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Statistical data table analysis
Patient ID Weight Pelvic X-

ray Accident Time in 
ICU (h)

1 NA Normal
Falling 
(from a 
height)

NA

2 85 NA
Falling 
(from a 
height)

2

3 80 NA
Car-

pedestrian 
accident

NA

4 50 Normal
Falling 
(from a 
height)

2

5 73 NA
Falling 

(from own 
height)

NA

6 NA NA
Falling 

(from own 
height)

NA

Data table

(multivariate data)

Analysis methods

(estimation)

Interpretable

data summaries,


impute missing values

low-rank 
methods
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(multivariate data)
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(estimation)

low-rank 
methods

« Old » problem: multivariate data analysis methods data back 
to the early 20th century (Pearson, 1901 and Hotelling, 1933)
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Interpretable

data summaries,


impute missing values



Modern data tables

High-dimensional Multi-source Heterogeneous Incomplete

• patients across 
hospitals


• aggregation of 
experiments


• combining data 
sources (survey 
data, 
experimental 
results, web 
scraping)

• qualitative attributes 
(prof. activity) 


• quantitative features 
(age, income)


• discrete features 
(species counts)

• nonresponse 
phenomenon


• machine failures 


• unaccessible data 
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• medical registry 
(20,000x250)


• genomics data set 
(1,000x100,000)


• Netflix data 
(800,000x20,000)
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• medical registry 
(20,000x250)


• genomics data set 
(1,000x100,000)


• Netflix data 
(800,000x20,000)

Need for new models, theory, software



Example: Traumabase data set  
(20,000 individuals, 250 attributes)

Patient ID Centre Weight Pelvic X-
ray Accident Time in 

ICU Age On call DC

1 Beaujon NA Normal
Falling 

(from own 
height)

NA 84 Non NA

2 Bicêtre 85 NA
Falling 
(from a 
height)

2 64 Non NA

3 Beaujon 80 NA Car 
accident NA 35 Non Non

4 Beaujon 50 Normal
Falling 
(from a 
height)

2 NA Non NA

5 Henri 
Mondor 73 NA Car 

accident NA 22 Non NA

6 Pitié-
Salpêtrière NA NA

Falling 
(from a 
height)

NA 14 Non NA

Multi-source

• Finding predictors of 

   mortality = predictive 

   models

• Describe the patients 

   population = exploratory 

   data analysis

!7



Example: Waterbirds data set 
(23 species, 785 sites, 28 years, 17 covariates)

Common pochard (canard milouin)

• Two sources of data: bird censuses and web-scraping
• Estimate population trends and select important covariates

Site Year Rain Eco Country Agri
1 2008 163.7 0.8 Algeria 16.2
2 2008 60.7 0.8 Algeria 16.2
3 2008 227.9 0.8 Algeria 16.2
4 2008 174.8 0.8 Algeria 16.2
5 2008 163.7 0.8 Algeria 16.2
6 2008 230.7 0.8 Algeria 16.2
7 2008 243.5 0.8 Algeria 16.2
8 2008 262.6 0.8 Algeria 16.2
9 2008 197.3 0.8 Algeria 16.2

10 2008 227.9 0.8 Algeria 16.2
1 2009 255.1 -1.2 Algeria 16.1
2 2009 179.8 -1.2 Algeria 16.1

Site 2008 2009 2010
1 NA 0 0
2 4 50 25
3 NA 0 0
4 NA NA NA
5 NA NA NA
6 0 0 0
7 5 75 870
8 9 34 0
9 10 8 30
10 NA 182 27
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Low-rank matrices

A =

2

666664

A1,1 A1,2 . . . A1,m2

A2,1 A2,2 . . . A2,m2

...
Am1�1,1 Am1�1,2 . . . Am1�1,m2

Am1,1 Am1�1,2 . . . Am1,m2

3

777775
= (Ai,j) 2 Xm1⇥m2

<latexit sha1_base64="Y9b21yxRB4iAMpn4vl3iuV9hxek="></latexit><latexit sha1_base64="FukqWG49+kTk3Y7IA9sJbt3nHVo="></latexit><latexit sha1_base64="FukqWG49+kTk3Y7IA9sJbt3nHVo="></latexit><latexit sha1_base64="LImmtkpQimFdkg0d3T09T7XY438="></latexit>

A2,. 2 Xm2
<latexit sha1_base64="1a0H65Qa+/c0mqxCAcXED0lALDs="></latexit><latexit sha1_base64="GgkU3SZskLzI10InD8x71zJ81IU="></latexit><latexit sha1_base64="GgkU3SZskLzI10InD8x71zJ81IU="></latexit><latexit sha1_base64="8360FthFVN6qXZO+Pqdi+DR9LFs=">AAACJnicbVC7TsMwFHXKq5RXgZHFokLqgKqkC4wFFsYi0YfUlMhx3Naq7US2g1RZ+QW+gw9ghU9gQ4iNjd8gSTPQliNZOjrnXt+j40eMKm3bX1ZpbX1jc6u8XdnZ3ds/qB4edVUYS0w6OGSh7PtIEUYF6WiqGelHkiDuM9LzpzeZ33skUtFQ3OtZRIYcjQUdUYx0KnnVupv/YSQJEnPlmeZ5I3GpcDnSE4yY6ScPhnvNJPGqNbth54CrxClIDRRoe9UfNwhxzInQmCGlBo4d6aFBUlPMSFJxY0UihKdoTAYpFYgTNTR5mgSepUoAR6FMn9AwV/9uGMSVmnE/ncySqmUvE//zBrEeXQ4NFVGsicDzQ6OYQR3CrB4YUEmwZrOUICxpmhXiCZII67TEhStKcyRnMsiacZZ7WCXdZsOxG86dXWtdFx2VwQk4BXXggAvQAregDToAgyfwAl7Bm/VsvVsf1ud8tGQVO8dgAdb3L+VOp28=</latexit>

A.,2 2 Xm1
<latexit sha1_base64="0zD4Gw14QfWjRss5erUdUH3IEzo="></latexit><latexit sha1_base64="ArhG5X9ZNSNnlrZEF+bMdI8JYBk="></latexit><latexit sha1_base64="ArhG5X9ZNSNnlrZEF+bMdI8JYBk="></latexit><latexit sha1_base64="F5/dQcei8g/qdAQRD5coxA22RxE=">AAACJ3icbVBLTsMwFHTKr5RfgCWbiAoJJFQl3cCywIZlkehHakLkOG5r1XYi20GqrJyBc3AAtnAEdgiWrLgGTtsFbRnJ0mjmPb/RRCklUrnul1VaWV1b3yhvVra2d3b37P2DtkwygXALJTQR3QhKTAnHLUUUxd1UYMgiijvR6KbwO49YSJLwezVOccDggJM+QVAZKbTP/MkfOqIZzvVVqGvn9dwn3GdQDRGkups/aBZ6eR7aVbfmTuAsE29GqmCGZmj/+HGCMoa5QhRK2fPcVAUaCkUQxXnFzyROIRrBAe4ZyiHDMtCTOLlzYpTY6SfCPK6cifp3Q0Mm5ZhFZrJIKhe9QvzP62WqfxlowtNMYY6mh/oZdVTiFP04MREYKTo2BCJBTFYHDaGASJkW565IxaAYi7hoxlvsYZm06zXPrXl3brVxPeuoDI7AMTgFHrgADXALmqAFEHgCL+AVvFnP1rv1YX1OR0vWbOcQzMH6/gXIK6fl</latexit>

A matrix is of rank 
Rank of a matrix:

r
<latexit sha1_base64="HcBfEf3f28z1b+9Mbj1ci9Vp7BA=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0vehGDXjwmYB6QLGF2djYZMjO7zMwKyxL07lU/wZt49RP8Br/A33DyOJjEgoaiqpvuriDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYVPHqSK0QWIeq3aANeVM0oZhhtN2oigWAaetYHg79lsPVGkWy3uTJdQXuC9ZxAg2VqqrXqnsVtwJ0DLxZqR8/VW8egKAWq/00w1jkgoqDeFY647nJsbPsTKMcDoqdlNNE0yGuE87lkosqPbzyaEjdGqVEEWxsiUNmqh/J3IstM5EYDsFNgO96I3F/7xOaqJLP2cySQ2VZLooSjkyMRp/jUKmKDE8swQTxeytiAywwsTYbOa2aCOwylQ4ssl4izksk+Z5xXMrXt0tV29gigIcwwmcgQcXUIU7qEEDCFB4hhd4dR6dN+fd+Zi2rjizmSOYg/P5C4cbmCA=</latexit><latexit sha1_base64="rLQhTabWx17vRK66+gRbGPSTAl4=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwVRI3uhGLbly2YB/QhjKZTNqhk0mYuRFCKH6AW/0CcSdu/QQ/QfwCf8PpY2FbD1w4nHMv997jJ4JrcJxvq7Cyura+Udy0t7Z3dvdK+wdNHaeKsgaNRazaPtFMcMkawEGwdqIYiXzBWv7wZuy37pnSPJZ3kCXMi0hf8pBTAkaqq16p7FScCfAycWekfPVpXyYvX3atV/rpBjFNIyaBCqJ1x3US8HKigFPBRnY31SwhdEj6rGOoJBHTXj45dIRPjBLgMFamJOCJ+nciJ5HWWeSbzojAQC96Y/E/r5NCeOHlXCYpMEmni8JUYIjx+GsccMUoiMwQQhU3t2I6IIpQMNnMbdEQEZWpYGSScRdzWCbNs4rrVNy6U65eoymK6Agdo1PkonNURbeohhqIIoYe0RN6th6sV+vNep+2FqzZzCGag/XxC5cumZQ=</latexit><latexit sha1_base64="rLQhTabWx17vRK66+gRbGPSTAl4=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwVRI3uhGLbly2YB/QhjKZTNqhk0mYuRFCKH6AW/0CcSdu/QQ/QfwCf8PpY2FbD1w4nHMv997jJ4JrcJxvq7Cyura+Udy0t7Z3dvdK+wdNHaeKsgaNRazaPtFMcMkawEGwdqIYiXzBWv7wZuy37pnSPJZ3kCXMi0hf8pBTAkaqq16p7FScCfAycWekfPVpXyYvX3atV/rpBjFNIyaBCqJ1x3US8HKigFPBRnY31SwhdEj6rGOoJBHTXj45dIRPjBLgMFamJOCJ+nciJ5HWWeSbzojAQC96Y/E/r5NCeOHlXCYpMEmni8JUYIjx+GsccMUoiMwQQhU3t2I6IIpQMNnMbdEQEZWpYGSScRdzWCbNs4rrVNy6U65eoymK6Agdo1PkonNURbeohhqIIoYe0RN6th6sV+vNep+2FqzZzCGag/XxC5cumZQ=</latexit><latexit sha1_base64="vHxHUyuwGaPyblF6g0PjrAytdZU=">AAAB/XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHoxWMLthXaUDabbbt0swm7EyGE4g/wqj/Bm3j1t/gL/Btu2xxs64OBx3szzMwLEikMuu63U9rY3NreKe9W9vYPDo+qxycdE6ea8TaLZawfA2q4FIq3UaDkj4nmNAok7waTu5nffeLaiFg9YJZwP6IjJYaCUbRSSw+qNbfuzkHWiVeQGhRoDqo//TBmacQVMkmN6Xlugn5ONQom+bTSTw1PKJvQEe9ZqmjEjZ/PD52SC6uEZBhrWwrJXP07kdPImCwKbGdEcWxWvZn4n9dLcXjj50IlKXLFFouGqSQYk9nXJBSaM5SZJZRpYW8lbEw1ZWizWdpiMKI60+HUJuOt5rBOOld1z617LbfWuC0yKsMZnMMleHANDbiHJrSBAYcXeIU359l5dz6cz0VrySlmTmEJztcv8gOWUw==</latexit> , noted , if its rows lie in a subspace of dimension   : r

<latexit sha1_base64="HcBfEf3f28z1b+9Mbj1ci9Vp7BA=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0vehGDXjwmYB6QLGF2djYZMjO7zMwKyxL07lU/wZt49RP8Br/A33DyOJjEgoaiqpvuriDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYVPHqSK0QWIeq3aANeVM0oZhhtN2oigWAaetYHg79lsPVGkWy3uTJdQXuC9ZxAg2VqqrXqnsVtwJ0DLxZqR8/VW8egKAWq/00w1jkgoqDeFY647nJsbPsTKMcDoqdlNNE0yGuE87lkosqPbzyaEjdGqVEEWxsiUNmqh/J3IstM5EYDsFNgO96I3F/7xOaqJLP2cySQ2VZLooSjkyMRp/jUKmKDE8swQTxeytiAywwsTYbOa2aCOwylQ4ssl4izksk+Z5xXMrXt0tV29gigIcwwmcgQcXUIU7qEEDCFB4hhd4dR6dN+fd+Zi2rjizmSOYg/P5C4cbmCA=</latexit><latexit sha1_base64="rLQhTabWx17vRK66+gRbGPSTAl4=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwVRI3uhGLbly2YB/QhjKZTNqhk0mYuRFCKH6AW/0CcSdu/QQ/QfwCf8PpY2FbD1w4nHMv997jJ4JrcJxvq7Cyura+Udy0t7Z3dvdK+wdNHaeKsgaNRazaPtFMcMkawEGwdqIYiXzBWv7wZuy37pnSPJZ3kCXMi0hf8pBTAkaqq16p7FScCfAycWekfPVpXyYvX3atV/rpBjFNIyaBCqJ1x3US8HKigFPBRnY31SwhdEj6rGOoJBHTXj45dIRPjBLgMFamJOCJ+nciJ5HWWeSbzojAQC96Y/E/r5NCeOHlXCYpMEmni8JUYIjx+GsccMUoiMwQQhU3t2I6IIpQMNnMbdEQEZWpYGSScRdzWCbNs4rrVNy6U65eoymK6Agdo1PkonNURbeohhqIIoYe0RN6th6sV+vNep+2FqzZzCGag/XxC5cumZQ=</latexit><latexit sha1_base64="rLQhTabWx17vRK66+gRbGPSTAl4=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwVRI3uhGLbly2YB/QhjKZTNqhk0mYuRFCKH6AW/0CcSdu/QQ/QfwCf8PpY2FbD1w4nHMv997jJ4JrcJxvq7Cyura+Udy0t7Z3dvdK+wdNHaeKsgaNRazaPtFMcMkawEGwdqIYiXzBWv7wZuy37pnSPJZ3kCXMi0hf8pBTAkaqq16p7FScCfAycWekfPVpXyYvX3atV/rpBjFNIyaBCqJ1x3US8HKigFPBRnY31SwhdEj6rGOoJBHTXj45dIRPjBLgMFamJOCJ+nciJ5HWWeSbzojAQC96Y/E/r5NCeOHlXCYpMEmni8JUYIjx+GsccMUoiMwQQhU3t2I6IIpQMNnMbdEQEZWpYGSScRdzWCbNs4rrVNy6U65eoymK6Agdo1PkonNURbeohhqIIoYe0RN6th6sV+vNep+2FqzZzCGag/XxC5cumZQ=</latexit><latexit sha1_base64="vHxHUyuwGaPyblF6g0PjrAytdZU=">AAAB/XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHoxWMLthXaUDabbbt0swm7EyGE4g/wqj/Bm3j1t/gL/Btu2xxs64OBx3szzMwLEikMuu63U9rY3NreKe9W9vYPDo+qxycdE6ea8TaLZawfA2q4FIq3UaDkj4nmNAok7waTu5nffeLaiFg9YJZwP6IjJYaCUbRSSw+qNbfuzkHWiVeQGhRoDqo//TBmacQVMkmN6Xlugn5ONQom+bTSTw1PKJvQEe9ZqmjEjZ/PD52SC6uEZBhrWwrJXP07kdPImCwKbGdEcWxWvZn4n9dLcXjj50IlKXLFFouGqSQYk9nXJBSaM5SZJZRpYW8lbEw1ZWizWdpiMKI60+HUJuOt5rBOOld1z617LbfWuC0yKsMZnMMleHANDbiHJrSBAYcXeIU359l5dz6cz0VrySlmTmEJztcv8gOWUw==</latexit>

