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Statistical data table analysis

. . Pelvic X- . Time in
Patient ID Weight ray Accident ICU (h)

Falling

1 NA Normal (from a NA
height)
Falling

2 85 NA (from a 2
height)

Car-
3 80 NA pedestrian NA
accident

Falling

4 50 Normal (from a 2
height)
Falling

5 73 NA (from own NA
height)
Falling

6 NA NA (from own NA
height)

Data table

(multivariate data)

low-rank
methods

Analysis methods
(estimation)

Interpretable
data summaries,
Impute missing values



Statistical data table analysis
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Patient ID Weight ray Accident ICU (h)
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1 NA Normal (from a NA
height)
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height)
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3 80 NA pedestrian NA
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height)
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height)

Data table

(multivariate data)

low-rank
methods

Interpretable
data summaries,
Impute missing values

Analysis methods
(estimation)

« Old » problem: multivariate data analysis methods data back
to the early 20th century (Pearson, 1901 and Hotelling, 1933)



Modern data tables

High-dimensional Multi-source Heterogeneous Incomplete
« medical registry * patients across - gualitative attributes + nonresponse
(20,000x250) hospitals (prof. activity) phenomenon
« genomics data set « aggregation of - quantitative features < machine failures
(1,000x100,000) experiments (age, income) _
* unaccessible data
 Netflix data « combining data - discrete features
(800,000x20,000) sources (survey (species counts)
data,
experimental
results, web

scraping)



Modern data tables

High-dimensional Multi-source Heterogeneous Incomplete
« medical registry * patients across - qualitative attributes < nonresponse
(20,000x250) hospitals (prof. activity) phenomenon
« genomics data set « aggregation of - quantitative features < machine failures
(1,000x100,000) experiments (age, income)
* unaccessible data
 Netflix data « combining data - discrete features
(800,000x20,000) sources (survey (species counts)
data,
experimental
results, web
scraping)

Need for new models, theory, software
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Example: Traumabase data set

(20,000 individuals, 250 attributes)

Patient ID Weight Pe';’;; X-
1 NA Normal
2 85 NA
3 80 NA
4 50 Normal
5 73 NA

Pitié-
Salpétriere

*

Multi-source

NA NA

Accident

Falling
(from own
height)

Falling
(from a
height)

Car
accident

Falling
(from a
height)

Car
accident

Falling
(from a
height)

Time in
ICU

NA

NA

NA

NA

Age

84

64

35

NA

22

14

On call

Non

Non

Non

Non

Non

Non

DC

NA

NA

Non

NA

NA

NA

 Finding predictors of
mortality = predictive
models

+ Describe the patients
population = exploratory
data analysis




Example: Waterbirds data set

(23 species, 785 sites, 28 years, 17 covariates)

Common pochard (canard milouin)

Site Year Rain Eco Country Agri

Site 2008 2009 2010 1 2008 163.7 0.8 Algeria 16.2
1 NA 0 0 2008 60.7 0.8 Algeria 16.2
2 4 50 25 2008 227.9 0.8 Algeria 16.2
3 NA O @007 2008 174.8 0.8 Algeria = 16.2
4 NA NA NA 2008 163.7 0.8 Algeria 16.2
5 NA  NA NA 2008 230.7 0.8 Algeria = 16.2
6 0 0 0 2008 2435 0.8  Algeria 16.2
7 5 5 | 870 2008 262.6 0.8 | Algeria 16.2
8 9 34 0 2008 1973 0.8  Algeria 16.2
9 10 8 30

2008 227.9 0.8 Algeria 16.2
1 2009 255.1 -1.2 Algeria 16.1
2 2009 179.8 -1.2 Algeria 16.1

NA 182 27

-
o

 Two sources of data: bird censuses and web-scraping
- Estimate population trends and select important covariates

38




Low-rank matrices

Al,l Al,g e Al,me
Az 1 Az o oo Aoy, Ay € X
A = 5 = (Aj;) € &M
Aml—l,l Am1—1,2 s s Aml—l,mg
B Aml,l Am1—1,2 e o Aml,mg |

A.,Q c X"




Row and column vector
spaces

0.4

0.2

change of

0.0

basis

-0.2

>
-0.4

-0.4 -0.2 0.0 0.2

04

The rows are of dimension 3 but lie in a 2-dimensional subspace
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Singular value decomposition

A= [U ... U] 0

-~ E o, (A) v

new coordinates (norm.)

