hospital alive within
28 days(60:3% vs. 62:8%; rate ratio 0.92; 95% CI 0.85-0.99 [Horby et al., 2020].
Of note, no subgroup analysis was performed for discharge according to age, while
di�erences were apparent regarding mortality in subgroup analyses suggesting worse
outcomes in patients older than 70 years. While there was no signi�cant di�erence
in the frequency of adverse e�ects related to HCQ, those were collected only in45%
of the study population, thus we can not exclude that the higher risk of hospital stay
for HCQ group was not related to adverse events. Finally, discussion and comparison
of potential di�erences in the severity of patients at baseline between HCQ/standard
of care and the study groups observed in our study is hampered by the lack of details
on the severity of COVID19 infection at baseline in the Recovery preprint.

Among the strengths of our study is the use of advanced causal inference ap-
proaches both considering time-to-event survival analyses and binary endpoints at a
single timepoint. Because inappropriately accounting for confounders can drastically
modify results, we performed several sensitivity analyses to check the stability of
our results under varying approaches, including so called double robust estimations
relying on both multivariable modeling of the outcome and of the treatment (in-
cluding propensity score-based approaches), which o�er better robustness to model
mis-speci�cation, and use of varying missing data imputation techniques con�rming
the stability of our �ndings. Other strengths of this work include the assessment of
a large, representative sample study population in the Greater Paris area from 39
hospitals. Study's limitations include the absence of direct, clinical information on
regimen duration and dosages, and respiratory parameters of COVID-19 infection,
including oxygen requirement, non-invasive or mechanical ventilation, which are
potential confounders. However, we used biological parameters proxy to assess
the severity of the COVID-19 infection including creatine, lymphocyte count and
in�ammatory markers (D-Dimer and C-Reactive protein) well known to be associated
with severity of COVID- 19 [Goyal et al., 2020]. Yet, causal interpretation of our
�ndings relying on retrospective evaluation of medical records should remain cautious
considering the observational nature of the study design.
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8.4.1 Conclusion

Using a large non-selected population of inpatients hospitalized for COVID-19
infection in 39 hospitals in France and robust methodological approaches, we found
neither evidence for reduced or excess risk of 28 -day mortality with the use ofHCQ
alone. Our �ndings suggest a possible higher risk of death for patients receiving
HCQ combined with AZI. Signi�cantly higher rates of discharge home were observed
in younger patients treated by HCQ, more apparently so at the peak of the crisis, a
�nding warranting further con�rmation in replicative studies.
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Chapter 9

Missing values and the R-miss-tastic platform

This chapter is a work submitted to The Journal of Statistical Software and which
has been carried out in collaboration with Aude Sportisse , Julie Josse, Nathalie
Vialaneix and NicholasTierney . I have built the main components of the platform,
the work�ows part has been signi�cantly contributed by Aude Sportisse .

Abstract

Missing values are unavoidable when working with data. Their occurrence is
exacerbated as more data from di�erent sources become available. However, most
statistical models and visualization methods require complete data, and improper
handling of missing data results in information loss, or biased analyses. Since
the seminal work of Rubin (1976), a burgeoning literature on missing values has
arisen, with heterogeneous aims and motivations. This led to the development of
various methods, formalizations, and tools. For practitioners, it remains nevertheless
challenging to decide which method is most suited for their problem, partially due
to a lack of systematic covering of this topic in statistics or data science curricula.

To help address this challenge, we have launched the �R-miss-tastic� platform,
which aims to provide an overview of standard missing values problems, methods, and
relevant implementations of methodologies. The objective of this work goes beyond
comprehensively organizing materials, also covering the development of standardized
analysis work�ows, and providing a common reference for di�erent communities. In
this perspective, we have developed several pipelines in R and Python to allow for
hands-on illustration of and recommendations on missing values handling in various
statistical tasks such as estimation and prediction, while ensuring reproducibility of
the analyses.
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9.1 � Context and motivation

Missing data are unavoidable as soon as collecting or acquiring data is involved.
They occur for many reasons including: individuals choose not to answer survey
questions, measurement devices fail, or data have simply not been recorded. Their
presence becomes even more important as data are now obtained at increasing
velocity and volume, and from heterogeneous sources not originally designed to be
analyzed together. As pointed out by Zhu et al. [2019], �one of the ironies of working
with Big Data is that missing data play an ever more signi�cant role, and often
present serious di�culties for analysis�. Despite this, the approach most commonly
implemented by default in software is to toss out cases with missing values. At best,
this is ine�cient because it wastes information from the partially observed cases.
At worst, it results in biased estimates, particularly when the distributions of the
missing values are systematically di�erent from those of the observed values [e.g.,
Enders, 2010, Chap. 2].