8i 2 {1, . . . ,m1}, Ai,. 2 S1 ✓ Xm2 , dim(S1) = r
<latexit sha1_base64="oN7c/2ij0xa8XrkI+p44dASm/Ec="></latexit><latexit sha1_base64="XxMVyuA0/tJ5nWCEB8udeetgok8="></latexit><latexit sha1_base64="XxMVyuA0/tJ5nWCEB8udeetgok8="></latexit><latexit sha1_base64="bxd2yRAzW3Yu+bSvkPE0PMyv1YU="></latexit>

rank(A) = r
<latexit sha1_base64="MQN+DRMGhbOuFi+AvceI12XmQwU=">AAACH3icbVDLSsRAEOz4frvq0UtUBEVYEi96EVa9eFRwVdgsS2d2osNOZsJMR1hCzv6GfoBX/QRv4tUv8Dec7HrwVTBQVHVTPRVnUlgKgndvZHRsfGJyanpmdm5+YbG2tHxhdW4YbzIttbmK0XIpFG+SIMmvMsMxjSW/jHvHlX95y40VWp1TP+PtFK+VSARDclKnthbpjBskbRSmvDCoeuVWlCLdxElxWG4fmE5tI6gHA/h/SfhFNhrr0c49AJx2ah9RV7M85YqYRGtbYZBRu0BDgklezkS55RmyHl7zlqNVrm0Xg6+U/qZTun6ijXuK/IH6faPA1Np+GrvJ6kj726vE/7xWTsl+uxAqy4krNgxKcumT9qte/K4wnJHsO4LMCHerz27QICPX3o8USymavumWrpnwdw9/ycVuPQzq4Zmr6AiGmIJVWIctCGEPGnACp9AEBnfwCE/w7D14L96r9zYcHfG+dlbgB7z3T01epe8=</latexit><latexit sha1_base64="+PZCVPfuO9xmXdWJkLu/Cv6My5M=">AAACH3icbVDLSsNAFJ34rPVVdekmKkJFKIkb3QhVNy4rWC00pdxMJzp0MhNmboQQsvYH/AE/wK1+gjtx2y/wN5y0LnwdGDiccy/nzgkTwQ163siZmp6ZnZuvLFQXl5ZXVmtr61dGpZqyNlVC6U4IhgkuWRs5CtZJNIM4FOw6HJ6V/vUd04YreYlZwnox3EgecQpopX5tK1AJ04BKS4hZrkEOi3oQA96GUX5S7B3rfm3Ha3hjuH+J/0V2mtvB/sOombX6tY9goGgaM4lUgDFd30uwl4NGTgUrqkFqWAJ0CDesa2mZa3r5+CuFu2uVgRspbZ9Ed6x+38ghNiaLQztZHml+e6X4n9dNMTrq5VwmKTJJJ0FRKlxUbtmLO+CaURSZJUA1t7e69BY0ULTt/UgxGIPO9KCwzfi/e/hLrg4avtfwL2xFp2SCCtkk26ROfHJImuSctEibUHJPnsgzeXEenVfnzXmfjE45Xzsb5Aec0Sd2xqd1</latexit><latexit sha1_base64="+PZCVPfuO9xmXdWJkLu/Cv6My5M=">AAACH3icbVDLSsNAFJ34rPVVdekmKkJFKIkb3QhVNy4rWC00pdxMJzp0MhNmboQQsvYH/AE/wK1+gjtx2y/wN5y0LnwdGDiccy/nzgkTwQ163siZmp6ZnZuvLFQXl5ZXVmtr61dGpZqyNlVC6U4IhgkuWRs5CtZJNIM4FOw6HJ6V/vUd04YreYlZwnox3EgecQpopX5tK1AJ04BKS4hZrkEOi3oQA96GUX5S7B3rfm3Ha3hjuH+J/0V2mtvB/sOombX6tY9goGgaM4lUgDFd30uwl4NGTgUrqkFqWAJ0CDesa2mZa3r5+CuFu2uVgRspbZ9Ed6x+38ghNiaLQztZHml+e6X4n9dNMTrq5VwmKTJJJ0FRKlxUbtmLO+CaURSZJUA1t7e69BY0ULTt/UgxGIPO9KCwzfi/e/hLrg4avtfwL2xFp2SCCtkk26ROfHJImuSctEibUHJPnsgzeXEenVfnzXmfjE45Xzsb5Aec0Sd2xqd1</latexit><latexit sha1_base64="i6DYOm7hiBy9ioOSmW6X30O3YF8=">AAACH3icbVDLSsNAFJ34tr6qLt1Ei6CbkrjRjeBj47KCfUBTys10okMnM2HmRigha7/DD3Crn+BO3PYL/A0nbRZaPTBwOOdezp0TJoIb9LyxMze/sLi0vLJaWVvf2Nyqbu+0jEo1ZU2qhNKdEAwTXLImchSsk2gGcShYOxxeF377kWnDlbzDUcJ6MdxLHnEKaKV+dT9QCdOASkuIWaZBDvOjIAZ8CKPsMj8+1/1qzat7E7h/iV+SGinR6Fe/goGiacwkUgHGdH0vwV4GGjkVLK8EqWEJ0CHcs66lRa7pZZOv5O6hVQZupLR9Et2J+nMjg9iYURzayeJIM+sV4n9eN8XorJdxmaTIJJ0GRalwUblFL+6Aa0ZRjCwBqrm91aUPoIGibe9XisEY9EgPctuMP9vDX9I6qfte3b/1ahdXZUcrZI8ckCPik1NyQW5IgzQJJU/khbySN+fZeXc+nM/p6JxT7uySX3DG3xqipGY=</latexit>

Low-rank matrix:
A matrix     of size                    is of low-rank m1 ⇥m2

<latexit sha1_base64="3hhydGq32Ggv4L1GF8ax6lMenI4=">AAACCXicbVC7SgNBFL0bXzG+ooKNzWAQrMJuGi2DNpYJmAckS5ydTJIhM7vrzF1hCfkCP8BWP8FObP0KG1t/w8mjMIkHLhzOuZdzOUEshUHX/XIya+sbm1vZ7dzO7t7+Qf7wqG6iRDNeY5GMdDOghksR8hoKlLwZa05VIHkjGN5M/MYj10ZE4R2mMfcV7YeiJxhFK/mq47VRKG6I6pQ6+YJbdKcgq8Sbk0L5pPp9DwCVTv6n3Y1YoniITFJjWp4boz+iGgWTfJxrJ4bHlA1pn7csDakN8kfTp8fk3Cpd0ou0nRDJVP17MaLKmFQFdlNRHJhlbyL+57US7F35IxHGCfKQzYJ6iSQYkUkDpCs0ZyhTSyjTwv5K2IBqytD2tJBiUFGd6u7YNuMt97BK6qWi5xa9qq3oGmbIwimcwQV4cAlluIUK1IDBAzzDC7w6T86b8+58zFYzzvzmGBbgfP4CJDuc1w==</latexit><latexit sha1_base64="XZfFtAdd2xFP3Ir7UeKm65KEx1U=">AAACCXicbVC7SgNBFJ2NrxhfUcHGZjAIVmE3jZYhNpYJmAckS5idnU2GzOyuM3eFZckX+AG2+gEWdmKrP2Fj6284eRQm8cCFwzn3ci7HiwXXYNtfVm5tfWNzK79d2Nnd2z8oHh61dJQoypo0EpHqeEQzwUPWBA6CdWLFiPQEa3uj64nfvmdK8yi8hTRmriSDkAecEjCSK/tOD7hkGst+pV8s2WV7CrxKnDkpVU8a3/yl9lnvF396fkQTyUKggmjddewY3Iwo4FSwcaGXaBYTOiID1jU0JCbIzaZPj/G5UXwcRMpMCHiq/r3IiNQ6lZ7ZlASGetmbiP953QSCKzfjYZwAC+ksKEgEhghPGsA+V4yCSA0hVHHzK6ZDoggF09NCigZJVKr8sWnGWe5hlbQqZccuOw1TUQ3NkEen6AxdIAddoiq6QXXURBTdoUf0hJ6tB+vVerPeZ6s5a35zjBZgffwCmeiekw==</latexit><latexit sha1_base64="XZfFtAdd2xFP3Ir7UeKm65KEx1U=">AAACCXicbVC7SgNBFJ2NrxhfUcHGZjAIVmE3jZYhNpYJmAckS5idnU2GzOyuM3eFZckX+AG2+gEWdmKrP2Fj6284eRQm8cCFwzn3ci7HiwXXYNtfVm5tfWNzK79d2Nnd2z8oHh61dJQoypo0EpHqeEQzwUPWBA6CdWLFiPQEa3uj64nfvmdK8yi8hTRmriSDkAecEjCSK/tOD7hkGst+pV8s2WV7CrxKnDkpVU8a3/yl9lnvF396fkQTyUKggmjddewY3Iwo4FSwcaGXaBYTOiID1jU0JCbIzaZPj/G5UXwcRMpMCHiq/r3IiNQ6lZ7ZlASGetmbiP953QSCKzfjYZwAC+ksKEgEhghPGsA+V4yCSA0hVHHzK6ZDoggF09NCigZJVKr8sWnGWe5hlbQqZccuOw1TUQ3NkEen6AxdIAddoiq6QXXURBTdoUf0hJ6tB+vVerPeZ6s5a35zjBZgffwCmeiekw==</latexit><latexit sha1_base64="0g/OJli4tuVyxXYnoD3ppTXh23Y=">AAACCXicbVDLSsNAFJ3UV62vqks3g0VwVZJudFl047KCfUAbwmQyaYfOTOLMjRBKv8APcKuf4E7c+hV+gb/htM3Cth64cDjnXs7lhKngBlz32yltbG5t75R3K3v7B4dH1eOTjkkyTVmbJiLRvZAYJrhibeAgWC/VjMhQsG44vp353SemDU/UA+Qp8yUZKh5zSsBKvgy8AXDJDJZBI6jW3Lo7B14nXkFqqEArqP4MooRmkimgghjT99wU/AnRwKlg08ogMywldEyGrG+pIjbIn8yfnuILq0Q4TrQdBXiu/r2YEGlMLkO7KQmMzKo3E//z+hnE1/6EqzQDpugiKM4EhgTPGsAR14yCyC0hVHP7K6YjogkF29NSigFJdK6jqW3GW+1hnXQadc+te/durXlTdFRGZ+gcXSIPXaEmukMt1EYUPaIX9IrenGfn3flwPherJae4OUVLcL5+AW3LmvI=</latexit>

if A
<latexit sha1_base64="gz9t+S1tmyMPL7ROs7AGtvB08Iw=">AAACAXicbVBLSgNBEK3xG+Mv6tJNYxBchRk3uhGjblxGcJJAMoSenp6kSXfP0N0jDCEgeAC3egR34tYDeAZP4DXsfBYm8UHB470qquqFKWfauO63s7S8srq2Xtgobm5t7+yW9vbrOskUoT5JeKKaIdaUM0l9wwynzVRRLEJOG2H/ZuQ3HqjSLJH3Jk9pIHBXspgRbKzkt8MYXXVKZbfijoEWiTcl5cuv4sUjANQ6pZ92lJBMUGkIx1q3PDc1wQArwwinw2I70zTFpI+7tGWpxILqYDA+doiOrRKhOFG2pEFj9e/EAAutcxHaToFNT897I/E/r5WZ+DwYMJlmhkoyWRRnHJkEjT5HEVOUGJ5bgoli9lZEelhhYmw+M1u0EVjlKhraZLz5HBZJ/bTiuRXvzi1Xr2GCAhzCEZyAB2dQhVuogQ8EGDzDC7w6T86b8+58TFqXnOnMAczA+fwF1gaZWw==</latexit><latexit sha1_base64="OqQ1htT8m106ha8pFdgWDkJvxgg=">AAACAXicbVC7TsNAEDyHVzCvACXNiQiJKrJpoEEEaCiDhJNIiRWdz+fklPPZulsjWVEqPoAWaio6RMsH8AmIL+A3uDwKkjDSSqOZXe3uBKngGhzn2yosLa+srhXX7Y3Nre2d0u5eXSeZosyjiUhUMyCaCS6ZBxwEa6aKkTgQrBH0r0d+454pzRN5B3nK/Jh0JY84JWAkrx1E+LJTKjsVZwy8SNwpKV982ufpy5dd65R+2mFCs5hJoIJo3XKdFPwBUcCpYEO7nWmWEtonXdYyVJKYaX8wPnaIj4wS4ihRpiTgsfp3YkBirfM4MJ0xgZ6e90bif14rg+jMH3CZZsAknSyKMoEhwaPPccgVoyByQwhV3NyKaY8oQsHkM7NFQ0xUrsKhScadz2GR1E8qrlNxb51y9QpNUEQH6BAdIxedoiq6QTXkIYo4ekRP6Nl6sF6tN+t90lqwpjP7aAbWxy/mGZrP</latexit><latexit sha1_base64="OqQ1htT8m106ha8pFdgWDkJvxgg=">AAACAXicbVC7TsNAEDyHVzCvACXNiQiJKrJpoEEEaCiDhJNIiRWdz+fklPPZulsjWVEqPoAWaio6RMsH8AmIL+A3uDwKkjDSSqOZXe3uBKngGhzn2yosLa+srhXX7Y3Nre2d0u5eXSeZosyjiUhUMyCaCS6ZBxwEa6aKkTgQrBH0r0d+454pzRN5B3nK/Jh0JY84JWAkrx1E+LJTKjsVZwy8SNwpKV982ufpy5dd65R+2mFCs5hJoIJo3XKdFPwBUcCpYEO7nWmWEtonXdYyVJKYaX8wPnaIj4wS4ihRpiTgsfp3YkBirfM4MJ0xgZ6e90bif14rg+jMH3CZZsAknSyKMoEhwaPPccgVoyByQwhV3NyKaY8oQsHkM7NFQ0xUrsKhScadz2GR1E8qrlNxb51y9QpNUEQH6BAdIxedoiq6QTXkIYo4ekRP6Nl6sF6tN+t90lqwpjP7aAbWxy/mGZrP</latexit><latexit sha1_base64="BtVGCI04G85p3q3apywfuLZ1bw4=">AAACAXicbVDLTsMwEHTKq5RXgSMXiwqJU5VwgWOBC8cikRapjSrHcVqrthPZG6Qo6okP4AqfwA1x5Uv4An4Dt82Btoy00mhmV7s7YSq4Adf9dipr6xubW9Xt2s7u3v5B/fCoY5JMU+bTRCT6MSSGCa6YDxwEe0w1IzIUrBuOb6d+94lpwxP1AHnKAkmGisecErCS3w9jfD2oN9ymOwNeJV5JGqhEe1D/6UcJzSRTQAUxpue5KQQF0cCpYJNaPzMsJXRMhqxnqSKSmaCYHTvBZ1aJcJxoWwrwTP07URBpTC5D2ykJjMyyNxX/83oZxFdBwVWaAVN0vijOBIYETz/HEdeMgsgtIVRzeyumI6IJBZvPwhYDkuhcRxObjLecwyrpXDQ9t+ndu43WTZlRFZ2gU3SOPHSJWugOtZGPKOLoBb2iN+fZeXc+nM95a8UpZ47RApyvX0D9l44=</latexit>

rank(A) ⌧ max(m1,m2)
<latexit sha1_base64="3Lr616OEgvlA2R6OYjC7JzRvz20="></latexit><latexit sha1_base64="tuRgn9HLgddRliRqNdAaHa4HLZY="></latexit><latexit sha1_base64="tuRgn9HLgddRliRqNdAaHa4HLZY="></latexit><latexit sha1_base64="fYawS/5g0OVhPULpPhOpWEGI7RU="></latexit>
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Row and column vector 
spaces
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The rows are of dimension 3 but lie in a 2-dimensional subspace
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Singular value decomposition