\ . J

new basis

A = UXV ': singular value decomposition (SVD)

Number of parameters: 7(mi + mo — 1) < mymo

The rank controls: < Computational cost
* Model complexity
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Low-rank models and approximations

Main idea: replace a data table by a low-rank matrix
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Low-rank models and approximations

Main idea: replace a data table by a low-rank matrix

Data table Z O
Example of model:
xamp ode (obse.rva&mtr\s) Y (X )

»um:&mn/‘
(hoisy) LO'M-‘TO\MR makrix

(Lnikknowin)
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Low-rank models and approximations

Main idea: replace a data table by a low-rank matrix

Daka table / O
E le of del:
xampie of mode (obse.rva&mms) Y (X )

»um:&mn/‘
(hoisy) Lomwa\mw makrix

(Lnikknowin)

data fitting berm

v

Estimate the low-rank minimize d(Ya F (X))
matrix: subject to rank(X) <r
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Low-rank models and approximations

Main idea: replace a data table by a low-rank matrix

Data kable O
E le of del:
xample of model: 10 7 Y — (X )

Pu&\c‘,&oh/‘
(hoisy) Low*ra\mk makrix

(unikenowin)

data fitting berm

v
N A
Estimate the low-rank ININIMIZE d(YaF (X))
matrix: Ksubject to rank(X) <r B

Intractable problem

in general
15



Nuclear norm heuristics

minimize d(Y,F (X))
subject to rank(X) <r

Intractable

—

minimize d(Y,F(X))+ M || X,

16

Convex relaxation




Nuclear norm heuristics

minimize d(Y,F (X))
subject to rank(X) <r

Intractable

—

minimize d(Y,F(X))+ M || X,

Convex relaxation

rank (X) ’j
nuclear norm: || X ||, = Z o (X)

17

k=1




Nuclear norm heuristics

minimize d(Y,F (X)) ..
subject to rank(X) <r minimize d(Y, F (X)) + A[[X]],

Intractable

rank (X) ’j
nuclear norm: || X ||, = Z o (X)

k=1
Theory, software, numerous applications:

Candes and Recht (2009), Recht et al. (2010), Candes and Plan (2010), Candes
and Tao (2010), Recht (2011), Keshavan et al. (2010), Agarwal et al. (2012),
Klopp (2014), Hastie et al. (2015), Udell et al. (2016)
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Nuclear norm heuristics

minimize d(Y,F (X)) ..
subject to rank(X) <r minimize d(Y, F (X)) + A[[X]],

Intractable

rank (X) ’j
nuclear norm: || X ||, = Z o (X)

k=1
Theory, software, numerous applications:
Candes and Recht (2009), Recht et al. (2010), Candes and Plan (2010), Candes

and Tao (2010), Recht (2011), Keshavan et al. (2010), Agarwal et al. (2012),
Klopp (2014), Hastie et al. (2015), Udell et al. (2016)

Mostly for incomplete numeric data, or heterogeneous data
without multi-source aspect
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Nuclear norm heuristics

minimize d(Y,F (X)) ..
subject to rank(X) <r minimize d(Y, F (X)) + A[[X]],

Intractable

rank (X) ’j
nuclear norm: || X ||, = Z o (X)

k=1
Theory, software, numerous applications:
Candes and Recht (2009), Recht et al. (2010), Candes and Plan (2010), Candes

and Tao (2010), Recht (2011), Keshavan et al. (2010), Agarwal et al. (2012),
Klopp (2014), Hastie et al. (2015), Udell et al. (2016)

Extend convex low-rank matrix completion to multi-source,
and heterogeneous data simultaneously
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Objectives of this thesis

1. Provide theoretically sound models adapted to multi-source,

heterogeneous and incomplete data simultaneously

> Hybrid low-rank structures
> Heterogeneous data fitting terms
> Upper and lower bounds on estimation errors

2. For these models, provide estimation methods and empirically
robust software solutions

> Optimization algorithms
> Implementation of R packages
> Numerical results

3. Confront the methods to applications in life sciences

> Analysis of a waterbird abundance data set
> Imputation of a medical reqgistry
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Objectives of this thesis

1. Provide theoretically sound models adapted to multi-source,

heterogeneous and incomplete data simultaneously

> Hybrid low-rank structures
> Heterogeneous data fitting terms
> Upper and lower bounds on estimation errors
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= heterogeneous

Main effects and interactions in@and
incomplete data frames (MIMI)

Site Year

1 2008

Site = 2008 2009 2010 2 2008
1 NA 0 0 3 2008
2 4 50 25 4 2008
3 NA 0 0 S 2008
4 NA NA NA 6 2008
5  NA M 7 2008
6 0w 0 0 8 2008
7 5 75 870 9 2008
8 9 34 0 10 2008
9 10 8 30 1 5009
10 NA 182 27 5 2009

Data frame Y (m; x my)

23

Rain
163.7
60.7
227.9
174.8
163.7
230.7
243.5
262.6
197.3
227.9
255.1
179.8

Eco
0.8
0.8
0.8
0.8
0.8
0.8
0.8
0.8
0.8
0.8
-1.2
-1.2

Country

Algeria
Algeria
Algeria
Algeria
Algeria
Algeria
Algeria
Algeria
Algeria
Algeria
Algeria
Algeria