However, handling missing data in a more e�cient and relevant way (than limiting
the analysis on solely the complete cases) has attracted a lot of attention in the
literature in the last two decades. In particular, a number of reference books have
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been published [Schafer and Graham, 2002, Little and Rubin, 2019, van Buuren,
2018, Carpenter and Kenward, 2013] and the topic is an active �eld of research
[Josse and Reiter, 2018]. The diversity of the problems of missing data means there
is great variety in the proposed and studied methods. They include model-based
approaches, integrating likelihoods or posterior distributions over missing values,
�lling in missing values in a realistic way with single, or multiple imputations, or
weighting of observations, appealing to ideas from the design-based literature in
survey sampling. The multiplicity of the available solutions makes sense because there
is no single solution or tool to manage missing data: the appropriate methodology to
handle them depends on many features, such as the objective of the analysis, type of
data, the type of missing data and their pattern. Some of these methods are available
in various software solutions. As R [R Core Team, 2020] is one of the main softwares
for statisticians and data scientists and as its development has started almost three
decades ago [Ihaka, 1998], R is one of the language that o�ers the largest number of
implemented approaches. This is also due to its ease to incorporate new methods
and its modular packaging system. Currently, there are over 270 R packages on
CRAN that mention missing data or imputation in their DESCRIPTION �les. These
packages serve many di�erent applications, data types or types of analysis. More
precisely, exploratory and visualization tools for missing data are available in packages
like naniar, VIM , and MissingDataGUI [Tierney et al., Tierney and Cook, 2018,
Kowarik and Templ, 2016, Cheng et al., 2015]. Imputation methods are included in
packages likemice, Amelia, and mi [van Buuren and Groothuis-Oudshoorn, 2011,
Honaker et al., 2011, Gelman and L., 2011]. Other packages focus on dealing with
complex, heterogeneous (categorical, quantitative, ordinal variables) data or with
large dimension multi-level data, such asmissMDA, and MixedDataImpute [Josse
et al., 2016a, Murray and Reiter, 2015]. To our knowledge, R is the programming
language o�ering the largest variety of implemented methods. However, other
languages such as Python [Van Rossum and Drake, 2009], which currently only have
few publicly available implementations of methods that handle missing values in
statistical tasks, o�er more and more solutions. Two prominent examples are: 1)
the scikit-learn library [Pedregosa et al., 2011] which has recently added a module
for missing values imputation; and 2) theDataWig library [Biessmann et al., 2018]
which provides a framework to learn to impute incomplete data tables.

Despite the large range of options, missing data are often not handled appropri-
ately by practitioners. This may be for a few reasons. First, the plethora of options
can be a double-edged sword, the sheer number of options making it challenging to
navigate and �nd the best one. Second, the topic of missing data is often itself missing
from many statistics and data science syllabuses, despite its relative omnipresence
in data. So, when faced with missing data, practitioners are left powerless: quite
possibly never having been taught about missing data, they do not have an idea of
how to approach the problem, what are the dangers of mismanagement, navigate the
methods, software, or choose the appropriate method or work�ow for their problem.

To help promote better management and understanding of missing data, we have
released R-miss-tastic, an open platform for missing values. The platform takes the

� 267 �



R-MISS-TASTIC

form of a reference website1, which collects, organizes and produces material on
missing data. It has been conceived by an infrastructure steering committee (ISC;
its members are authors of this article) working group, which �rst provided a CRAN
Task View2 on missing data3 that lists and organizes existing R packages on the
topic. The �R-miss-tastic� platform extends and builds on the CRAN Task View
by collecting and organizing articles, tutorials, documentation, and work�ows for
analyses with missing data.