A = U⌃V>
<latexit sha1_base64="Mibagxk0dRqauXDM/f+RFENC8eU=">AAACH3icbVC7TsMwFL3hWd4FRhZDhcRUJSx0QRSxMJZHS6WmVI7rFAs7iewbpCrqzHfwAazAxMqGWPsF/AZOy0CBI1k+Pude3esTJFIYdN2hMzU9Mzs3X1hYXFpeWV0rrm80TJxqxusslrFuBtRwKSJeR4GSNxPNqQokvwpuT3L/6o5rI+LoEvsJbyvai0QoGEUrdYrbfhCSY3JI8rtO/AvRU3T0aFxnPsbJoFMsuWV3BPKXeN+kdPT6cg4WtU7x0+/GLFU8QiapMS3PTbCdUY2CST5Y9FPDE8puaY+3LI2o4qadjb4yILtW6ZIw1vZESEbqz46MKmP6KrCViuKN+e3l4n9eK8Ww0s5ElKTIIzYeFKaSYEzyXEhXaM5Q9i2hTAu7K2E3VFOGNr2JKQYV1X3dzZPxfufwlzT2y55b9s7cUrUCYxRgC3ZgDzw4gCqcQg3qwOAeHuEJnp0H5815dz7GpVPOd88mTMAZfgEXr6QW</latexit><latexit sha1_base64="ZYIYdnL7cJ34OZId6dG4DBXb+vw="></latexit><latexit sha1_base64="ZYIYdnL7cJ34OZId6dG4DBXb+vw="></latexit><latexit sha1_base64="vuoaCKh0Cq+1+9Ts1s3eKVRBJ+w=">AAACH3icbVC7TsMwFHXKq5RXgZHFUCExVQkLXZCKWBiLoA+pCZXjOq1VO4nsG6Qq6sx38AGs8AlsiLVfwG/gpB1oy5EsH59zr+718WPBNdj21CqsrW9sbhW3Szu7e/sH5cOjlo4SRVmTRiJSHZ9oJnjImsBBsE6sGJG+YG1/dJv57WemNI/CRxjHzJNkEPKAUwJG6pVPXT/AN/gaZ3cTuw98IEn+aD2lLkTxpFeu2FU7B14lzpxU0ByNXvnH7Uc0kSwEKojWXceOwUuJAk4Fm5TcRLOY0BEZsK6hIZFMe2n+lQk+N0ofB5EyJwScq387UiK1HkvfVEoCQ73sZeJ/XjeBoOalPIwTYCGdDQoSgSHCWS64zxWjIMaGEKq42RXTIVGEgklvYYoGSdRY9bNknOUcVknrsurYVefertRr84yK6ASdoQvkoCtUR3eogZqIohf0ht7Rh/VqfVpf1vestGDNe47RAqzpLy6Pog8=</latexit>

r(m1 +m2 � r)  m1m2
<latexit sha1_base64="DfkAh7zs6LERCAj6LMPiN1IqBlI=">AAACFnicbVC7SgNBFL3rM8bXqo1gMyQIkWDYTaNl0MYygnlAsiyzk0kyZGZ3nZkVwhK/w9LCVj/BTmxt/QJ/w8mjMIkHBs49517unRPEnCntON/Wyura+sZmZiu7vbO7t28fHNZVlEhCayTikWwGWFHOQlrTTHPajCXFIuC0EQyux37jgUrFovBOD2PqCdwLWZcRrI3k28eyIHy3KPzyuTxrc3qPTGmqrG/nnZIzAVom7ozkK7l28RkAqr790+5EJBE01IRjpVquE2svxVIzwuko204UjTEZ4B5tGRpiQZWXTn4wQqdG6aBuJM0LNZqofydSLJQaisB0Cqz7atEbi/95rUR3L72UhXGiaUimi7oJRzpC4zhQh0lKNB8agolk5lZE+lhiok1oc1uUFlgOZWdkknEXc1gm9XLJdUrurYnoCqbIwAnkoAAuXEAFbqAKNSDwCC/wCm/Wk/VufVif09YVazZzBHOwvn4BPJCfzA==</latexit><latexit sha1_base64="zlgKgOyhjYGCasKywsbP6tlQ2VA=">AAACFnicbVDLSsNAFJ3UV62vqBvBzdAiVIol6UaXRTcuK9gHNCFMJtN26EwSZyZCCPUrXPgBbvUT3Ilbt/0Cf8PpY2FbDwyce8693DvHjxmVyrLGRm5tfWNzK79d2Nnd2z8wD49aMkoEJk0csUh0fCQJoyFpKqoY6cSCIO4z0vaHNxO//UiEpFF4r9KYuBz1Q9qjGCkteeaJKHPPrnCvdiHOHUYeoC51VfDMklW1poCrxJ6TUr3oVJ7H9bThmT9OEOGEk1BhhqTs2las3AwJRTEjo4KTSBIjPER90tU0RJxIN5v+YATPtBLAXiT0CxWcqn8nMsSlTLmvOzlSA7nsTcT/vG6ielduRsM4USTEs0W9hEEVwUkcMKCCYMVSTRAWVN8K8QAJhJUObWGLVByJVAQjnYy9nMMqadWqtlW173RE12CGPDgFRVAGNrgEdXALGqAJMHgCr+ANvBsvxofxaXzNWnPGfOYYLMD4/gVl+KFS</latexit><latexit sha1_base64="zlgKgOyhjYGCasKywsbP6tlQ2VA=">AAACFnicbVDLSsNAFJ3UV62vqBvBzdAiVIol6UaXRTcuK9gHNCFMJtN26EwSZyZCCPUrXPgBbvUT3Ilbt/0Cf8PpY2FbDwyce8693DvHjxmVyrLGRm5tfWNzK79d2Nnd2z8wD49aMkoEJk0csUh0fCQJoyFpKqoY6cSCIO4z0vaHNxO//UiEpFF4r9KYuBz1Q9qjGCkteeaJKHPPrnCvdiHOHUYeoC51VfDMklW1poCrxJ6TUr3oVJ7H9bThmT9OEOGEk1BhhqTs2las3AwJRTEjo4KTSBIjPER90tU0RJxIN5v+YATPtBLAXiT0CxWcqn8nMsSlTLmvOzlSA7nsTcT/vG6ielduRsM4USTEs0W9hEEVwUkcMKCCYMVSTRAWVN8K8QAJhJUObWGLVByJVAQjnYy9nMMqadWqtlW173RE12CGPDgFRVAGNrgEdXALGqAJMHgCr+ANvBsvxofxaXzNWnPGfOYYLMD4/gVl+KFS</latexit><latexit sha1_base64="26BmGh71jmoZ44ljYpKzPkrmyDY=">AAACFnicbVDLSgMxFM3UV62vUTeCm2ARKmKZ6UaXRTcuK9gHtMOQyWTa0CQzJhlhKPU7/AC3+gnuxK1bv8DfMG1nYVsPBM49517uzQkSRpV2nG+rsLK6tr5R3Cxtbe/s7tn7By0VpxKTJo5ZLDsBUoRRQZqaakY6iSSIB4y0g+HNxG8/EqloLO51lhCPo76gEcVIG8m3j2SF++4592sX8qzHyAM0palKvl12qs4UcJm4OSmDHA3f/umFMU45ERozpFTXdRLtjZDUFDMyLvVSRRKEh6hPuoYKxInyRtMfjOGpUUIYxdI8oeFU/TsxQlypjAemkyM9UIveRPzP66Y6uvJGVCSpJgLPFkUpgzqGkzhgSCXBmmWGICypuRXiAZIIaxPa3BalOZKZDMcmGXcxh2XSqlVdp+reOeX6dZ5RERyDE1ABLrgEdXALGqAJMHgCL+AVvFnP1rv1YX3OWgtWPnMI5mB9/QIJ1J5D</latexit>

Number of parameters:

• Computational cost

• Model complexity

The rank controls:

: singular value decomposition (SVD)

singular values

A =
⇥
U1 . . . Ur

⇤
| {z }

new coordinates (norm.)
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�1(A) 0 . . .

0
... �r(A)

3

75

2

64
V >
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V >
r

3

75

| {z }
new basis

<latexit sha1_base64="moSMk0XS7JSNQlSQhUkUl8KSwrM="></latexit><latexit sha1_base64="moSMk0XS7JSNQlSQhUkUl8KSwrM="></latexit><latexit sha1_base64="moSMk0XS7JSNQlSQhUkUl8KSwrM="></latexit><latexit sha1_base64="moSMk0XS7JSNQlSQhUkUl8KSwrM="></latexit>
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Low-rank models and approximations

Main idea: replace a data table by a low-rank matrix
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Low-rank models and approximations

Y = F(X0)
<latexit sha1_base64="Dpzc2rYxz1muK1Px2a1UmnRkRp4=">AAACJHicbVDLSgMxFL1TX7W+qi7dhBalIpQZN7oRioK4rGAf0taSSTNtaOZBkhGGYf7Aj3DlB7jVT3AnLty49TdMpxVs64HAuefcy705dsCZVKb5aWQWFpeWV7KrubX1jc2t/PZOXfqhILRGfO6Lpo0l5cyjNcUUp81AUOzanDbs4cXIb9xTIZnv3agooB0X9z3mMIKVlrr5g7aL1cB24tsEnaG0IJjHl0np12gmd+ZhN180y2YKNE+sCSlWCu2jRwCodvPf7Z5PQpd6inAsZcsyA9WJsVCMcJrk2qGkASZD3KctTT3sUtmJ0/8kaF8rPeT4Qj9PoVT9OxFjV8rItXXn6Eg5643E/7xWqJzTTsy8IFTUI+NFTsiR8tEoHNRjghLFI00wEUzfisgAC0yUjnBqi1QuFpHoJToZazaHeVI/Lltm2brWEZ3DGFnYgwKUwIITqMAVVKEGBB7gGV7g1Xgy3ox342PcmjEmM7swBePrB8U2pxo=</latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="rM+Wa/WXdAtHFBdeZTvGn2H9+OI=">AAAB7nicbZDNSgMxFIXv1L9aq9a1m2ARXJUZN7oU3LisYH+gHUomk2lDk8yQ3BGGYV7ArY/gTnwhn8DXMP1Z2NYDgcM5CffmizIpLPr+t1fb2z84PKofN06ajdOz81azb9PcMN5jqUzNMKKWS6F5DwVKPswMpyqSfBDNHxf94JUbK1L9gkXGQ0WnWiSCUXRRd9Jq+x1/KbJrgrVpw1qT1s84TlmuuEYmqbWjwM8wLKlBwSSvGuPc8oyyOZ3ykbOaKm7DcrlmRa5dEpMkNe5oJMv074uSKmsLFbmbiuLMbneL8L9ulGNyH5ZCZzlyzVaDklwSTMnizyQWhjOUhTOUGeF2JWxGDWXoyGxMsaioKUxcOTDBNoZd07/tBH4nePahDpdwBTcQwB08wBN0oQcMYniDd6/yPrzPFcCatyZ5ARvyvn4BxfyThA==</latexit><latexit sha1_base64="SMuueiMNifuUgD8ZUW5EbDtumSA=">AAACGXicbZDLSsNAFIZP6q3WqtGtm8Gi1E1J3OhGEARxWcFepI1lMp20QycXZiZCCHkDn8MHcKuP4E5c+AS+hpO0gm09MPDP/8/hnPnciDOpLOvLKK2srq1vlDcrW9XtnV1zr9qWYSwIbZGQh6LrYkk5C2hLMcVpNxIU+y6nHXdyleedRyokC4M7lUTU8fEoYB4jWGlrYB73fazGrpfeZ+gCFReCeXqd1X+DbvZgnQzMmtWwikLLwp6JGsyqOTC/+8OQxD4NFOFYyp5tRcpJsVCMcJpV+rGkESYTPKI9LQPsU+mkxX8ydKSdIfJCoU+gUOH+7UixL2Xiu/plvqRczHLzv6wXK+/cSVkQxYoGZDrIizlSIcrhoCETlCieaIGJYHpXRMZYYKI0wrkpUvlYJGKYaTL2Iodl0T5t2FbDvrWgDAdwCHWw4Qwu4Qaa0AICT/ACr/BmPBvvxseUYcmYwdyHuTI+fwB4RqQG</latexit><latexit sha1_base64="SMuueiMNifuUgD8ZUW5EbDtumSA=">AAACGXicbZDLSsNAFIZP6q3WqtGtm8Gi1E1J3OhGEARxWcFepI1lMp20QycXZiZCCHkDn8MHcKuP4E5c+AS+hpO0gm09MPDP/8/hnPnciDOpLOvLKK2srq1vlDcrW9XtnV1zr9qWYSwIbZGQh6LrYkk5C2hLMcVpNxIU+y6nHXdyleedRyokC4M7lUTU8fEoYB4jWGlrYB73fazGrpfeZ+gCFReCeXqd1X+DbvZgnQzMmtWwikLLwp6JGsyqOTC/+8OQxD4NFOFYyp5tRcpJsVCMcJpV+rGkESYTPKI9LQPsU+mkxX8ydKSdIfJCoU+gUOH+7UixL2Xiu/plvqRczHLzv6wXK+/cSVkQxYoGZDrIizlSIcrhoCETlCieaIGJYHpXRMZYYKI0wrkpUvlYJGKYaTL2Iodl0T5t2FbDvrWgDAdwCHWw4Qwu4Qaa0AICT/ACr/BmPBvvxseUYcmYwdyHuTI+fwB4RqQG</latexit><latexit sha1_base64="L6P7OEbYF9rjRWaFQkrimhr8Wko=">AAACJHicbVDLSgMxFM34rPU16tJNsCh1UzJudCMUBXFZwT6kHUsmzbShmQdJRhiG+QO/ww9wq5/gTly4cetvmJmOYFsPBM49517uzXFCzqRC6NNYWFxaXlktrZXXNza3ts2d3ZYMIkFokwQ8EB0HS8qZT5uKKU47oaDYczhtO+PLzG8/UCFZ4N+qOKS2h4c+cxnBSkt986jnYTVy3OQuhecwLwjmyVVa/TU66T067psVVEM54DyxClIBBRp987s3CEjkUV8RjqXsWihUdoKFYoTTtNyLJA0xGeMh7WrqY49KO8n/k8JDrQygGwj9fAVz9e9Egj0pY8/RndmRctbLxP+8bqTcMzthfhgp6pPJIjfiUAUwCwcOmKBE8VgTTATTt0IywgITpSOc2iKVh0UsBqlOxprNYZ60TmoWqlk3qFK/KDIqgX1wAKrAAqegDq5BAzQBAY/gGbyAV+PJeDPejY9J64JRzOyBKRhfP5J6pZE=</latexit><latexit sha1_base64="L6P7OEbYF9rjRWaFQkrimhr8Wko=">AAACJHicbVDLSgMxFM34rPU16tJNsCh1UzJudCMUBXFZwT6kHUsmzbShmQdJRhiG+QO/ww9wq5/gTly4cetvmJmOYFsPBM49517uzXFCzqRC6NNYWFxaXlktrZXXNza3ts2d3ZYMIkFokwQ8EB0HS8qZT5uKKU47oaDYczhtO+PLzG8/UCFZ4N+qOKS2h4c+cxnBSkt986jnYTVy3OQuhecwLwjmyVVa/TU66T067psVVEM54DyxClIBBRp987s3CEjkUV8RjqXsWihUdoKFYoTTtNyLJA0xGeMh7WrqY49KO8n/k8JDrQygGwj9fAVz9e9Egj0pY8/RndmRctbLxP+8bqTcMzthfhgp6pPJIjfiUAUwCwcOmKBE8VgTTATTt0IywgITpSOc2iKVh0UsBqlOxprNYZ60TmoWqlk3qFK/KDIqgX1wAKrAAqegDq5BAzQBAY/gGbyAV+PJeDPejY9J64JRzOyBKRhfP5J6pZE=</latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="L6P7OEbYF9rjRWaFQkrimhr8Wko=">AAACJHicbVDLSgMxFM34rPU16tJNsCh1UzJudCMUBXFZwT6kHUsmzbShmQdJRhiG+QO/ww9wq5/gTly4cetvmJmOYFsPBM49517uzXFCzqRC6NNYWFxaXlktrZXXNza3ts2d3ZYMIkFokwQ8EB0HS8qZT5uKKU47oaDYczhtO+PLzG8/UCFZ4N+qOKS2h4c+cxnBSkt986jnYTVy3OQuhecwLwjmyVVa/TU66T067psVVEM54DyxClIBBRp987s3CEjkUV8RjqXsWihUdoKFYoTTtNyLJA0xGeMh7WrqY49KO8n/k8JDrQygGwj9fAVz9e9Egj0pY8/RndmRctbLxP+8bqTcMzthfhgp6pPJIjfiUAUwCwcOmKBE8VgTTATTt0IywgITpSOc2iKVh0UsBqlOxprNYZ60TmoWqlk3qFK/KDIqgX1wAKrAAqegDq5BAzQBAY/gGbyAV+PJeDPejY9J64JRzOyBKRhfP5J6pZE=</latexit>

Data table 
(observations)

Function 
(noisy) Low-rank matrix 

(unknown)

Main idea: replace a data table by a low-rank matrix

Example of model:

!13



Low-rank models and approximations

Y = F(X0)
<latexit sha1_base64="Dpzc2rYxz1muK1Px2a1UmnRkRp4=">AAACJHicbVDLSgMxFL1TX7W+qi7dhBalIpQZN7oRioK4rGAf0taSSTNtaOZBkhGGYf7Aj3DlB7jVT3AnLty49TdMpxVs64HAuefcy705dsCZVKb5aWQWFpeWV7KrubX1jc2t/PZOXfqhILRGfO6Lpo0l5cyjNcUUp81AUOzanDbs4cXIb9xTIZnv3agooB0X9z3mMIKVlrr5g7aL1cB24tsEnaG0IJjHl0np12gmd+ZhN180y2YKNE+sCSlWCu2jRwCodvPf7Z5PQpd6inAsZcsyA9WJsVCMcJrk2qGkASZD3KctTT3sUtmJ0/8kaF8rPeT4Qj9PoVT9OxFjV8rItXXn6Eg5643E/7xWqJzTTsy8IFTUI+NFTsiR8tEoHNRjghLFI00wEUzfisgAC0yUjnBqi1QuFpHoJToZazaHeVI/Lltm2brWEZ3DGFnYgwKUwIITqMAVVKEGBB7gGV7g1Xgy3ox342PcmjEmM7swBePrB8U2pxo=</latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="rM+Wa/WXdAtHFBdeZTvGn2H9+OI=">AAAB7nicbZDNSgMxFIXv1L9aq9a1m2ARXJUZN7oU3LisYH+gHUomk2lDk8yQ3BGGYV7ArY/gTnwhn8DXMP1Z2NYDgcM5CffmizIpLPr+t1fb2z84PKofN06ajdOz81azb9PcMN5jqUzNMKKWS6F5DwVKPswMpyqSfBDNHxf94JUbK1L9gkXGQ0WnWiSCUXRRd9Jq+x1/KbJrgrVpw1qT1s84TlmuuEYmqbWjwM8wLKlBwSSvGuPc8oyyOZ3ykbOaKm7DcrlmRa5dEpMkNe5oJMv074uSKmsLFbmbiuLMbneL8L9ulGNyH5ZCZzlyzVaDklwSTMnizyQWhjOUhTOUGeF2JWxGDWXoyGxMsaioKUxcOTDBNoZd07/tBH4nePahDpdwBTcQwB08wBN0oQcMYniDd6/yPrzPFcCatyZ5ARvyvn4BxfyThA==</latexit><latexit sha1_base64="SMuueiMNifuUgD8ZUW5EbDtumSA=">AAACGXicbZDLSsNAFIZP6q3WqtGtm8Gi1E1J3OhGEARxWcFepI1lMp20QycXZiZCCHkDn8MHcKuP4E5c+AS+hpO0gm09MPDP/8/hnPnciDOpLOvLKK2srq1vlDcrW9XtnV1zr9qWYSwIbZGQh6LrYkk5C2hLMcVpNxIU+y6nHXdyleedRyokC4M7lUTU8fEoYB4jWGlrYB73fazGrpfeZ+gCFReCeXqd1X+DbvZgnQzMmtWwikLLwp6JGsyqOTC/+8OQxD4NFOFYyp5tRcpJsVCMcJpV+rGkESYTPKI9LQPsU+mkxX8ydKSdIfJCoU+gUOH+7UixL2Xiu/plvqRczHLzv6wXK+/cSVkQxYoGZDrIizlSIcrhoCETlCieaIGJYHpXRMZYYKI0wrkpUvlYJGKYaTL2Iodl0T5t2FbDvrWgDAdwCHWw4Qwu4Qaa0AICT/ACr/BmPBvvxseUYcmYwdyHuTI+fwB4RqQG</latexit><latexit sha1_base64="SMuueiMNifuUgD8ZUW5EbDtumSA=">AAACGXicbZDLSsNAFIZP6q3WqtGtm8Gi1E1J3OhGEARxWcFepI1lMp20QycXZiZCCHkDn8MHcKuP4E5c+AS+hpO0gm09MPDP/8/hnPnciDOpLOvLKK2srq1vlDcrW9XtnV1zr9qWYSwIbZGQh6LrYkk5C2hLMcVpNxIU+y6nHXdyleedRyokC4M7lUTU8fEoYB4jWGlrYB73fazGrpfeZ+gCFReCeXqd1X+DbvZgnQzMmtWwikLLwp6JGsyqOTC/+8OQxD4NFOFYyp5tRcpJsVCMcJpV+rGkESYTPKI9LQPsU+mkxX8ydKSdIfJCoU+gUOH+7UixL2Xiu/plvqRczHLzv6wXK+/cSVkQxYoGZDrIizlSIcrhoCETlCieaIGJYHpXRMZYYKI0wrkpUvlYJGKYaTL2Iodl0T5t2FbDvrWgDAdwCHWw4Qwu4Qaa0AICT/ACr/BmPBvvxseUYcmYwdyHuTI+fwB4RqQG</latexit><latexit sha1_base64="L6P7OEbYF9rjRWaFQkrimhr8Wko=">AAACJHicbVDLSgMxFM34rPU16tJNsCh1UzJudCMUBXFZwT6kHUsmzbShmQdJRhiG+QO/ww9wq5/gTly4cetvmJmOYFsPBM49517uzXFCzqRC6NNYWFxaXlktrZXXNza3ts2d3ZYMIkFokwQ8EB0HS8qZT5uKKU47oaDYczhtO+PLzG8/UCFZ4N+qOKS2h4c+cxnBSkt986jnYTVy3OQuhecwLwjmyVVa/TU66T067psVVEM54DyxClIBBRp987s3CEjkUV8RjqXsWihUdoKFYoTTtNyLJA0xGeMh7WrqY49KO8n/k8JDrQygGwj9fAVz9e9Egj0pY8/RndmRctbLxP+8bqTcMzthfhgp6pPJIjfiUAUwCwcOmKBE8VgTTATTt0IywgITpSOc2iKVh0UsBqlOxprNYZ60TmoWqlk3qFK/KDIqgX1wAKrAAqegDq5BAzQBAY/gGbyAV+PJeDPejY9J64JRzOyBKRhfP5J6pZE=</latexit><latexit sha1_base64="L6P7OEbYF9rjRWaFQkrimhr8Wko=">AAACJHicbVDLSgMxFM34rPU16tJNsCh1UzJudCMUBXFZwT6kHUsmzbShmQdJRhiG+QO/ww9wq5/gTly4cetvmJmOYFsPBM49517uzXFCzqRC6NNYWFxaXlktrZXXNza3ts2d3ZYMIkFokwQ8EB0HS8qZT5uKKU47oaDYczhtO+PLzG8/UCFZ4N+qOKS2h4c+cxnBSkt986jnYTVy3OQuhecwLwjmyVVa/TU66T067psVVEM54DyxClIBBRp987s3CEjkUV8RjqXsWihUdoKFYoTTtNyLJA0xGeMh7WrqY49KO8n/k8JDrQygGwj9fAVz9e9Egj0pY8/RndmRctbLxP+8bqTcMzthfhgp6pPJIjfiUAUwCwcOmKBE8VgTTATTt0IywgITpSOc2iKVh0UsBqlOxprNYZ60TmoWqlk3qFK/KDIqgX1wAKrAAqegDq5BAzQBAY/gGbyAV+PJeDPejY9J64JRzOyBKRhfP5J6pZE=</latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="L6P7OEbYF9rjRWaFQkrimhr8Wko=">AAACJHicbVDLSgMxFM34rPU16tJNsCh1UzJudCMUBXFZwT6kHUsmzbShmQdJRhiG+QO/ww9wq5/gTly4cetvmJmOYFsPBM49517uzXFCzqRC6NNYWFxaXlktrZXXNza3ts2d3ZYMIkFokwQ8EB0HS8qZT5uKKU47oaDYczhtO+PLzG8/UCFZ4N+qOKS2h4c+cxnBSkt986jnYTVy3OQuhecwLwjmyVVa/TU66T067psVVEM54DyxClIBBRp987s3CEjkUV8RjqXsWihUdoKFYoTTtNyLJA0xGeMh7WrqY49KO8n/k8JDrQygGwj9fAVz9e9Egj0pY8/RndmRctbLxP+8bqTcMzthfhgp6pPJIjfiUAUwCwcOmKBE8VgTTATTt0IywgITpSOc2iKVh0UsBqlOxprNYZ60TmoWqlk3qFK/KDIqgX1wAKrAAqegDq5BAzQBAY/gGbyAV+PJeDPejY9J64JRzOyBKRhfP5J6pZE=</latexit>

Data table 
(observations)

Function 
(noisy) Low-rank matrix 

(unknown)

minimize d(Y,F(X))
subject to rank(X)  r

<latexit sha1_base64="U9dWJZxyvQV1BAnNfZtqlHoKHy0="></latexit><latexit sha1_base64="58/X30H/24ahRDizUe0Db4C+6XI="></latexit><latexit sha1_base64="58/X30H/24ahRDizUe0Db4C+6XI="></latexit><latexit sha1_base64="mqqbY4dOTkhA0WZzJwI2IosQUdY="></latexit>

Main idea: replace a data table by a low-rank matrix

Example of model:

Estimate the low-rank 
matrix:

data fitting term
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Intractable problem 
in general

Low-rank models and approximations

Y = F(X0)
<latexit sha1_base64="Dpzc2rYxz1muK1Px2a1UmnRkRp4=">AAACJHicbVDLSgMxFL1TX7W+qi7dhBalIpQZN7oRioK4rGAf0taSSTNtaOZBkhGGYf7Aj3DlB7jVT3AnLty49TdMpxVs64HAuefcy705dsCZVKb5aWQWFpeWV7KrubX1jc2t/PZOXfqhILRGfO6Lpo0l5cyjNcUUp81AUOzanDbs4cXIb9xTIZnv3agooB0X9z3mMIKVlrr5g7aL1cB24tsEnaG0IJjHl0np12gmd+ZhN180y2YKNE+sCSlWCu2jRwCodvPf7Z5PQpd6inAsZcsyA9WJsVCMcJrk2qGkASZD3KctTT3sUtmJ0/8kaF8rPeT4Qj9PoVT9OxFjV8rItXXn6Eg5643E/7xWqJzTTsy8IFTUI+NFTsiR8tEoHNRjghLFI00wEUzfisgAC0yUjnBqi1QuFpHoJToZazaHeVI/Lltm2brWEZ3DGFnYgwKUwIITqMAVVKEGBB7gGV7g1Xgy3ox342PcmjEmM7swBePrB8U2pxo=</latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="rM+Wa/WXdAtHFBdeZTvGn2H9+OI=">AAAB7nicbZDNSgMxFIXv1L9aq9a1m2ARXJUZN7oU3LisYH+gHUomk2lDk8yQ3BGGYV7ArY/gTnwhn8DXMP1Z2NYDgcM5CffmizIpLPr+t1fb2z84PKofN06ajdOz81azb9PcMN5jqUzNMKKWS6F5DwVKPswMpyqSfBDNHxf94JUbK1L9gkXGQ0WnWiSCUXRRd9Jq+x1/KbJrgrVpw1qT1s84TlmuuEYmqbWjwM8wLKlBwSSvGuPc8oyyOZ3ykbOaKm7DcrlmRa5dEpMkNe5oJMv074uSKmsLFbmbiuLMbneL8L9ulGNyH5ZCZzlyzVaDklwSTMnizyQWhjOUhTOUGeF2JWxGDWXoyGxMsaioKUxcOTDBNoZd07/tBH4nePahDpdwBTcQwB08wBN0oQcMYniDd6/yPrzPFcCatyZ5ARvyvn4BxfyThA==</latexit><latexit sha1_base64="SMuueiMNifuUgD8ZUW5EbDtumSA=">AAACGXicbZDLSsNAFIZP6q3WqtGtm8Gi1E1J3OhGEARxWcFepI1lMp20QycXZiZCCHkDn8MHcKuP4E5c+AS+hpO0gm09MPDP/8/hnPnciDOpLOvLKK2srq1vlDcrW9XtnV1zr9qWYSwIbZGQh6LrYkk5C2hLMcVpNxIU+y6nHXdyleedRyokC4M7lUTU8fEoYB4jWGlrYB73fazGrpfeZ+gCFReCeXqd1X+DbvZgnQzMmtWwikLLwp6JGsyqOTC/+8OQxD4NFOFYyp5tRcpJsVCMcJpV+rGkESYTPKI9LQPsU+mkxX8ydKSdIfJCoU+gUOH+7UixL2Xiu/plvqRczHLzv6wXK+/cSVkQxYoGZDrIizlSIcrhoCETlCieaIGJYHpXRMZYYKI0wrkpUvlYJGKYaTL2Iodl0T5t2FbDvrWgDAdwCHWw4Qwu4Qaa0AICT/ACr/BmPBvvxseUYcmYwdyHuTI+fwB4RqQG</latexit><latexit sha1_base64="SMuueiMNifuUgD8ZUW5EbDtumSA=">AAACGXicbZDLSsNAFIZP6q3WqtGtm8Gi1E1J3OhGEARxWcFepI1lMp20QycXZiZCCHkDn8MHcKuP4E5c+AS+hpO0gm09MPDP/8/hnPnciDOpLOvLKK2srq1vlDcrW9XtnV1zr9qWYSwIbZGQh6LrYkk5C2hLMcVpNxIU+y6nHXdyleedRyokC4M7lUTU8fEoYB4jWGlrYB73fazGrpfeZ+gCFReCeXqd1X+DbvZgnQzMmtWwikLLwp6JGsyqOTC/+8OQxD4NFOFYyp5tRcpJsVCMcJpV+rGkESYTPKI9LQPsU+mkxX8ydKSdIfJCoU+gUOH+7UixL2Xiu/plvqRczHLzv6wXK+/cSVkQxYoGZDrIizlSIcrhoCETlCieaIGJYHpXRMZYYKI0wrkpUvlYJGKYaTL2Iodl0T5t2FbDvrWgDAdwCHWw4Qwu4Qaa0AICT/ACr/BmPBvvxseUYcmYwdyHuTI+fwB4RqQG</latexit><latexit sha1_base64="L6P7OEbYF9rjRWaFQkrimhr8Wko=">AAACJHicbVDLSgMxFM34rPU16tJNsCh1UzJudCMUBXFZwT6kHUsmzbShmQdJRhiG+QO/ww9wq5/gTly4cetvmJmOYFsPBM49517uzXFCzqRC6NNYWFxaXlktrZXXNza3ts2d3ZYMIkFokwQ8EB0HS8qZT5uKKU47oaDYczhtO+PLzG8/UCFZ4N+qOKS2h4c+cxnBSkt986jnYTVy3OQuhecwLwjmyVVa/TU66T067psVVEM54DyxClIBBRp987s3CEjkUV8RjqXsWihUdoKFYoTTtNyLJA0xGeMh7WrqY49KO8n/k8JDrQygGwj9fAVz9e9Egj0pY8/RndmRctbLxP+8bqTcMzthfhgp6pPJIjfiUAUwCwcOmKBE8VgTTATTt0IywgITpSOc2iKVh0UsBqlOxprNYZ60TmoWqlk3qFK/KDIqgX1wAKrAAqegDq5BAzQBAY/gGbyAV+PJeDPejY9J64JRzOyBKRhfP5J6pZE=</latexit><latexit sha1_base64="L6P7OEbYF9rjRWaFQkrimhr8Wko=">AAACJHicbVDLSgMxFM34rPU16tJNsCh1UzJudCMUBXFZwT6kHUsmzbShmQdJRhiG+QO/ww9wq5/gTly4cetvmJmOYFsPBM49517uzXFCzqRC6NNYWFxaXlktrZXXNza3ts2d3ZYMIkFokwQ8EB0HS8qZT5uKKU47oaDYczhtO+PLzG8/UCFZ4N+qOKS2h4c+cxnBSkt986jnYTVy3OQuhecwLwjmyVVa/TU66T067psVVEM54DyxClIBBRp987s3CEjkUV8RjqXsWihUdoKFYoTTtNyLJA0xGeMh7WrqY49KO8n/k8JDrQygGwj9fAVz9e9Egj0pY8/RndmRctbLxP+8bqTcMzthfhgp6pPJIjfiUAUwCwcOmKBE8VgTTATTt0IywgITpSOc2iKVh0UsBqlOxprNYZ60TmoWqlk3qFK/KDIqgX1wAKrAAqegDq5BAzQBAY/gGbyAV+PJeDPejY9J64JRzOyBKRhfP5J6pZE=</latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="dvh6iFBDamUBdtX9aRT4U2cXf8s="></latexit><latexit sha1_base64="L6P7OEbYF9rjRWaFQkrimhr8Wko=">AAACJHicbVDLSgMxFM34rPU16tJNsCh1UzJudCMUBXFZwT6kHUsmzbShmQdJRhiG+QO/ww9wq5/gTly4cetvmJmOYFsPBM49517uzXFCzqRC6NNYWFxaXlktrZXXNza3ts2d3ZYMIkFokwQ8EB0HS8qZT5uKKU47oaDYczhtO+PLzG8/UCFZ4N+qOKS2h4c+cxnBSkt986jnYTVy3OQuhecwLwjmyVVa/TU66T067psVVEM54DyxClIBBRp987s3CEjkUV8RjqXsWihUdoKFYoTTtNyLJA0xGeMh7WrqY49KO8n/k8JDrQygGwj9fAVz9e9Egj0pY8/RndmRctbLxP+8bqTcMzthfhgp6pPJIjfiUAUwCwcOmKBE8VgTTATTt0IywgITpSOc2iKVh0UsBqlOxprNYZ60TmoWqlk3qFK/KDIqgX1wAKrAAqegDq5BAzQBAY/gGbyAV+PJeDPejY9J64JRzOyBKRhfP5J6pZE=</latexit>