Side information U (mymsy x N)

Agri
16.2
16.2
16.2
16.2
16.2
16.2
16.2
16.2
16.2
16.2
16.1
16.1



Statistical model

Data frame: random (noisy) observations

Yi; . NA ... Y] 1 .0 1
Y2,1 NA E IV\d@.PQV\d@.V\& : 1 O
Y= : Y. . : ‘ . : Q= 1
* l,] . 1
_le,l NA my,my | E : i 1 O 1_
independent entries with : E
parametric model: : :
: : independent Bernoulli
Y N : : random variables:
sz'j (y) _Tf’L] (y7XZj) ; E
Prcb&b/:i.ifzj Knowir u,m}\c:}wh E E
. ‘{U‘J’\ﬁ&i‘c}h ! : :IP)(Q/L ] — ].) — 7-‘-@] > O
dems&v Parame&er , : )
function E :

24



Exponential family model

flc;;,- (y) = h; (y) eXP(sz'j — G (Xij))

_J/
~~ N

base function: J; — R link function: R — X



Exponential family model

flc;;,- (y) = h; (y) eXP(sz'j — G (Xij))

\ _J/ _J
~~ N

base function: J; — R link function: R — X

Exam[z:te. 1:
(humeric variables)

hy(y) = (2m02) 12 exp(—y?/207) } N (z,0°)

g, (:E) 2.0 /2 (Graussian)

20



Exponential family model

flc;j (y) = h; (y) exp(sz'j - gj(Xij))

\ _J/ _J
~~ N

base function: J; — R link function: R — X

Exampt& R
(binary variables)

hj(y) =1 B(1/(1 + exp(~2)))
gj (x) — log(l T eXp(.CI?)) } (Bernoulli)

27



Exponential family model

flc;;,- (y) = h; (y) eXP(sz'j — G (Xij))

J/

_J/
~~ N

base function: J; — R link function: R — X

Examyi& 3:
(discrete variables)

hi(y) =1/y! } P(exp(az))

gj(x) = explax) |  (Poisson)

28



Log-likelihood & side information

"1, TNo

LY, Q) =) ¥ Qi;(=Y,; X+ 9;(Xi;))

( i=1 j=1
Parameter of parametric model:

side nformation included in parameter space
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Log-likelihood & side information

"1, TNo

L(X;Y,Q) LLQ” =Y i X +9;(Xi5))

1=1 5=1
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Log-likelihood & side information

"1, TNo

LIX,Y, Q) LLQZJ —Y;; X5 +9;(Xi5))

1=1 5=1

Sparse main effects and Low-rank interactions:

Xi,j — <u7;j,oz>—|—@z-,j X :ZakUk—l—@
k=1
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Log-likelihood & side information

"1, TNo

LIX,Y, Q) LLQJ —Y;; X5 +9;(Xi5))

1=1 5=1

Sparse main effects and Low-rank interactions:

covariates

N
o
Xi; = (uig, ) + O X=> aqU'+®
k=1

main effects
of covariates

32



Log-likelihood & side information

"1, TNo

LIX,Y, Q) LLQJ —Y;; X5 +9;(Xi5))

1=1 5=1

Sparse main effects and Low-rank interactions:

Xij = (uij,a) + O ; X :ZakUk‘|—@
k=1

itnbteractions
(residuals)
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Log-likelihood & side information

"1, TNo

LIX,Y, Q) LLQJ —Y;; X5 +9;(Xi5))

1=1 5=1

Sparse main effects and Low-rank interactions:

i/me.o'\ ciw:i:;omarv

Xij = (uij,a) + O ; X = Z OékUk + ©
k=1
SPO\T’SQ
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Log-likelihood & side information

"1, TNo

LIX,Y, Q) LLQZJ —Y;; X5 +9;(Xi5))

1=1 5=1

Sparse main effects and Low-rank interactions:

Xij = (Uij, @) + ©; X = ZakUk T (?
k=1

Low=-ranlk
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Log-likelihood & side information

"1, TNo

LY, Q) =) > (=Y ; X5+ g;(Xi )

1=1 5=1

Sparse main effects and Low-rank interactions:

N
X, = <Uz'j7 &> —I_x’j X = Z()ék;Uk —|—x
k=1

1/ Only main effects: (Sparsa) Greneralized
Linear Model (GLm)

[Friedman et al. (2010), Pannekoek and van
Strien (2001)]

36



Log-likelihood & side information

"1, TNo

LY, Q) =) > (=Y ; X5+ g;(Xi )

1=1 5=1

Sparse main effects and Low-rank interactions:

X ;= <xx> + O, ; X = %Uk + ©
k

2/ 0&\13 tnbkeractions: Convex Low-ranlke mwakrix
&ompl&&om

[Candes and Recht (2008), Agarwal et al. (2011), Klopp (2014), Lafond
(2015),Udell et al. (2016), Kumar and Schneider (2017)]
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Log-likelihood & side information