The intent of this platform is easily extendable and well documented, so it can
seamlessly incorporate future research in missing values. The intent of the platform
is to foster a welcoming community, within and beyond the R community . �R-miss-
tastic� has been designed to be accessible for a wide audience with di�erent levels of
prior knowledge, needs, and questions. This includes, for instance, students looking
for course material to complement their studies, teachers and professors who can
use a reference website for their own classes or refer to students, statisticians or
researchers in a di�erent �elds using statistics searching for solutions or existing work
to help with analysis, researchers wishing to understand or contribute information
for speci�c research questions, or �nd collaborators.

In this perspective, the platform provides new tutorials, examples and pipelines
of analyses that we have developed with missing data that span the entirety of
an analysis. The latter have been developed in R and in Python, implementing
standard methods for generating missing values and for analyzing them under di�erent
perspectives. These pipelines cover the entirety of a data analysis: starting with
data preparation, they contain exploratory analyses of the data, the establishment of
statistical models, analysis diagnostics, the application of machine learning methods,
and �nally an interpretation of the results obtained from incomplete data. We hope
that these pipelines also serve as guidance when it comes to choosing a method
to handle missing values in a speci�c context. Another important ingredient in
statistical analyses (perhaps the most important) is data to which a proposed
method or estimator are applied. We thus also reference publicly available datasets
that are commonly used as benchmark for new missing values methodologies.

The remainder of the article is organized as follows: Section 9.2 describes the
di�erent components of the platform, the structure that has been chosen, and
the targeted audience. The section is organized as the platform itself, starting by
describing materials for less advanced users then materials for researchers and �nally
resources for practical implementation. Section 9.3 details the implementation and
use-cases of the provided work�ows, implemented both in R and in Python. Finally,
in Section 9.4, we conclude with an overview of the planed future developments for
the platform and of interesting areas in missing values research that we would like to
bring to a broader audience.

1. https://rmisstastic.netlify.com/
2. https://CRAN.R-project.org/package=ctv
3. https://cran.r-project.org/web/views/MissingData.html
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9.2 � Structure and content of the platform

The R-miss-tastic platform is released at https://rmisstastic.netlify.com/. It has
been developed using the R packageblogdown Xie et al. [2017] which generates
static websites using Hugo4. Live examples have been included using the tool
https://rdrr.io/snippets/ provided by the website �R Package Documentation�. The
source code and materials of the platform have been made publicly available on
GitHub 5, which provides a transparent record of the platform's development, and
facilitates contributions from the community.

We now discuss the structure of the R-miss-tastic platform, the aim and content
of each subsection, and highlight key features of the platform.

9.2.1 Work�ows

An important contribution and novelty of this work is the proposal of several
work�ows that allow for a hands-on illustration of classical analyses with missing
values, both on simulated data and on publicly available real-world data. These
work�ows are provided both in R and in Python codes and cover the following topics:

� How to generate missing values?Generate missing values under di�erent mech-
anisms, on complete or incomplete datasets. This is useful when performing
simulations to compare methods that impute or handle missing data.

� How to do statistical inference with missing values?In particular, we focus
on the di�erent solutions (maximum likelihood or multiple imputation) that
are available to estimate linear and logistic regression parameters with missing
values in the covariates.

� How to impute missing values?We compare di�erent single imputation/matrix
completion methods (for instance using conditional models, low-rank models,
etc.).

� How to predict with missing values?We consider establishing predictive models
(for instance using random forests [Breiman, 2001]) on data with incomplete
predictors. The work�ows present di�erent strategies to deal with the missing
values in the covariates both in the training set and in the test set.

The aim of these work�ows is threefold: 1) they provide a practical implementation
of concepts and methods discussed in the lectures and bibliography sections of the
platform (see Subsection 9.2.2 and Subsection 9.2.3 of the present article); 2) they are
coded in a generic way, allowing for simple re-use on other datasets, for integration
of other estimation or imputation methods; 3) the distinction between inference,
imputation, and prediction lets the user keep in mind that the solutions are not the
same in these cases.