Data table 
(observations)

Function 
(noisy) Low-rank matrix 

(unknown)

minimize d(Y,F(X))
subject to rank(X)  r

<latexit sha1_base64="U9dWJZxyvQV1BAnNfZtqlHoKHy0="></latexit><latexit sha1_base64="58/X30H/24ahRDizUe0Db4C+6XI="></latexit><latexit sha1_base64="58/X30H/24ahRDizUe0Db4C+6XI="></latexit><latexit sha1_base64="mqqbY4dOTkhA0WZzJwI2IosQUdY="></latexit>

Main idea: replace a data table by a low-rank matrix

Example of model:

Estimate the low-rank 
matrix:

data fitting term
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Nuclear norm heuristics
minimize d(Y,F(X))
subject to rank(X)  r

<latexit sha1_base64="U9dWJZxyvQV1BAnNfZtqlHoKHy0="></latexit><latexit sha1_base64="58/X30H/24ahRDizUe0Db4C+6XI="></latexit><latexit sha1_base64="58/X30H/24ahRDizUe0Db4C+6XI="></latexit><latexit sha1_base64="mqqbY4dOTkhA0WZzJwI2IosQUdY="></latexit>

Intractable

minimize d(Y,F(X)) + � kXk?
<latexit sha1_base64="r4dtvKMyP8eKbH8/LE1/K3tPq7M="></latexit><latexit sha1_base64="r4dtvKMyP8eKbH8/LE1/K3tPq7M="></latexit><latexit sha1_base64="r4dtvKMyP8eKbH8/LE1/K3tPq7M="></latexit><latexit sha1_base64="r4dtvKMyP8eKbH8/LE1/K3tPq7M="></latexit>

Convex relaxation
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Nuclear norm heuristics
minimize d(Y,F(X))
subject to rank(X)  r

<latexit sha1_base64="U9dWJZxyvQV1BAnNfZtqlHoKHy0="></latexit><latexit sha1_base64="58/X30H/24ahRDizUe0Db4C+6XI="></latexit><latexit sha1_base64="58/X30H/24ahRDizUe0Db4C+6XI="></latexit><latexit sha1_base64="mqqbY4dOTkhA0WZzJwI2IosQUdY="></latexit>

Intractable

minimize d(Y,F(X)) + � kXk?
<latexit sha1_base64="r4dtvKMyP8eKbH8/LE1/K3tPq7M="></latexit><latexit sha1_base64="r4dtvKMyP8eKbH8/LE1/K3tPq7M="></latexit><latexit sha1_base64="r4dtvKMyP8eKbH8/LE1/K3tPq7M="></latexit><latexit sha1_base64="r4dtvKMyP8eKbH8/LE1/K3tPq7M="></latexit>

Convex relaxation

kXk? =

rank(X)X

k=1

�k(X)
<latexit sha1_base64="mpNIXCoZif4Sg1VvFtikmNdNdcg="></latexit><latexit sha1_base64="mpNIXCoZif4Sg1VvFtikmNdNdcg="></latexit><latexit sha1_base64="mpNIXCoZif4Sg1VvFtikmNdNdcg="></latexit><latexit sha1_base64="mpNIXCoZif4Sg1VvFtikmNdNdcg="></latexit>
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Klopp (2014), Hastie et al. (2015), Udell et al. (2016)

nuclear norm:

!18



Nuclear norm heuristics
minimize d(Y,F(X))
subject to rank(X)  r

<latexit sha1_base64="U9dWJZxyvQV1BAnNfZtqlHoKHy0="></latexit><latexit sha1_base64="58/X30H/24ahRDizUe0Db4C+6XI="></latexit><latexit sha1_base64="58/X30H/24ahRDizUe0Db4C+6XI="></latexit><latexit sha1_base64="mqqbY4dOTkhA0WZzJwI2IosQUdY="></latexit>

Intractable

minimize d(Y,F(X)) + � kXk?
<latexit sha1_base64="r4dtvKMyP8eKbH8/LE1/K3tPq7M="></latexit><latexit sha1_base64="r4dtvKMyP8eKbH8/LE1/K3tPq7M="></latexit><latexit sha1_base64="r4dtvKMyP8eKbH8/LE1/K3tPq7M="></latexit><latexit sha1_base64="r4dtvKMyP8eKbH8/LE1/K3tPq7M="></latexit>

Convex relaxation

kXk? =

rank(X)X

k=1

�k(X)
<latexit sha1_base64="mpNIXCoZif4Sg1VvFtikmNdNdcg="></latexit><latexit sha1_base64="mpNIXCoZif4Sg1VvFtikmNdNdcg="></latexit><latexit sha1_base64="mpNIXCoZif4Sg1VvFtikmNdNdcg="></latexit><latexit sha1_base64="mpNIXCoZif4Sg1VvFtikmNdNdcg="></latexit>

nuclear norm:

Mostly for incomplete numeric data, or heterogeneous data 
without multi-source aspect  
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nuclear norm:

Extend convex low-rank matrix completion to multi-source, 
and heterogeneous data simultaneously
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Objectives of this thesis

1. Provide theoretically sound models adapted to multi-source,  
heterogeneous and incomplete data simultaneously 

2. For these models, provide estimation methods and empirically 
robust software solutions


3. Confront the methods to applications in life sciences

‣ Hybrid low-rank structures

‣ Heterogeneous data fitting terms

‣ Upper and lower bounds on estimation errors

‣ Optimization algorithms

‣ Implementation of R packages

‣ Numerical results

‣ Analysis of a waterbird abundance data set

‣ Imputation of a medical registry
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Main effects and interactions in mixed and 
incomplete data frames (MIMI)

Site 2008 2009 2010
1 NA 0 0
2 4 50 25
3 NA 0 0
4 NA NA NA
5 NA NA NA
6 0 0 0
7 5 75 870
8 9 34 0
9 10 8 30

10 NA 182 27

Site Year Rain Eco Country Agri
1 2008 163.7 0.8 Algeria 16.2
2 2008 60.7 0.8 Algeria 16.2
3 2008 227.9 0.8 Algeria 16.2
4 2008 174.8 0.8 Algeria 16.2
5 2008 163.7 0.8 Algeria 16.2
6 2008 230.7 0.8 Algeria 16.2
7 2008 243.5 0.8 Algeria 16.2
8 2008 262.6 0.8 Algeria 16.2
9 2008 197.3 0.8 Algeria 16.2

10 2008 227.9 0.8 Algeria 16.2
1 2009 255.1 -1.2 Algeria 16.1
2 2009 179.8 -1.2 Algeria 16.1

Data frame Side informationY
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Statistical model
Data frame: random (noisy) observations

Y =

Y1,1 … NA … Y1,m2

Y2,1 NA
⋮ Yi, j

Ym1,1 NA Ym1,m2

!24

Ω =

1 … 0 … 1
1 0
⋮ 1
1 0 1

Missing data pattern (random)

Independent

independent entries with

 parametric model:

fYij (y) = fij(y,Xij)

probability 
density 
function

known  
function

unknown  
parameter

independent Bernoulli

random variables:

P(⌦i,j = 1) = ⇡ij > 0
<latexit sha1_base64="++UspVszwyzhiH1rvkE2sF+4hWo="></latexit><latexit sha1_base64="++UspVszwyzhiH1rvkE2sF+4hWo="></latexit><latexit sha1_base64="++UspVszwyzhiH1rvkE2sF+4hWo="></latexit><latexit sha1_base64="++UspVszwyzhiH1rvkE2sF+4hWo="></latexit>



Exponential family model
fYij (y) = hj(y) exp(yXij � gj(Xij))

| {z }

base function: Yj ! R+

| {z }

link function: R ! Xj



Exponential family model

!26

fYij (y) = hj(y) exp(yXij � gj(Xij))
| {z }

base function: Yj ! R+

| {z }

link function: R ! Xj

N (x,�2)
<latexit sha1_base64="9ieQaqFjHbMahFHlq1l/q3Vsy/Y="></latexit><latexit sha1_base64="9ieQaqFjHbMahFHlq1l/q3Vsy/Y="></latexit><latexit sha1_base64="9ieQaqFjHbMahFHlq1l/q3Vsy/Y="></latexit><latexit sha1_base64="9ieQaqFjHbMahFHlq1l/q3Vsy/Y="></latexit>

gj(x) = x2�2/2
<latexit sha1_base64="DJ9LFszQyp3OVFBXP2PxqwNklkc="></latexit><latexit sha1_base64="DJ9LFszQyp3OVFBXP2PxqwNklkc="></latexit><latexit sha1_base64="DJ9LFszQyp3OVFBXP2PxqwNklkc="></latexit><latexit sha1_base64="DJ9LFszQyp3OVFBXP2PxqwNklkc="></latexit>

hj(y) = (2⇡�2)�1/2 exp(�y2/2�2)
<latexit sha1_base64="Q/46cT7Hzwbez+1dy3PzlXpuTnE="></latexit><latexit sha1_base64="Q/46cT7Hzwbez+1dy3PzlXpuTnE="></latexit><latexit sha1_base64="Q/46cT7Hzwbez+1dy3PzlXpuTnE="></latexit><latexit sha1_base64="Q/46cT7Hzwbez+1dy3PzlXpuTnE="></latexit>

Example 1: 
(numeric variables)

|
{z

}
(Gaussian)



Exponential family model

!27

fYij (y) = hj(y) exp(yXij � gj(Xij))
| {z }

base function: Yj ! R+

| {z }

link function: R ! Xj

Example 2: 
(binary variables)

|
{z

}

hj(y) = 1
<latexit sha1_base64="ZG1lLBFnpYbC0IoKQyLG7EAV8hg="></latexit><latexit sha1_base64="ZG1lLBFnpYbC0IoKQyLG7EAV8hg="></latexit><latexit sha1_base64="ZG1lLBFnpYbC0IoKQyLG7EAV8hg="></latexit><latexit sha1_base64="qxzv+mvaPAL3+DAnH3yS12+Lghs="></latexit><latexit sha1_base64="V0D9YZVQQkutxTdHkzB6AEYxkOk="></latexit><latexit sha1_base64="V0D9YZVQQkutxTdHkzB6AEYxkOk="></latexit><latexit sha1_base64="Ze1ARGIO8g+pBvFk1AIElmJTvI4="></latexit><latexit sha1_base64="ZG1lLBFnpYbC0IoKQyLG7EAV8hg="></latexit><latexit sha1_base64="ZG1lLBFnpYbC0IoKQyLG7EAV8hg="></latexit><latexit sha1_base64="ZG1lLBFnpYbC0IoKQyLG7EAV8hg="></latexit><latexit sha1_base64="ZG1lLBFnpYbC0IoKQyLG7EAV8hg="></latexit><latexit sha1_base64="ZG1lLBFnpYbC0IoKQyLG7EAV8hg="></latexit><latexit sha1_base64="ZG1lLBFnpYbC0IoKQyLG7EAV8hg="></latexit>

gj(x) = log(1 + exp(x))
<latexit sha1_base64="8CZO5tmE9BVO44g0/tLcgiU5cGM="></latexit><latexit sha1_base64="8CZO5tmE9BVO44g0/tLcgiU5cGM="></latexit><latexit sha1_base64="8CZO5tmE9BVO44g0/tLcgiU5cGM="></latexit><latexit sha1_base64="8CZO5tmE9BVO44g0/tLcgiU5cGM="></latexit>

B(1/(1 + exp(�x)))
<latexit sha1_base64="jywe4FVJ6E7j1zij7O5aOKFHt/U="></latexit><latexit sha1_base64="jywe4FVJ6E7j1zij7O5aOKFHt/U="></latexit><latexit sha1_base64="jywe4FVJ6E7j1zij7O5aOKFHt/U="></latexit><latexit sha1_base64="qxzv+mvaPAL3+DAnH3yS12+Lghs="></latexit><latexit sha1_base64="PiG15SrPMGJUxb/gorkmdZD0f1M="></latexit><latexit sha1_base64="PiG15SrPMGJUxb/gorkmdZD0f1M="></latexit><latexit sha1_base64="wS5fTVE2KIsxpsXXQulfk+Bj1Es="></latexit><latexit sha1_base64="jywe4FVJ6E7j1zij7O5aOKFHt/U="></latexit><latexit sha1_base64="jywe4FVJ6E7j1zij7O5aOKFHt/U="></latexit><latexit sha1_base64="jywe4FVJ6E7j1zij7O5aOKFHt/U="></latexit><latexit sha1_base64="jywe4FVJ6E7j1zij7O5aOKFHt/U="></latexit><latexit sha1_base64="jywe4FVJ6E7j1zij7O5aOKFHt/U="></latexit><latexit sha1_base64="jywe4FVJ6E7j1zij7O5aOKFHt/U="></latexit>

(Bernoulli)



Exponential family model
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fYij (y) = hj(y) exp(yXij � gj(Xij))
| {z }

base function: Yj ! R+

| {z }

link function: R ! Xj

Example 3: 
(discrete variables)

|
{z

}

hj(y) = 1/y!
<latexit sha1_base64="o8Aaau2Oy0uj8hYGXDk2zZ2SfNI="></latexit><latexit sha1_base64="o8Aaau2Oy0uj8hYGXDk2zZ2SfNI="></latexit><latexit sha1_base64="o8Aaau2Oy0uj8hYGXDk2zZ2SfNI="></latexit><latexit sha1_base64="o8Aaau2Oy0uj8hYGXDk2zZ2SfNI="></latexit>

gj(x) = exp(ax)
<latexit sha1_base64="Z23o3amnm7ISKPpjaUtskAbi05Q="></latexit><latexit sha1_base64="Z23o3amnm7ISKPpjaUtskAbi05Q="></latexit><latexit sha1_base64="Z23o3amnm7ISKPpjaUtskAbi05Q="></latexit><latexit sha1_base64="Z23o3amnm7ISKPpjaUtskAbi05Q="></latexit>

(Poisson)
P(exp(ax))

<latexit sha1_base64="3kXyCy69htxj8/sDg2+Hi/eiCcc="></latexit><latexit sha1_base64="3kXyCy69htxj8/sDg2+Hi/eiCcc="></latexit><latexit sha1_base64="3kXyCy69htxj8/sDg2+Hi/eiCcc="></latexit><latexit sha1_base64="3kXyCy69htxj8/sDg2+Hi/eiCcc="></latexit>



Log-likelihood & side information

!29

Parameter of parametric model: 
side information included in parameter space

L(X;Y ,⌦) =
m1X

i=1

m2X

j=1

⌦i,j(�Yi,jXi,j + gj(Xi,j))

<latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit>
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L(X;Y ,⌦) =
m1X

i=1

m2X

j=1

⌦i,j(�Yi,jXi,j + gj(Xi,j))

<latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit>

Log-likelihood & side information
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Sparse main effects and low-rank interactions:

Xi,j = huij ,↵i+⇥i,j
<latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit>

X =
NX

k=1

↵kU
k +⇥

<latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit>

L(X;Y ,⌦) =
m1X

i=1

m2X

j=1

⌦i,j(�Yi,jXi,j + gj(Xi,j))

<latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit>

Log-likelihood & side information
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main effects 
of covariates

covariates
Sparse main effects and low-rank interactions:

Xi,j = huij ,↵i+⇥i,j
<latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit>