"1, TNo

LY, Q) =) > (=Y ; X5+ g;(Xi )

1=1 5=1

Sparse main effects and Low-rank interactions:

X, ;= (uij, ) + O, X =) aU+6
k=1

Low-rail [ai.u,s sparse c&eaomyosiﬁow

(,0) € argmin £(o, ®:Y, Q) + \[|O]x + N2l
subject to ||a|le < a, H@HOO < a,

38




Low-rank plus sparse matrix
decomposition

Y=L+S5
f ;;o\rse

Llow=-ranie

39



Low-rank plus sparse matrix
decomposition

Y=L+S

f o
Spm*se
Low=-ranie
1/ No wnoise
Both components can be recovered minimize HLH* + >\HS || 1
exactly via convex optimisation Subject to L; e S; 5= if €), 5= 1

Chandrasekaran et al. (2011), Hsu et al. (2011), Candes et al. (2011), Xu et al.
(2010), Mardani et al. (2013)

40




Low-rank plus sparse matrix
decomposition

Y=L+S5+¢
%

Additive noise

R/ Nc:wisj observakions

Both components can be estimated with minimax optimal error

minimize >0 >0 Q4 5(Yi; — Lij — Si5)° + Ml Ll + A2l Sl
subject to ||L||oo < a, [|S]|cc < a

[Agarwal et al. (2012), Klopp et al. (2017)]
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Low-rank plus sparse matrix
decomposition

Y=L+S5+¢&
o

Additive noise

R/ Noisv observakions

Both components can be estimated with minimax optimal error

minimize >0 >0 Q4 5(Yi; — Lij — Si5)° + Ml Ll + A2l Sl
subject to ||L||oo < a, [|S]|cc < a

[Agarwal et al. (2012), Klopp et al. (2017)]

Two-fold generalisation:
» - heterogeneous exponential family noise
- general sparsity pattern

42




Target parameters




Target parameters

Definition:

V(i,j) € [ma] x [m2], X3, = argmin, g {—E[Y; ]z + g;(z)}

N
Decomposition: XY = E OégUk —+ @O
k=1

44




Target parameters

Definition:

V(i,j) € [ma] x [m2], X3, = argmin, g {—E[Y; ]z + g;(2)}

N
Decomposition: XY = E OégUk —+ @O

k=1

Specification:

s = min {||a|lo + rank(©®)}
XO:Z]kvzl CVkUk+@

(a’, @Y%) e argminyo_s-v . ki@ |al|o
|||o+rank(@®)=s

45




Main assumptions
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Main assumptions
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Main assumptions

Model: Vk € [N], a, #0, (U*,0°) =

HO‘O’ o = a, H@OHoo <a

Missing values: V(7,7) € [m1] X [m2], cip <75 < cap, p >0

. . 5
Noise: Vi e [ma], g; is C
Ve € R, |z| < (1 + 2)a,Vj € [ms], 02 < g7 (z) < 0'_2|_

Vz € R, |z| <7, E[ez(Yi,j_E[}fi,j])] < 072 /2

48




Main assumptions

Model: V& € [N], ap #0, (U", 0% =0

[0’ < a, |©° < a

Missing values: V(7,7) € [m1] X [m2], cip <75 < cap, p >0

. . 9
Noise: Vj € [ma]], g; is C
Ve € R, |z| < (1 + 2)a,Vj € [ms], 02 < g; (r) < o

Vz € R, |z| <7, E[GZ(Yi,j—E[E,j])] < 0072 /2

Dictionary: Vk € [N], HUIjVHoo <1
V (i,5) € [ma] x [ma], Y US| < a
k=1

Va € RY, o' Ga > k?||a|3, where G is the Gram matrix of (U, ..., U")

49




Statistical guarantees

Theorem (Robin et al. 2019)

Set: A1 = 2c* o \/pm1 V malog(mi +ma), A > 24 max |U* |1 log(my + m2) /~

Assume: mi V mg > max{4o? /7°log®(v/m1 Ama),2exp(c} /v° A oiy(1+ a))}

50




Statistical guarantees

Theorem (Robin et al. 2019)

Set: A1 = 2c* o \/pm1 V malog(mi +ma), A > 24 max |U* |1 log(my + m2) /~

Assume: mi V mg > max{4o? /7°log®(v/m1 Ama),2exp(c} /v° A oiy(1+ a))}

Then, with probability at least 1 — 10(m; + ma) ™" :

0 Uk
o0 — a2 < Jo%llo maxe 0]y
P K

10" — (;)H2 < rank(@°)(my V my) I 1a]|g maxy, [|[U*||;
S . ;