Furthermore, the work�ows allow for a transparent and open discussion about the
proposed implementations, which can be followed on the project GitHub repository6,

4. https://gohugo.io/
5. repository R-miss-tastic/website
6. https://github.com/R-miss-tastic/website
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referencing proposals and discussions about practicable extensions of the work�ows.
Additionally, a work�ow on How to do causal inference with incomplete covari-

ates/attributes in R? allows to use simple weighting and doubly robust estimators
for treatment e�ect estimation using R language. This work�ow is based on the R
implementation of the work presented in Chapter 4.

We provide a more detailed view on the proposed work�ows in Section 9.3,
giving code examples and their corresponding tabular or graphical outputs as well
as recommendations on how to interpret and leverage these outputs.

9.2.2 Lectures

For someone unfamiliar with missing data, it is a challenge to know where to
begin the journey of understanding them, and the methods to address them. This
challenge is being addressed with �R-miss-tastic�, which makes the material to get
started easily accessible.

Teaching and workshop material takes many forms � from slides, course notes,
lab workshops, video tutorials and in-depth seminars. The material is of high
quality, and has been generously contributed by numerous renowned researchers
who investigate the problems of missing values, many of whom are professors having
designed introductory and advanced classes for statistical analysis with missing
data. This makes the material on the �R-miss-tastic� platform well suited for both
beginners and more experienced users.

These teaching and workshop materials are described as �lectures�, and are
organized into �ve sections:

1. General lectures: introduction to statistical analyses with missing values; the
role of visualization and exploratory data analysis for understanding missingness
and guiding its handling; theory and concepts are covered, such as missing
values mechanism, likelihood methods, and imputation.

2. Multiple imputation: introduction to popular methods of multiple imputation
(joint modeling and fully conditional), how to correctly perform multiple
imputation and limits of imputation methods.

3. Principal component methods: introduction to methods exploiting low-rank
type structures in the data for visualization, imputation and estimation.

4. Speci�c data or applications types: lectures covering in details various sub-
problems such as missing values in time series, in surveys, or in treatment
e�ect estimation. Indeed, certain data types require adaptations of standard
missing values methods (for instance handling the time dependence in time
series [Moritz and Bartz-Beielstein, 2017]) or additional assumptions about the
impact of missing values (such as the impact on confounded treatment e�ects
in the causal inference context [Mayer et al., 2020]). But also more in-depth
material, for instance video recordings from a virtual workshop onMissing
Data Challenges in Computation, Statistics and Applications7 held in 2020.

7. https://www.ias.edu/math/mdccsa
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5. Implementations: a non-exhaustive list of detailed vignettes describing func-
tionalities of R packages and of Python modules that implement some of the
statistical analysis methods covered in the other lectures. For instance, the
functionalities and possible applications of themissMDA R package are pre-
sented in a brief summary, allowing the reader to compare the main di�erences
between this package and themice package which is also summarized using
the same summary format.

Figure 9.1 illustrates two views of the lectures page: Figure 9.1A shows a collapsed
view presenting the di�erent topics, Figure 9.1B shows an example of the expanded
view of one topic (General tutorials), with a detailed description of one of the lecture
(obtained by clicking on its title), �Analysis of missing values� by Jae-Kwang Kim.
Each lecture can contain several documents (as is the case for this one) and is brie�y
described by a header presenting its purpose.

Lectures that we found very complete and thus recommend are:

� Statistical Methods for Analysis with Missing Databy Mauricio Sadinle (in
�General tutorials�)

� Missing Values in Clinical Research � Multiple Imputationby Nicole Erler (in
�Multiple imputation�)

� Handling missing values in PCA and MCAby François Husson. (in �Missing
values and principal component methods�)

(a) Collapsed view (b) Extract

Figure 9.1 � Lectures overview.

The purpose of these lectures is to provide either an introduction or a deeper
understanding of the statistical problems and proposed solutions in terms of their
(mathematical) derivation and theoretical scope. The focus is thus less on a practical
illustration on real data or a systematic comparison of all methods for a same
statistical problem. This aspect is covered by the work�ows as will be explained in
more detail in Section 9.3.
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