X =
NX

k=1

↵kU
k +⇥

<latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit>

L(X;Y ,⌦) =
m1X

i=1

m2X

j=1

⌦i,j(�Yi,jXi,j + gj(Xi,j))

<latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit>

Log-likelihood & side information
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interactions 
(residuals)

Sparse main effects and low-rank interactions:

Xi,j = huij ,↵i+⇥i,j
<latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit>

X =
NX

k=1

↵kU
k +⇥

<latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit>

L(X;Y ,⌦) =
m1X

i=1

m2X

j=1

⌦i,j(�Yi,jXi,j + gj(Xi,j))

<latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit>

Log-likelihood & side information
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sparse

fixed dictionary
Sparse main effects and low-rank interactions:

L(X;Y ,⌦) =
m1X

i=1

m2X

j=1

⌦i,j(�Yi,jXi,j + gj(Xi,j))

<latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit>

Xi,j = huij ,↵i+⇥i,j
<latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit>

X =
NX

k=1

↵kU
k +⇥

<latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit>

Log-likelihood & side information
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Sparse main effects and low-rank interactions:

L(X;Y ,⌦) =
m1X

i=1

m2X

j=1

⌦i,j(�Yi,jXi,j + gj(Xi,j))

<latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit>

Xi,j = huij ,↵i+⇥i,j
<latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit>

X =
NX

k=1

↵kU
k +⇥

<latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit>

low-rank

Log-likelihood & side information
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Sparse main effects and low-rank interactions:

L(X;Y ,⌦) =
m1X

i=1

m2X

j=1

⌦i,j(�Yi,jXi,j + gj(Xi,j))

<latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit>

Xi,j = huij ,↵i+⇥i,j
<latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit>

X =
NX

k=1

↵kU
k +⇥

<latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit>

1/ Only main effects: (Sparse) Generalized 
Linear Model (GLM)

[Friedman et al. (2010),  Pannekoek and van 
Strien (2001)]

Log-likelihood & side information
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Sparse main effects and low-rank interactions:

L(X;Y ,⌦) =
m1X

i=1

m2X

j=1

⌦i,j(�Yi,jXi,j + gj(Xi,j))

<latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit>

Xi,j = huij ,↵i+⇥i,j
<latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit>

X =
NX

k=1

↵kU
k +⇥

<latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit>

2/ Only interactions: Convex low-rank matrix 
completion

[Candès and Recht (2008), Agarwal et al. (2011), Klopp (2014), Lafond 
(2015),Udell et al. (2016), Kumar and Schneider (2017)]

Log-likelihood & side information



Low-rank plus sparse decomposition:
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(↵̂, ⇥̂) 2 argminL(↵,⇥;Y ,⌦) + �1k⇥k? + �2k↵k1
subject to k↵k1  a, k⇥k1  a,

<latexit sha1_base64="tCLzYCdX/MUwbW5dMNJc2NT6yuE="></latexit><latexit sha1_base64="W16SBXD9SNZmXZwekHxAqTKEQC4="></latexit><latexit sha1_base64="W16SBXD9SNZmXZwekHxAqTKEQC4="></latexit><latexit sha1_base64="iujS3fFc3jz+WfBky9EGvA2UKPY="></latexit>

Sparse main effects and low-rank interactions:

L(X;Y ,⌦) =
m1X

i=1

m2X

j=1

⌦i,j(�Yi,jXi,j + gj(Xi,j))

<latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit><latexit sha1_base64="RJNl81PpPMmUMk2NXt2BfzKof4Y="></latexit>

Xi,j = huij ,↵i+⇥i,j
<latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit><latexit sha1_base64="hkHjoHlxLG8lWaGpp1/NGNbr95Y="></latexit>

X =
NX

k=1

↵kU
k +⇥

<latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit><latexit sha1_base64="2xotL/NRwEkRcfC6i18nA9orm7g="></latexit>

Log-likelihood & side information



Low-rank plus sparse matrix 
decomposition
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Y = L+ S
<latexit sha1_base64="ntTUBNM/IiZ3XLlnX5xxXlws7TY="></latexit><latexit sha1_base64="ntTUBNM/IiZ3XLlnX5xxXlws7TY="></latexit><latexit sha1_base64="ntTUBNM/IiZ3XLlnX5xxXlws7TY="></latexit><latexit sha1_base64="ntTUBNM/IiZ3XLlnX5xxXlws7TY="></latexit>

low-rank 
Sparse 



Low-rank plus sparse matrix 
decomposition
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Both components can be recovered 

exactly via convex optimisation


1/ No noise

Chandrasekaran et al. (2011), Hsu et al. (2011),  Candès et al. (2011), Xu et al. 
(2010), Mardani et al. (2013)

minimize kLk? + �kSk1
subject to Li,j + Si,j = Yi,j if ⌦i,j = 1

<latexit sha1_base64="fal5WfZSzbTee588U4QQLHWAK3k="></latexit><latexit sha1_base64="fal5WfZSzbTee588U4QQLHWAK3k="></latexit><latexit sha1_base64="fal5WfZSzbTee588U4QQLHWAK3k="></latexit><latexit sha1_base64="fal5WfZSzbTee588U4QQLHWAK3k="></latexit>

Y = L+ S
<latexit sha1_base64="ntTUBNM/IiZ3XLlnX5xxXlws7TY="></latexit><latexit sha1_base64="ntTUBNM/IiZ3XLlnX5xxXlws7TY="></latexit><latexit sha1_base64="ntTUBNM/IiZ3XLlnX5xxXlws7TY="></latexit><latexit sha1_base64="ntTUBNM/IiZ3XLlnX5xxXlws7TY="></latexit>

low-rank 
Sparse 



Low-rank plus sparse matrix 
decomposition
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Both components can be estimated with minimax optimal error


2/ Noisy observations

Additive noise

minimize
Pm1

i=1

Pm2

j=1 ⌦i,j(Yi,j �Li,j � Si,j)2 + �1kLk? + �2kSk1
subject to kLk1  a, kSk1  a

<latexit sha1_base64="9QRY3cVjTykbQgBqXwP9z5B1njU="></latexit><latexit sha1_base64="9QRY3cVjTykbQgBqXwP9z5B1njU="></latexit><latexit sha1_base64="9QRY3cVjTykbQgBqXwP9z5B1njU="></latexit><latexit sha1_base64="9QRY3cVjTykbQgBqXwP9z5B1njU="></latexit>

Y = L+ S + E
<latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit><latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit><latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit><latexit sha1_base64="R+noUbdUYHaR+XgsRwal+CEz+wk="></latexit><latexit sha1_base64="GVZ7JB4nrKCrjQY7g1wk6T5ej7c="></latexit><latexit sha1_base64="GVZ7JB4nrKCrjQY7g1wk6T5ej7c="></latexit><latexit sha1_base64="711igEuKCdR5Wj3COoUKUN7qkLs="></latexit><latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit><latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit><latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit><latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit><latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit><latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit>

[Agarwal et al. (2012), Klopp et al. (2017)]



Low-rank plus sparse matrix 
decomposition

!42

Both components can be estimated with minimax optimal error


2/ Noisy observations

Additive noise

minimize
Pm1

i=1

Pm2

j=1 ⌦i,j(Yi,j �Li,j � Si,j)2 + �1kLk? + �2kSk1
subject to kLk1  a, kSk1  a

<latexit sha1_base64="9QRY3cVjTykbQgBqXwP9z5B1njU="></latexit><latexit sha1_base64="9QRY3cVjTykbQgBqXwP9z5B1njU="></latexit><latexit sha1_base64="9QRY3cVjTykbQgBqXwP9z5B1njU="></latexit><latexit sha1_base64="9QRY3cVjTykbQgBqXwP9z5B1njU="></latexit>

Y = L+ S + E
<latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit><latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit><latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit><latexit sha1_base64="R+noUbdUYHaR+XgsRwal+CEz+wk="></latexit><latexit sha1_base64="GVZ7JB4nrKCrjQY7g1wk6T5ej7c="></latexit><latexit sha1_base64="GVZ7JB4nrKCrjQY7g1wk6T5ej7c="></latexit><latexit sha1_base64="711igEuKCdR5Wj3COoUKUN7qkLs="></latexit><latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit><latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit><latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit><latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit><latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit><latexit sha1_base64="0LrBDviKw5ItsSi4fxsQeX2RZQM="></latexit>

[Agarwal et al. (2012), Klopp et al. (2017)]

Two-fold generalisation:  
• heterogeneous exponential family noise  
• general sparsity pattern 



Target parameters

!43

8(i, j) 2 Jm1K ⇥ Jm2K, X0
i,j = argminx2R{�E[Yi,j ]x+ gj(x)}

<latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="R+noUbdUYHaR+XgsRwal+CEz+wk="></latexit><latexit sha1_base64="hHvVEusOsdMYydSZLv2260gAOOc="></latexit><latexit sha1_base64="hHvVEusOsdMYydSZLv2260gAOOc="></latexit><latexit sha1_base64="bgKwJIvNve24JTbmsO7aaEv99Nc="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit>

        Definition:



Target parameters
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8(i, j) 2 Jm1K ⇥ Jm2K, X0
i,j = argminx2R{�E[Yi,j ]x+ gj(x)}

<latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="R+noUbdUYHaR+XgsRwal+CEz+wk="></latexit><latexit sha1_base64="hHvVEusOsdMYydSZLv2260gAOOc="></latexit><latexit sha1_base64="hHvVEusOsdMYydSZLv2260gAOOc="></latexit><latexit sha1_base64="bgKwJIvNve24JTbmsO7aaEv99Nc="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit>

Decomposition: X0 =
NX

k=1

↵0
kU

k +⇥0

<latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit><latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit><latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit><latexit sha1_base64="R+noUbdUYHaR+XgsRwal+CEz+wk="></latexit><latexit sha1_base64="IbY4kNwv9S5LiLRSvuX8YRIGKQg="></latexit><latexit sha1_base64="IbY4kNwv9S5LiLRSvuX8YRIGKQg="></latexit><latexit sha1_base64="UJA8FlMOklkw8vSaifFvZH3akbw="></latexit><latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit><latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit><latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit><latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit><latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit><latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit>

        Definition:



Target parameters
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8(i, j) 2 Jm1K ⇥ Jm2K, X0
i,j = argminx2R{�E[Yi,j ]x+ gj(x)}

<latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="R+noUbdUYHaR+XgsRwal+CEz+wk="></latexit><latexit sha1_base64="hHvVEusOsdMYydSZLv2260gAOOc="></latexit><latexit sha1_base64="hHvVEusOsdMYydSZLv2260gAOOc="></latexit><latexit sha1_base64="bgKwJIvNve24JTbmsO7aaEv99Nc="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit><latexit sha1_base64="zXrlit1oAUWQtE3aOhqgpSJ23VE="></latexit>

        Definition:

Decomposition:

s = min
X0=

PN
k=1 ↵kUk+⇥

{k↵k0 + rank(⇥)}
<latexit sha1_base64="sMouZ5m5ZXcKf9ax+BbWF/9KANc="></latexit><latexit sha1_base64="sMouZ5m5ZXcKf9ax+BbWF/9KANc="></latexit><latexit sha1_base64="sMouZ5m5ZXcKf9ax+BbWF/9KANc="></latexit><latexit sha1_base64="R+noUbdUYHaR+XgsRwal+CEz+wk="></latexit><latexit sha1_base64="bi1spNFMFUTD4AadHb9KzKhluMc="></latexit><latexit sha1_base64="bi1spNFMFUTD4AadHb9KzKhluMc="></latexit><latexit sha1_base64="gPEwWGatvdEewGzUGjqW8F7uwLo="></latexit><latexit sha1_base64="sMouZ5m5ZXcKf9ax+BbWF/9KANc="></latexit><latexit sha1_base64="sMouZ5m5ZXcKf9ax+BbWF/9KANc="></latexit><latexit sha1_base64="sMouZ5m5ZXcKf9ax+BbWF/9KANc="></latexit><latexit sha1_base64="sMouZ5m5ZXcKf9ax+BbWF/9KANc="></latexit><latexit sha1_base64="sMouZ5m5ZXcKf9ax+BbWF/9KANc="></latexit><latexit sha1_base64="sMouZ5m5ZXcKf9ax+BbWF/9KANc="></latexit>

(↵0,⇥0) 2 argminX0=
PN

k=1 ↵kU
k+⇥

k↵k0+rank(⇥)=s

k↵k0
<latexit sha1_base64="8Titpui/BIpAIgKtpRJYX6ieh+w="></latexit><latexit sha1_base64="8Titpui/BIpAIgKtpRJYX6ieh+w="></latexit><latexit sha1_base64="8Titpui/BIpAIgKtpRJYX6ieh+w="></latexit><latexit sha1_base64="8Titpui/BIpAIgKtpRJYX6ieh+w="></latexit>

Specification:

X0 =
NX

k=1

↵0
kU

k +⇥0

<latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit><latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit><latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit><latexit sha1_base64="R+noUbdUYHaR+XgsRwal+CEz+wk="></latexit><latexit sha1_base64="IbY4kNwv9S5LiLRSvuX8YRIGKQg="></latexit><latexit sha1_base64="IbY4kNwv9S5LiLRSvuX8YRIGKQg="></latexit><latexit sha1_base64="UJA8FlMOklkw8vSaifFvZH3akbw="></latexit><latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit><latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit><latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit><latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit><latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit><latexit sha1_base64="GaYJGNkNRUi//L1sdwgc5rsENK4="></latexit>



Main assumptions
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Model: 8k 2 JNK, ↵k 6= 0, hUk,⇥0i = 0
<latexit sha1_base64="r75N4cNsiSm/J5Fn6quwNroEfRs="></latexit><latexit sha1_base64="r75N4cNsiSm/J5Fn6quwNroEfRs="></latexit><latexit sha1_base64="r75N4cNsiSm/J5Fn6quwNroEfRs="></latexit><latexit sha1_base64="r75N4cNsiSm/J5Fn6quwNroEfRs="></latexit>

k↵0k1  a, k⇥0k1  a
<latexit sha1_base64="nzyvKD3s3sBeOSntLjASoc3HBRU="></latexit><latexit sha1_base64="nzyvKD3s3sBeOSntLjASoc3HBRU="></latexit><latexit sha1_base64="nzyvKD3s3sBeOSntLjASoc3HBRU="></latexit><latexit sha1_base64="nzyvKD3s3sBeOSntLjASoc3HBRU="></latexit>



Main assumptions
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Model: 8k 2 JNK, ↵k 6= 0, hUk,⇥0i = 0
<latexit sha1_base64="r75N4cNsiSm/J5Fn6quwNroEfRs="></latexit><latexit sha1_base64="r75N4cNsiSm/J5Fn6quwNroEfRs="></latexit><latexit sha1_base64="r75N4cNsiSm/J5Fn6quwNroEfRs="></latexit><latexit sha1_base64="r75N4cNsiSm/J5Fn6quwNroEfRs="></latexit>

k↵0k1  a, k⇥0k1  a
<latexit sha1_base64="nzyvKD3s3sBeOSntLjASoc3HBRU="></latexit><latexit sha1_base64="nzyvKD3s3sBeOSntLjASoc3HBRU="></latexit><latexit sha1_base64="nzyvKD3s3sBeOSntLjASoc3HBRU="></latexit><latexit sha1_base64="nzyvKD3s3sBeOSntLjASoc3HBRU="></latexit>

Missing values: 8(i, j) 2 Jm1K ⇥ Jm2K, c1p  ⇡i,j  c2p, p > 0
<latexit sha1_base64="sd060Lwr1wi5H0/oxyWPeEzVTsQ="></latexit><latexit sha1_base64="sd060Lwr1wi5H0/oxyWPeEzVTsQ="></latexit><latexit sha1_base64="sd060Lwr1wi5H0/oxyWPeEzVTsQ="></latexit><latexit sha1_base64="sd060Lwr1wi5H0/oxyWPeEzVTsQ="></latexit>