51




Statistical guarantees

0 k
a0 — a2 < [a”llo  maxg [U]]y
p K2
rank(©°)(m1 Vmg) | ||a’|lo maxy |U"||;

|©° - O|F < |
p p

52



Statistical guarantees

0 Uk
ot — a2 < 1%l maxe [
P K

ank(@())(ml V mo) | |a]|o maxy, HUkHl

p

Usual Low-ranle
nakrix a‘:ompi.eﬁom
rale
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Statistical guarantees

0 Uk
ot — a2 < 1%l maxe [
P K

100 — &2 < ank(@())(ml V ms)

p
Usual Llow=-ranie lm&@_rF{'Qj wLE
malrix completion main effects

rake
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Statistical guarantees

. la®llo  maxy, [U”]
la” —allz < X >
D K
rank(©°)(m1 Vmg) | ||a’|lo maxy |U"||;

RN CIEALS
| iz " | .

55



Statistical guarantees

Usual sparse rate
. Low=-ranle + sparse

rank(®")(my Vma)  [la’|lo maxy 1U" |1

RN CIEALS
| iz " | .

56



Statistical guarantees

Effect of dict lonary

man ||UkH1
X 2
K

Usual sparse rate
. Low=-ranle + sparse

rank(®")(my Vma)  [la’|lo maxy 1U" |1

RN CIEALS
| i3 " | .

o7



Objectives of this thesis

2. For these models, provide estimation methods and empirically
robust software solutions

> Optimization algorithms
> Implementation of R packages
> Numerical results
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Optimization problem

(6,0) € argming, @) L(fy(a) + €Y, Q) + M ||| + Aol
subject to  ||a|le < a,||O]| < a,

59



Optimization problem

(6,0) € argming, @) L(fy(a) + ©:;Y, Q) + M |O|]. + Aol
subject to |||l < a,||O] < a,
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Optimization problem

(6,0) € argming, @) L(fy(a) + ©:;Y, Q) + M |O|]. + Aol
subject to |||l < a,||O] < a,

(&, ®) € argmin L(fy(a) + O: Y, Q) + A1 |1O]|« + X2l
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Optimization problem

(6,0) € argming, @) L(fy(a) + ©:;Y, Q) + M |O|]. + Aol
subject to |||l < a,||O] < a,

separable

(&, ®) € argmin L(fy(a) + O: Y, Q) + A1 |1O]|« + X2l
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Optimization problem

(6,0) € argmin, g L(fu(a) +O;Y, Q) + A\ O] + Xzl
subject to |||l < a,||O] < a,

separable

(&, ®) € argmin L(fy(a) + O: Y, Q) + A1 |1O]|« + X2l

Algorithm:
Block coordinate gradient
descent (BCGD)

Idea:

Update the parameters (v
and (= alternatively along
descent directions

63



Sketch of the algorithm

Algorithm 1 BCGD algorithm.

1: Initialize: — 0?9, 00 Eg., (o, ©0) = (0,0).

2. fort=1,2,....,T do

3: // Compute quadratic approxzimation //

Taylor expansion with additional strongly convex quadratic term
// Update for o //

Compute descent direction (weighted LASSO problem)
Perform Armijo line search to compute the step size

// Update for ® //

Compute descent direction (weighted softimpute problem)
10:  Perform Armijo line search to compute the step size

11: end for

12: Return: o7, ©!T

© o N B

64



Quadratic approximation

of f(a,®)=L(fy(a)+ ©;Y,N)around (o, ©)

fla+dy,®+de) = fla,®) + A(fy(a) + ©,dy, de )
+o(|ldall5 + llde || 7)

residual

65



Quadratic approximation

of f(a,®)=L(fy(a)+ ©;Y,N)around (o, ©)

fla+dy,®+de) = fla,®) + A(fy(a) + ©,dy, de )
+o(|ldall5 + llde || 7)

30

| v
S T~ data fikting term

10
|




Quadratic approximation

of f(a,®)=L(fy(a)+ ©;Y,N)around (o, ©)

fla+dy,®+de) = fla,®) + A(fy(a) + ©,dy, de )
+o(|ldall5 + llde || 7)

pu—

o
™

| v
S T~ data fikting term

—
«—

current o
Fc} vk I I | | I I




Quadratic approximation

of f(a,®)=L(fy(a)+ ©;Y,N)around (o, ©)

fla+dy,®+de) = fla,®) + A(fy(a) + ©,dy, de )
+o(|ldall5 + llde || 7)

o
™

. o
N

T~ data fikting term

—
-

current o T ajiar @_xpo\msmw

FOME




Quadratic approximation

of f(a,®)=L(fy(a)+ ©;Y,N)around (o, ©)

fla+dy,®+de) = fla,®) + A(fy(a) + ©,dy, de )
+o(|ldall5 + llde || 7)

o
™

N T~ data fikting term

—
-

current o T ajiar @_xpo\msmw

FOME




Quadratic approximation

of f(a,®)=L(fy(a)+ ©;Y,N)around (o, ©)

fla+dy,®+de) = fla,®) + A(fy(a) + ©,dy, de )
+o(|ldall5 + llde || 7)