Main assumptions
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Model: 8k 2 JNK, ↵k 6= 0, hUk,⇥0i = 0
<latexit sha1_base64="r75N4cNsiSm/J5Fn6quwNroEfRs="></latexit><latexit sha1_base64="r75N4cNsiSm/J5Fn6quwNroEfRs="></latexit><latexit sha1_base64="r75N4cNsiSm/J5Fn6quwNroEfRs="></latexit><latexit sha1_base64="r75N4cNsiSm/J5Fn6quwNroEfRs="></latexit>

k↵0k1  a, k⇥0k1  a
<latexit sha1_base64="nzyvKD3s3sBeOSntLjASoc3HBRU="></latexit><latexit sha1_base64="nzyvKD3s3sBeOSntLjASoc3HBRU="></latexit><latexit sha1_base64="nzyvKD3s3sBeOSntLjASoc3HBRU="></latexit><latexit sha1_base64="nzyvKD3s3sBeOSntLjASoc3HBRU="></latexit>

Missing values: 8(i, j) 2 Jm1K ⇥ Jm2K, c1p  ⇡i,j  c2p, p > 0
<latexit sha1_base64="sd060Lwr1wi5H0/oxyWPeEzVTsQ="></latexit><latexit sha1_base64="sd060Lwr1wi5H0/oxyWPeEzVTsQ="></latexit><latexit sha1_base64="sd060Lwr1wi5H0/oxyWPeEzVTsQ="></latexit><latexit sha1_base64="sd060Lwr1wi5H0/oxyWPeEzVTsQ="></latexit>

Noise: 8j 2 Jm2K, gj is C2
<latexit sha1_base64="5who1WK0uMmOu0o5WD3lJNUsYTs="></latexit><latexit sha1_base64="5who1WK0uMmOu0o5WD3lJNUsYTs="></latexit><latexit sha1_base64="5who1WK0uMmOu0o5WD3lJNUsYTs="></latexit><latexit sha1_base64="5who1WK0uMmOu0o5WD3lJNUsYTs="></latexit>

8x 2 R, |x| < (1 + æ)a, 8j 2 Jm2K, �2
�  g00j (x)  �2

+
<latexit sha1_base64="fVDZ13x8FKq/0WeQZldBze6nWgs="></latexit><latexit sha1_base64="fVDZ13x8FKq/0WeQZldBze6nWgs="></latexit><latexit sha1_base64="fVDZ13x8FKq/0WeQZldBze6nWgs="></latexit><latexit sha1_base64="fVDZ13x8FKq/0WeQZldBze6nWgs="></latexit>

8z 2 R, |z| < �, E[ez(Yi,j�E[Yi,j ])]  e�
2z2/2

<latexit sha1_base64="25uSBLdSAHX74nANsZAePGsGqVI="></latexit><latexit sha1_base64="25uSBLdSAHX74nANsZAePGsGqVI="></latexit><latexit sha1_base64="25uSBLdSAHX74nANsZAePGsGqVI="></latexit><latexit sha1_base64="25uSBLdSAHX74nANsZAePGsGqVI="></latexit>



Main assumptions
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Model: 8k 2 JNK, ↵k 6= 0, hUk,⇥0i = 0
<latexit sha1_base64="r75N4cNsiSm/J5Fn6quwNroEfRs="></latexit><latexit sha1_base64="r75N4cNsiSm/J5Fn6quwNroEfRs="></latexit><latexit sha1_base64="r75N4cNsiSm/J5Fn6quwNroEfRs="></latexit><latexit sha1_base64="r75N4cNsiSm/J5Fn6quwNroEfRs="></latexit>

k↵0k1  a, k⇥0k1  a
<latexit sha1_base64="nzyvKD3s3sBeOSntLjASoc3HBRU="></latexit><latexit sha1_base64="nzyvKD3s3sBeOSntLjASoc3HBRU="></latexit><latexit sha1_base64="nzyvKD3s3sBeOSntLjASoc3HBRU="></latexit><latexit sha1_base64="nzyvKD3s3sBeOSntLjASoc3HBRU="></latexit>

Missing values: 8(i, j) 2 Jm1K ⇥ Jm2K, c1p  ⇡i,j  c2p, p > 0
<latexit sha1_base64="sd060Lwr1wi5H0/oxyWPeEzVTsQ="></latexit><latexit sha1_base64="sd060Lwr1wi5H0/oxyWPeEzVTsQ="></latexit><latexit sha1_base64="sd060Lwr1wi5H0/oxyWPeEzVTsQ="></latexit><latexit sha1_base64="sd060Lwr1wi5H0/oxyWPeEzVTsQ="></latexit>

Noise: 8j 2 Jm2K, gj is C2
<latexit sha1_base64="5who1WK0uMmOu0o5WD3lJNUsYTs="></latexit><latexit sha1_base64="5who1WK0uMmOu0o5WD3lJNUsYTs="></latexit><latexit sha1_base64="5who1WK0uMmOu0o5WD3lJNUsYTs="></latexit><latexit sha1_base64="5who1WK0uMmOu0o5WD3lJNUsYTs="></latexit>

8x 2 R, |x| < (1 + æ)a, 8j 2 Jm2K, �2
�  g00j (x)  �2

+
<latexit sha1_base64="fVDZ13x8FKq/0WeQZldBze6nWgs="></latexit><latexit sha1_base64="fVDZ13x8FKq/0WeQZldBze6nWgs="></latexit><latexit sha1_base64="fVDZ13x8FKq/0WeQZldBze6nWgs="></latexit><latexit sha1_base64="fVDZ13x8FKq/0WeQZldBze6nWgs="></latexit>

8z 2 R, |z| < �, E[ez(Yi,j�E[Yi,j ])]  e�
2z2/2

<latexit sha1_base64="25uSBLdSAHX74nANsZAePGsGqVI="></latexit><latexit sha1_base64="25uSBLdSAHX74nANsZAePGsGqVI="></latexit><latexit sha1_base64="25uSBLdSAHX74nANsZAePGsGqVI="></latexit><latexit sha1_base64="25uSBLdSAHX74nANsZAePGsGqVI="></latexit>

Dictionary:

8 (i, j) 2 Jm1K ⇥ Jm2K,
NX

k=1

|Uk
i,j |  æ

<latexit sha1_base64="kEd/1NU+tR3+LYtXs4TuOjLBy2A="></latexit><latexit sha1_base64="kEd/1NU+tR3+LYtXs4TuOjLBy2A="></latexit><latexit sha1_base64="kEd/1NU+tR3+LYtXs4TuOjLBy2A="></latexit><latexit sha1_base64="kEd/1NU+tR3+LYtXs4TuOjLBy2A="></latexit>

8k 2 JNK, kUkk1  1
<latexit sha1_base64="bRDfPxFVbOActFUBiMGPtmEMX5k="></latexit><latexit sha1_base64="bRDfPxFVbOActFUBiMGPtmEMX5k="></latexit><latexit sha1_base64="bRDfPxFVbOActFUBiMGPtmEMX5k="></latexit><latexit sha1_base64="bRDfPxFVbOActFUBiMGPtmEMX5k="></latexit>

8↵ 2 RN ,↵>G↵ � 2k↵k22, where G is the Gram matrix of (U1, . . . , UN )
<latexit sha1_base64="8f4IKsYTTAtGSXTqht7XU/pfwUg="></latexit><latexit sha1_base64="8f4IKsYTTAtGSXTqht7XU/pfwUg="></latexit><latexit sha1_base64="8f4IKsYTTAtGSXTqht7XU/pfwUg="></latexit><latexit sha1_base64="8f4IKsYTTAtGSXTqht7XU/pfwUg="></latexit>
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�1 = 2c⇤�+

p
pm1 _m2 log(m1 +m2), �2 � 24max

k
kUkk1 log(m1 +m2)/�

<latexit sha1_base64="Oq/B3mHcyP+XB2y0AE7kT64imeI="></latexit><latexit sha1_base64="Oq/B3mHcyP+XB2y0AE7kT64imeI="></latexit><latexit sha1_base64="Oq/B3mHcyP+XB2y0AE7kT64imeI="></latexit><latexit sha1_base64="Oq/B3mHcyP+XB2y0AE7kT64imeI="></latexit>

Theorem (Robin et al. 2019)

Set:

Assume: m1 _m2 � max{4�2
+/�

6 log2(
p
m1 ^m2), 2 exp(�

2
+/�

2 ^ �2
+�(1 + æa))}

<latexit sha1_base64="MmeVTaufnizmN4USmh9Ui6wuJZ8="></latexit><latexit sha1_base64="MmeVTaufnizmN4USmh9Ui6wuJZ8="></latexit><latexit sha1_base64="MmeVTaufnizmN4USmh9Ui6wuJZ8="></latexit><latexit sha1_base64="MmeVTaufnizmN4USmh9Ui6wuJZ8="></latexit>
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Then, with probability at least                                   :1� 10(m1 +m2)
�1

<latexit sha1_base64="EuAvxjq2mOA6yGwDnZiUPMuW8PA="></latexit><latexit sha1_base64="EuAvxjq2mOA6yGwDnZiUPMuW8PA="></latexit><latexit sha1_base64="EuAvxjq2mOA6yGwDnZiUPMuW8PA="></latexit><latexit sha1_base64="EuAvxjq2mOA6yGwDnZiUPMuW8PA="></latexit>

k⇥0 � ⇥̂k2F . rank(⇥0)(m1 _m2)

p
+

k↵0k0 maxk kUkk1
p

<latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit>

�1 = 2c⇤�+

p
pm1 _m2 log(m1 +m2), �2 � 24max

k
kUkk1 log(m1 +m2)/�

<latexit sha1_base64="Oq/B3mHcyP+XB2y0AE7kT64imeI="></latexit><latexit sha1_base64="Oq/B3mHcyP+XB2y0AE7kT64imeI="></latexit><latexit sha1_base64="Oq/B3mHcyP+XB2y0AE7kT64imeI="></latexit><latexit sha1_base64="Oq/B3mHcyP+XB2y0AE7kT64imeI="></latexit>

Set:

Assume: m1 _m2 � max{4�2
+/�

6 log2(
p
m1 ^m2), 2 exp(�

2
+/�

2 ^ �2
+�(1 + æa))}

<latexit sha1_base64="MmeVTaufnizmN4USmh9Ui6wuJZ8="></latexit><latexit sha1_base64="MmeVTaufnizmN4USmh9Ui6wuJZ8="></latexit><latexit sha1_base64="MmeVTaufnizmN4USmh9Ui6wuJZ8="></latexit><latexit sha1_base64="MmeVTaufnizmN4USmh9Ui6wuJZ8="></latexit>

k↵0 � ↵̂k22 . k↵0k0
p

⇥ maxk kUkk1
2

<latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="R+noUbdUYHaR+XgsRwal+CEz+wk="></latexit><latexit sha1_base64="zlFLc4W2j86CWxCLIK4pYplBijE="></latexit><latexit sha1_base64="zlFLc4W2j86CWxCLIK4pYplBijE="></latexit><latexit sha1_base64="o3WEFClO/FacS+/xvPyCuFyBI+Y="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit>

Theorem (Robin et al. 2019)
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k↵0 � ↵̂k22 . k↵0k0
p

⇥ maxk kUkk1
2

<latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="R+noUbdUYHaR+XgsRwal+CEz+wk="></latexit><latexit sha1_base64="zlFLc4W2j86CWxCLIK4pYplBijE="></latexit><latexit sha1_base64="zlFLc4W2j86CWxCLIK4pYplBijE="></latexit><latexit sha1_base64="o3WEFClO/FacS+/xvPyCuFyBI+Y="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit>

k⇥0 � ⇥̂k2F . rank(⇥0)(m1 _m2)

p
+

k↵0k0 maxk kUkk1
p

<latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit>
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k↵0 � ↵̂k22 . k↵0k0
p

⇥ maxk kUkk1
2

<latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="R+noUbdUYHaR+XgsRwal+CEz+wk="></latexit><latexit sha1_base64="zlFLc4W2j86CWxCLIK4pYplBijE="></latexit><latexit sha1_base64="zlFLc4W2j86CWxCLIK4pYplBijE="></latexit><latexit sha1_base64="o3WEFClO/FacS+/xvPyCuFyBI+Y="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit>

k⇥0 � ⇥̂k2F . rank(⇥0)(m1 _m2)

p
+

k↵0k0 maxk kUkk1
p

<latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit>

Usual low-rank 
matrix completion 

rate
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k⇥0 � ⇥̂k2F . rank(⇥0)(m1 _m2)

p
+

k↵0k0 maxk kUkk1
p

<latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit>

Usual low-rank 
matrix completion 

rate

Interplay with 
main effects

k↵0 � ↵̂k22 . k↵0k0
p

⇥ maxk kUkk1
2

<latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="R+noUbdUYHaR+XgsRwal+CEz+wk="></latexit><latexit sha1_base64="zlFLc4W2j86CWxCLIK4pYplBijE="></latexit><latexit sha1_base64="zlFLc4W2j86CWxCLIK4pYplBijE="></latexit><latexit sha1_base64="o3WEFClO/FacS+/xvPyCuFyBI+Y="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit>
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k↵0 � ↵̂k22 . k↵0k0
p

⇥ maxk kUkk1
2

<latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="R+noUbdUYHaR+XgsRwal+CEz+wk="></latexit><latexit sha1_base64="zlFLc4W2j86CWxCLIK4pYplBijE="></latexit><latexit sha1_base64="zlFLc4W2j86CWxCLIK4pYplBijE="></latexit><latexit sha1_base64="o3WEFClO/FacS+/xvPyCuFyBI+Y="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit>

k⇥0 � ⇥̂k2F . rank(⇥0)(m1 _m2)

p
+

k↵0k0 maxk kUkk1
p

<latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit>



Statistical guarantees

!56

k↵0 � ↵̂k22 . k↵0k0
p

⇥ maxk kUkk1
2

<latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="R+noUbdUYHaR+XgsRwal+CEz+wk="></latexit><latexit sha1_base64="zlFLc4W2j86CWxCLIK4pYplBijE="></latexit><latexit sha1_base64="zlFLc4W2j86CWxCLIK4pYplBijE="></latexit><latexit sha1_base64="o3WEFClO/FacS+/xvPyCuFyBI+Y="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit>

Usual sparse rate 
in low-rank + sparse

k⇥0 � ⇥̂k2F . rank(⇥0)(m1 _m2)

p
+

k↵0k0 maxk kUkk1
p

<latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit>
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k↵0 � ↵̂k22 . k↵0k0
p

⇥ maxk kUkk1
2

<latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="R+noUbdUYHaR+XgsRwal+CEz+wk="></latexit><latexit sha1_base64="zlFLc4W2j86CWxCLIK4pYplBijE="></latexit><latexit sha1_base64="zlFLc4W2j86CWxCLIK4pYplBijE="></latexit><latexit sha1_base64="o3WEFClO/FacS+/xvPyCuFyBI+Y="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit><latexit sha1_base64="E4Unwn3nzsRZKtBeJWr59RYUDCM="></latexit>

Effect of dictionary

k⇥0 � ⇥̂k2F . rank(⇥0)(m1 _m2)

p
+

k↵0k0 maxk kUkk1
p

<latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit><latexit sha1_base64="CD/pQc2Axl2i6BtEXWb9U74AvRE="></latexit>

Usual sparse rate 
in low-rank + sparse



Objectives of this thesis

1. Provide theoretically sound models adapted to multi-source,  
heterogeneous and incomplete data simultaneously 

2. For these models, provide estimation methods and empirically 
robust software solutions


3. Confront the methods to applications in life sciences

‣ Hybrid low-rank structures

‣ Heterogeneous data fitting terms

‣ Upper and lower bounds on estimation errors

‣ Optimization algorithms

‣ Implementation of R packages

‣ Numerical results

‣ Analysis of a waterbird abundance data set

‣ Imputation of a medical registry

!58



Optimization problem
(↵̂, ⇥̂) 2 argmin(↵,⇥) L(fU (↵) +⇥;Y ,⌦) + �1k⇥k⇤ + �2k↵k1
subject to k↵k1  a, k⇥k1  a,

<latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit><latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit><latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit><latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit>
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Optimization problem
(↵̂, ⇥̂) 2 argmin(↵,⇥) L(fU (↵) +⇥;Y ,⌦) + �1k⇥k⇤ + �2k↵k1
subject to k↵k1  a, k⇥k1  a,

<latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit><latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit><latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit><latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit>
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Optimization problem

(↵̂, ⇥̂) 2 argminL(fU (↵) +⇥;Y ,⌦) + �1k⇥k⇤ + �2k↵k1
<latexit sha1_base64="V7dOOBwkukj6CFzLzytjRtYyrkk="></latexit><latexit sha1_base64="V7dOOBwkukj6CFzLzytjRtYyrkk="></latexit><latexit sha1_base64="V7dOOBwkukj6CFzLzytjRtYyrkk="></latexit><latexit sha1_base64="V7dOOBwkukj6CFzLzytjRtYyrkk="></latexit>