30

20

10




Quadratic approximation

A(X,d,,de) = —QS‘S‘% 71X, 5](fu(do)i; + de;. ;)
1=1 g=1
Y Y wi[ X l(fu(da)iy + dei ) + vlldall3 + vlde |3
1=1 9=1

wijle] = Qg (@)/2 . Zijlel = (Y — g(@)) /g (@)
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Quadratic approximation

"1 Mo

A(X d d@ —2 S‘ S‘wzj X’L J](fU(d )7/7] —|_ d@ZJ)

1=1 g=1

mnm1 Mo

Y Y wi[ X l(fu(da)iy + dei ) + vlldall3 + vlde |3
1=1 9=1

wijle] = Qg (@)/2 . Zijlel = (Y — g(@)) /g (@)

Important point: it is guadratic
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Update for «

1/ Search direction: d!) € argmin g~ {A(X[t],d, 0) + Aof|a!t + d||1} .

A

quadratic

term penalty
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Update for «

1/ Search direction: d!) € argmin g~ {A(X[t],d, 0) + Aof|a!t + d||1} .

A

quadratic

term penalty

. { '
2/ Line search: T(Eé] largest element of {Tinitﬁj };‘;O satisfying

strict descent

fatth 4 78 gl ety 4+ xy |l + 784l < f(ald, @) + Xy |||, + 7 H¢rl
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Update for «

1/ Search direction: d!) € argmin g~ {A(X[t],d, 0) + Aof|a!t + d||1} .

A

quadratic

term penalty

. { '
2/ Line search: T(Eé] largest element of {Tinitﬁj };‘;O satisfying

strict descent

f(a + 7Hglt @l 4 X, ||l T([f]d[t]ngf(a[t],@[t]) Ao |ty + ¢t

«

3/ Update: altt = ot 4 £l gl
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Update for ®

1/ Search direction: d[(f)] ;= argmin {A(X[t+1/2], 0,d) + M\ ||O + dH*}

"1 M9

& argmingegmomy ¥ Y (v +wi [ X EN(ZETE —©:5)% + M ]©).

,] 1)

weighted norm (positive weights)

nuclear norm
penalty

weighted version of softimpute (Hastie et al. 2015) —> iterative SVD
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Update for ®

1/ Search direction: d[(f)] ;= argmin {A(X[t+1/2], 0,d) + M\ ||O + dH*}

"1 M9

& argmingegmy xmo >: >:(V + Wi [Xiffl/Q]])(ZE-H/Q] — @z’,j)2 + \1[|O]].
i=1 j=1

nuclear norm

weighted norm (positive weights) penalty

weighted version of softimpute (Hastie et al. 2015) —> iterative SVD
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Update for ®

1/ Search direction: d[(f)] ;= argmin {A(X[t+1/2], 0,d) + M\ ||O + dH*}

"1 M9

& argmingegmomy ¥ Y (v +wi [ X EN(ZETE —©:5)% + M ]©).

2,] ]

1=1 5=1
nuclear norm

weighted norm (positive weights) penalty

weighted version of softimpute (Hastie et al. 2015) —> iterative SVD

2]

. t '
2/ Line search: Te largest element of {Tinitﬁ‘7 };'X;O satisfying

f(oz[t+1], el + Tg]d[(f)]) + )\1H@[t] + Tg]d[(f)]H*
< f(al1, 1) + A y[|@1 ), + 78T

3/ Update: eltl — el 1 Tg] d[cf)]
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Convergence of BCGD algorithm
F(o,©) = L(fu(a) + ©;Y, Q) + M1 [O]]. + Aa|o;

Theorem (Robin et al. 2019)
Under the assumptions previously stated:

Fall el - F(a, ©)

Proof: Tseng and Yun (2009) + compact level sets
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R package mimi

® > The Comprehensive R Archive X +

Cliquer pour revenir en arriére, maintenir pour ct.org
voir 'historique

:zx Applications B4 Boite de réception... € The Comprehensi... =l Google Groupes » Pensées - YouTube Accueil - Dropbox D Co.8,5dl Nomenclature : La...

mimi: Main Effects and Interactions in Mixed and Incomplete I
Data

Generalized low-rank models for mixed and incomplete data frames. The main function
may be used for dimensionality reduction of imputation of numeric, binary and count data

CRAN (simultaneously). Main effects such as column means, group effects, or effects of row-
Mirrors column side information (e.g. user/item attributes in recommendation system) may also be
What's new? rpodelled in addition to the low-rank model. Genevieve Robin, Olga Klopp, Julie Josse,
Task Views Eric Moulines, Robert Tibshirani (2018) <arXiv:1806.09734>.

1 1install.packages("mimi™)

2 library(mimi)

3 data <- read.table("mydatafile.txt")

4 var.type <- c(rep("gaussian", 15), rep("binomial”, 10))

5 model <- "low-rank™

6 rescv <- cv.mimi(y, model=model, var.type=var.type)

7 res <- mimi(y, model=model, var.type=var.type, lambdal=rescv$lambda,

8 algo="bcgd")
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[Robin et al. 2018]
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Simulations: multilevel mixed data

(% 1n
Y, T no
Y = : . Y:(Y,l Y,Q Y,m2)
\ Y. inK Columns of different types

(numeric, binary, etc.)
150 individuals in 5 groups

(schools, hospitals, etc.)
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Simulations: multilevel mixed data

(% 1n
Y, T no
Y = : . Y:(Y,l Y,Q Y,m2)
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Simulations: multilevel mixed data
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Y, T no
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Simulations: multilevel mixed data
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Simulations: multilevel mixed data
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Y, T no
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Simulations: multilevel mixed data
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Compared methods

softimpute (Hastie et al., 2015): method for numeric data based on soft-
thresholding of singular values (R package softimpute).

Generalized Low-Rank Model (GLRM, Udell et al. 2016): matrix
factorization framework for mixed data (h2o package glrm).

Factorial Analysis of Mixed Data (FAMD, Pages 2015): principal
component method for mixed data (R package missMDA, Josse and
Husson, 2016).

Multilevel Factorial Analysis of Mixed Data (MLFAMD, Husson et al.
2018): extension of FAMD to multilevel data (R package missMDA).

Multivariate Imputation by Chained Equations (mice, van Buuren and
Groothuis- Oudshoorn 2011): multiple imputation using Fully Conditional
Specification (R package mice).
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Compared methods

softimpute (Hastie et al., 2015): method for numeric data based on soft-
thresholding of singular values (R package softimpute).

Generalized Low-Rank Model (GLRM, Udell et al. 2016): matrix
factorization framework for mixed data (h2o package glrm).

Factorial Analysis of Mixed Data (FAMD, Pages 2015): principal
component method for mixed data (R package missMDA, Josse and

Husson, 2016).
) [Husson et al. 2018]

Multilevel Factorial Analysis of Mixed Data (MLFAMD, Husson et al.
2018): extension of FAMD to multilevel data (R package missMDA).

Multivariate Imputation by Chained Equations (mice, van Buuren and
Groothuis- Oudshoorn 2011): multiple imputation using Fully Conditional
Specification (R package mice).
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imputation error (RMSE)

Numerical results

Imputation error (averaged across 100 rep)
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Objectives of this thesis

3. Confront the methods to applications in life sciences

> Analysis of a waterbird abundance data set
> Imputation of a medical reqgistry
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Waterbirds monitoring

- Waterbirds depend upon wetland sites for at least part of their
life cycle

 Important ecosystem service providers (disperser of seeds,
sentinel for epidemics)

« Waterbird monitoring used as surrogate to evaluate global state
of biodiversity

93



Waterbirds monitoring

* Yearly censuses supervised by Wetlands International
* First census in 1967

+ 25,000 sites counted yearly

* Provide information to international conservation organizations
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Waterbirds monitoring in North Africa

Syrie

Méditerranée

Maroc

Egypte
Algérie b

: Li
Sahara | Rye
c

 Biodiversity hotspot

- Last stopover before crossing the Sahara or the Mediterranean
Sea

« Censuses regular since 1983 in Morocco, 1985 in Algeria, 2002
In Tunisia
- Spatial coverage remains variable for financial and political
reasons (Etayeb et al. 2015)
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The waterbirds data set

 Collaboration with the Tour du Valat Institute (Camargue)

« 785 sites in Morocco, Algeria, Tunisia, Libya and Egypt

« Counts between 1990 and 2018 (28 years)

- 23 waterbird species, between 40 and 60% missing values
- Side information: covariates about sites and years

- Goal: estimate yearly totals for each species
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Objectives and approach
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2008
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2008
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60.7
227.9
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163.7
16.2
243.5

Impute the missing values, then compute yearly sums

Include side information to improve the predictions
Estimate covariate effects, select important factors

Compute empirical intervals of variability
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Impute the missing values, then compute yearly sums

Include side information to improve the predictions
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Compute empirical intervals of variability
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Special case of general model with Poisson

entries
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Root Mean Square Error

Empirical performance: Zero-inflated

negative binomial
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RMSE
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Empirical performance: waterbirds
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General conclusion

- New data analysis tools adapted to modern data collection processes
- General framework based on hybrid low-rank models

and heterogeneous exponential families
« Theoretical guarantees, implementations and ecological application
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General conclusion

- New method for count data analysis with covariates and missing values
- Model, estimation, theoretical results
- R package lori

 Analysis of a waterbirds abundance data set

- Results presented at the African-Eurasian Waterbirds Agreement (AEWA)
meeting of parties

- Also at the 21st Conference of the European Bird Census Council

- New method for heterogenous data with missing values and side
information

- Model, estimation, theoretical results
- R package mimi

- Alternative method to impute missing values in multilevel heterogeneous
data (MLFAMD, package missMDA)
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Perspectives

« Extension of the framework to exponential families with multiple
parameters (incorporate a scale parameter)

- Extension to more complex models (zero-inflation and
overdispersion)

-« Extension to non-sparse dictionary matrices (multivariate Gaussians)

- Uncertainty measurement (post-selection inference, Bayesian
perspective, multiple imputation)

- Analysis of several other bird species (ongoing)
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Publications

+ Geneviéve Robin, Hoi-To Wai, Julie Josse, Olga Klopp, Eric Moulines
(2018) Low-rank interactions and sparse additive effects for large data
frames. Advances in Neural Information Processing Systems 31, pp.
5496-5506. Curran Associates, Inc.

 Francois Husson, Julie Josse, Balasubramanian Narasimhan, Genevieve
Robin (2019). Imputation of multilevel mixed data using multilevel singular
value decomposition. Journal of Computational and Graphical Statistics.

- Geneviéve Robin, Julie Josse, Eric Moulines, Sylvain Sardy (2019). Low-
rank models with covariates for count data with missing values. Journal of
Multivariate Analysis 173, 416-434

- Geneviéve Robin, Olga Klopp, Julie Josse, Eric Moulines, Robert
Tibshirani (2019). Main effects and interactions in mixed and incomplete
data frames. Journal of the American Statistical Association (accepted)
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MCGD algorithm

(&, ©) € argmin L(a, ©; Y, Q) + M\ [1O||, + A2l

Algorithm 1 MCGD algorithm

1: Initialize: — ©) o) RO Eg. 000 0 RO =(0,0,0).
2: fort=1,2,...,T do
3: // Update for o //

Compute proximal update using to obtain /().

4:  // Update for (©O,R) //
Compute the upper bound RS% =\ ' F(a®, 0t RE-1)
5:  Compute the conditional gradient update direction, ((;)“), R(t>).

6: end for
7. Return: O1) (1) R(T),
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MCGD algorithm

(&, ©) € argmin L(a, ©; Y, Q) + M\ [1O||, + A2l

upper bound on || Q, H*

Algorlthm 1 MCGD algorithm //

. Initialize: — @) o0f R(O) Eg O o0 RO =(0,0,0).
2: fort—1,2,...,T do

3: // Update for o //
Compute proximal update using to obtain /().

4:  // Update for (©O,R) //
Compute the upper bound RS% =\ ' F(a®, 0t RE-1)
5:  Compute the conditional gradient update direction, (@(t), R(t)).

6: end for
7. Return: O1) (1) R(T),

124



MCGD algorithm

(&, ) € argmin L(a, ©:; Y, Q) + A1 [1O||, + X2||e|1

Algorithm 1 MCGD algorithm

1: Initialize: — ©) o) RO Eg. 000 0 RO =(0,0,0).
2 fort=1 »aT A0 e
/Udate”fo'r*oz//” S |
Compute prox1mal update usmg to obtam oz(t) ‘_"',‘

=1 gradient computation
+
soft-thresholding

Compute the upper bound R(% =\ F(a®, @01 RE-L)
5:  Compute the conditional gradient update direction, (G)(t), R(t>).

6: end for
7. Return: O1) (1) R(T),
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MCGD algorithm

(&, ©) € argmin L(a, ©; Y, Q) + M\ [1O||, + A2l

Algorithm 1 MCGD algorithm

1: Initialize: — ©) o) RO Eg. 000 0 RO =(0,0,0).
2: fort=1,2,...,7T do top singular vectors

3: Updat §
// Update fo.'r' a // . ) soft-thresholding

// Update for (©,R) // )
Compute the upper bound RS% =\ ' F(a®, 0t RE-1)
RN

5:  Compute the conditional gradient update direction, ). I

7. Return: O oT) R(T),
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Convergence of MCGD

. Theorem 1 (Robin et al. 2018)

The MCGD algorithm converges to an E-solution in O(l/e) iterations
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Variability of observations:
fixed missing data pattern

1/nonparametric
bootstrap
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Variability of Observations
& missing data pattern

. 1/nonparametric
bootstrap

l 2/ single imputation
+add missing values

l
I

l
w
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Variability of Observations
& missing data pattern

. 1/nonparametric
i bootstrap

| 2/ single imputation

v ___{+add missing values
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= = - g g _
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Variability between imputation models
(Inter Variability)

. 1/nonparametric

i bootstrap

l l 2/ single imputation

add missing values

X2

|nter varlablllty A

XM
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Variability between imputations
(Intra Variability)

1/nonparametric
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