(↵̂, ⇥̂) 2 argmin(↵,⇥) L(fU (↵) +⇥;Y ,⌦) + �1k⇥k⇤ + �2k↵k1
subject to k↵k1  a, k⇥k1  a,

<latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit><latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit><latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit><latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit>

Drop the constraint
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Optimization problem

(↵̂, ⇥̂) 2 argminL(fU (↵) +⇥;Y ,⌦) + �1k⇥k⇤ + �2k↵k1
<latexit sha1_base64="V7dOOBwkukj6CFzLzytjRtYyrkk="></latexit><latexit sha1_base64="V7dOOBwkukj6CFzLzytjRtYyrkk="></latexit><latexit sha1_base64="V7dOOBwkukj6CFzLzytjRtYyrkk="></latexit><latexit sha1_base64="V7dOOBwkukj6CFzLzytjRtYyrkk="></latexit>

(↵̂, ⇥̂) 2 argmin(↵,⇥) L(fU (↵) +⇥;Y ,⌦) + �1k⇥k⇤ + �2k↵k1
subject to k↵k1  a, k⇥k1  a,

<latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit><latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit><latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit><latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit>

Drop the constraint

|{z} <latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit> <latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit> <latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit> <latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit>

smooth |{z} <latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit> <latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit> <latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit> <latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit>

separable
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Optimization problem

(↵̂, ⇥̂) 2 argminL(fU (↵) +⇥;Y ,⌦) + �1k⇥k⇤ + �2k↵k1
<latexit sha1_base64="V7dOOBwkukj6CFzLzytjRtYyrkk="></latexit><latexit sha1_base64="V7dOOBwkukj6CFzLzytjRtYyrkk="></latexit><latexit sha1_base64="V7dOOBwkukj6CFzLzytjRtYyrkk="></latexit><latexit sha1_base64="V7dOOBwkukj6CFzLzytjRtYyrkk="></latexit>

(↵̂, ⇥̂) 2 argmin(↵,⇥) L(fU (↵) +⇥;Y ,⌦) + �1k⇥k⇤ + �2k↵k1
subject to k↵k1  a, k⇥k1  a,

<latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit><latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit><latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit><latexit sha1_base64="DXnrChhzEg1w45pB3mA5liRtwxc="></latexit>

Drop the constraint

|{z} <latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit> <latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit> <latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit> <latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit>

smooth |{z} <latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit> <latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit> <latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit> <latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit>

separable

Algorithm: 
Block coordinate gradient 

descent (BCGD)

Idea: 
Update the parameters

and      alternatively along

descent directions

↵
<latexit sha1_base64="FwBAac4xolUz5ksOMprnY99z3m0="></latexit><latexit sha1_base64="FwBAac4xolUz5ksOMprnY99z3m0="></latexit><latexit sha1_base64="FwBAac4xolUz5ksOMprnY99z3m0="></latexit><latexit sha1_base64="FwBAac4xolUz5ksOMprnY99z3m0="></latexit>

⇥
<latexit sha1_base64="GpbN6c2t6CiJAzBSag1LL4kKi3c="></latexit><latexit sha1_base64="GpbN6c2t6CiJAzBSag1LL4kKi3c="></latexit><latexit sha1_base64="GpbN6c2t6CiJAzBSag1LL4kKi3c="></latexit><latexit sha1_base64="GpbN6c2t6CiJAzBSag1LL4kKi3c="></latexit>

BCGD
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Sketch of the algorithm

Algorithm 1 BCGD algorithm.

1: Initialize: — ↵(0),⇥(0)
. E.g., (↵(0),⇥(0)) = (0,0).

2: for t = 1, 2, . . . , T do
3: // Compute quadratic approximation //
4: Taylor expansion with additional strongly convex quadratic term

5: // Update for ↵ //
6: Compute descent direction (weighted LASSO problem)

7: Perform Armijo line search to compute the step size

8: // Update for ⇥ //
9: Compute descent direction (weighted softImpute problem)

10: Perform Armijo line search to compute the step size

11: end for
12: Return: ↵[T ],⇥[T ]

1
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Quadratic approximation
f(↵,⇥) = L(fU (↵) +⇥;Y ,⌦)

<latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="I+y/YbDqWV4P/rCky4VsOIwYkXs="></latexit><latexit sha1_base64="CNqvVEbTvlOGuKI0d6ReqovSid8="></latexit><latexit sha1_base64="CNqvVEbTvlOGuKI0d6ReqovSid8="></latexit><latexit sha1_base64="XgDXtEXRPhSQoJiJLKaeIjai1sA="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit>

(↵,⇥)
<latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit>

f(↵+ d↵,⇥+ d⇥) = f(↵,⇥) +A(fU (↵) +⇥, d↵, d⇥)
<latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit>

+o(kd↵k22 + kd⇥k2F )
<latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit> | {z }

<latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit>

residual

|{z} <latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit> <latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit> <latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit> <latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit>

Taylor expansion + quadratic term

of around

!65



Quadratic approximation
f(↵,⇥) = L(fU (↵) +⇥;Y ,⌦)

<latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="I+y/YbDqWV4P/rCky4VsOIwYkXs="></latexit><latexit sha1_base64="CNqvVEbTvlOGuKI0d6ReqovSid8="></latexit><latexit sha1_base64="CNqvVEbTvlOGuKI0d6ReqovSid8="></latexit><latexit sha1_base64="XgDXtEXRPhSQoJiJLKaeIjai1sA="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit>

(↵,⇥)
<latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit>

f(↵+ d↵,⇥+ d⇥) = f(↵,⇥) +A(fU (↵) +⇥, d↵, d⇥)
<latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit>

+o(kd↵k22 + kd⇥k2F )
<latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit>

of around

data fitting term
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Quadratic approximation
f(↵,⇥) = L(fU (↵) +⇥;Y ,⌦)

<latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="I+y/YbDqWV4P/rCky4VsOIwYkXs="></latexit><latexit sha1_base64="CNqvVEbTvlOGuKI0d6ReqovSid8="></latexit><latexit sha1_base64="CNqvVEbTvlOGuKI0d6ReqovSid8="></latexit><latexit sha1_base64="XgDXtEXRPhSQoJiJLKaeIjai1sA="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit>

(↵,⇥)
<latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit>

f(↵+ d↵,⇥+ d⇥) = f(↵,⇥) +A(fU (↵) +⇥, d↵, d⇥)
<latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit>

+o(kd↵k22 + kd⇥k2F )
<latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit>

of around

data fitting term

current 
point
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Quadratic approximation
f(↵,⇥) = L(fU (↵) +⇥;Y ,⌦)

<latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="I+y/YbDqWV4P/rCky4VsOIwYkXs="></latexit><latexit sha1_base64="CNqvVEbTvlOGuKI0d6ReqovSid8="></latexit><latexit sha1_base64="CNqvVEbTvlOGuKI0d6ReqovSid8="></latexit><latexit sha1_base64="XgDXtEXRPhSQoJiJLKaeIjai1sA="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit>

(↵,⇥)
<latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit>

f(↵+ d↵,⇥+ d⇥) = f(↵,⇥) +A(fU (↵) +⇥, d↵, d⇥)
<latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit>

+o(kd↵k22 + kd⇥k2F )
<latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit>

of around

current 
point

data fitting term

Taylor expansion
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Quadratic approximation
f(↵,⇥) = L(fU (↵) +⇥;Y ,⌦)

<latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="I+y/YbDqWV4P/rCky4VsOIwYkXs="></latexit><latexit sha1_base64="CNqvVEbTvlOGuKI0d6ReqovSid8="></latexit><latexit sha1_base64="CNqvVEbTvlOGuKI0d6ReqovSid8="></latexit><latexit sha1_base64="XgDXtEXRPhSQoJiJLKaeIjai1sA="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit>

(↵,⇥)
<latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit>

f(↵+ d↵,⇥+ d⇥) = f(↵,⇥) +A(fU (↵) +⇥, d↵, d⇥)
<latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit>

+o(kd↵k22 + kd⇥k2F )
<latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit>

of around

Taylor expansion

data fitting term

current 
point

quadratic 
approximation
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Quadratic approximation
f(↵,⇥) = L(fU (↵) +⇥;Y ,⌦)

<latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="I+y/YbDqWV4P/rCky4VsOIwYkXs="></latexit><latexit sha1_base64="CNqvVEbTvlOGuKI0d6ReqovSid8="></latexit><latexit sha1_base64="CNqvVEbTvlOGuKI0d6ReqovSid8="></latexit><latexit sha1_base64="XgDXtEXRPhSQoJiJLKaeIjai1sA="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit><latexit sha1_base64="tGx5zyzfg3u4IaVVTjbXZC59sw0="></latexit>

(↵,⇥)
<latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit><latexit sha1_base64="OvURyQSM8VtuzPRJugmCx2bL5gA="></latexit>

f(↵+ d↵,⇥+ d⇥) = f(↵,⇥) +A(fU (↵) +⇥, d↵, d⇥)
<latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit><latexit sha1_base64="V98TOIu3pLmbZg4XxN0aAdeOVTU="></latexit>

+o(kd↵k22 + kd⇥k2F )
<latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit><latexit sha1_base64="FEosBTjBl6uhoYeV34PcN4dVVzQ="></latexit>

of around

ensures strong convexity 
in each iteration 
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Quadratic approximation

A(X, d↵, d⇥) = �2
m1X

i=1

m2X

j=1

wij [Xi,j ]Zij [Xi,j ](fU (d↵)i,j + d⇥i,j)

+
m1X

i=1

m2X

j=1

wij [Xi,j ](fU (d↵)i,j + d⇥i,j)
2 + ⌫kd↵k22 + ⌫kd⇥k2F .

<latexit sha1_base64="a1HTRYEXfvAfZDyqZ8VmDW4/CdI="></latexit><latexit sha1_base64="a1HTRYEXfvAfZDyqZ8VmDW4/CdI="></latexit><latexit sha1_base64="a1HTRYEXfvAfZDyqZ8VmDW4/CdI="></latexit><latexit sha1_base64="a1HTRYEXfvAfZDyqZ8VmDW4/CdI="></latexit>

wij [x] = ⌦i,jg
00
j (x)/2 , Zij [x] = (Yi,j � g0j(x))/g

00
j (x) .

<latexit sha1_base64="8HAjBhRpizaOkCgjpb6OagWZHfA="></latexit><latexit sha1_base64="8HAjBhRpizaOkCgjpb6OagWZHfA="></latexit><latexit sha1_base64="8HAjBhRpizaOkCgjpb6OagWZHfA="></latexit><latexit sha1_base64="8HAjBhRpizaOkCgjpb6OagWZHfA="></latexit>
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Quadratic approximation

A(X, d↵, d⇥) = �2
m1X

i=1

m2X

j=1

wij [Xi,j ]Zij [Xi,j ](fU (d↵)i,j + d⇥i,j)

+
m1X

i=1

m2X

j=1

wij [Xi,j ](fU (d↵)i,j + d⇥i,j)
2 + ⌫kd↵k22 + ⌫kd⇥k2F .

<latexit sha1_base64="a1HTRYEXfvAfZDyqZ8VmDW4/CdI="></latexit><latexit sha1_base64="a1HTRYEXfvAfZDyqZ8VmDW4/CdI="></latexit><latexit sha1_base64="a1HTRYEXfvAfZDyqZ8VmDW4/CdI="></latexit><latexit sha1_base64="a1HTRYEXfvAfZDyqZ8VmDW4/CdI="></latexit>

wij [x] = ⌦i,jg
00
j (x)/2 , Zij [x] = (Yi,j � g0j(x))/g

00
j (x) .

<latexit sha1_base64="8HAjBhRpizaOkCgjpb6OagWZHfA="></latexit><latexit sha1_base64="8HAjBhRpizaOkCgjpb6OagWZHfA="></latexit><latexit sha1_base64="8HAjBhRpizaOkCgjpb6OagWZHfA="></latexit><latexit sha1_base64="8HAjBhRpizaOkCgjpb6OagWZHfA="></latexit>

Important point: it is quadratic
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Update for ↵
<latexit sha1_base64="/4u/Vu+mEiixK+zZZGql5lwfzyU="></latexit><latexit sha1_base64="/4u/Vu+mEiixK+zZZGql5lwfzyU="></latexit><latexit sha1_base64="/4u/Vu+mEiixK+zZZGql5lwfzyU="></latexit><latexit sha1_base64="/4u/Vu+mEiixK+zZZGql5lwfzyU="></latexit>

d[t]↵ 2 argmind2RN

n
A(X [t], d, 0) + �2k↵[t] + dk1

o
.

<latexit sha1_base64="EN4sz/KWTdCapxs+OuXatuJmJn8="></latexit><latexit sha1_base64="EN4sz/KWTdCapxs+OuXatuJmJn8="></latexit><latexit sha1_base64="EN4sz/KWTdCapxs+OuXatuJmJn8="></latexit><latexit sha1_base64="EN4sz/KWTdCapxs+OuXatuJmJn8="></latexit>

1/ Search direction:
| {z }

<latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit>

quadratic

term

| {z }
<latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit><latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit><latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit><latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit>

penalty`1
<latexit sha1_base64="ImPBVzmpHAFXNOR/K+uacz5f/jU="></latexit><latexit sha1_base64="ImPBVzmpHAFXNOR/K+uacz5f/jU="></latexit><latexit sha1_base64="ImPBVzmpHAFXNOR/K+uacz5f/jU="></latexit><latexit sha1_base64="ImPBVzmpHAFXNOR/K+uacz5f/jU="></latexit>

!73



Update for ↵
<latexit sha1_base64="/4u/Vu+mEiixK+zZZGql5lwfzyU="></latexit><latexit sha1_base64="/4u/Vu+mEiixK+zZZGql5lwfzyU="></latexit><latexit sha1_base64="/4u/Vu+mEiixK+zZZGql5lwfzyU="></latexit><latexit sha1_base64="/4u/Vu+mEiixK+zZZGql5lwfzyU="></latexit>

d[t]↵ 2 argmind2RN

n
A(X [t], d, 0) + �2k↵[t] + dk1

o
.

<latexit sha1_base64="EN4sz/KWTdCapxs+OuXatuJmJn8="></latexit><latexit sha1_base64="EN4sz/KWTdCapxs+OuXatuJmJn8="></latexit><latexit sha1_base64="EN4sz/KWTdCapxs+OuXatuJmJn8="></latexit><latexit sha1_base64="EN4sz/KWTdCapxs+OuXatuJmJn8="></latexit>

1/ Search direction:
| {z }

<latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit>

quadratic

term

| {z }
<latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit><latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit><latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit><latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit>

penalty`1
<latexit sha1_base64="ImPBVzmpHAFXNOR/K+uacz5f/jU="></latexit><latexit sha1_base64="ImPBVzmpHAFXNOR/K+uacz5f/jU="></latexit><latexit sha1_base64="ImPBVzmpHAFXNOR/K+uacz5f/jU="></latexit><latexit sha1_base64="ImPBVzmpHAFXNOR/K+uacz5f/jU="></latexit>

2/ Line search: {⌧init�j}1j=0
<latexit sha1_base64="3ldtxP9Ar2SzIaPwS05hf17Xa58="></latexit><latexit sha1_base64="3ldtxP9Ar2SzIaPwS05hf17Xa58="></latexit><latexit sha1_base64="3ldtxP9Ar2SzIaPwS05hf17Xa58="></latexit><latexit sha1_base64="3ldtxP9Ar2SzIaPwS05hf17Xa58="></latexit>

f(↵[t] + ⌧ [t]↵ d[t],⇥[t]) + �2k↵[t] + ⌧ [t]↵ d[t]k1  f(↵[t],⇥[t]) + �2k↵[t]k1 + ⌧ [t]↵ ⇣�[t]
↵

<latexit sha1_base64="zfN08GQAsVf1fvDo95yhmqeX11Y="></latexit><latexit sha1_base64="zfN08GQAsVf1fvDo95yhmqeX11Y="></latexit><latexit sha1_base64="zfN08GQAsVf1fvDo95yhmqeX11Y="></latexit><latexit sha1_base64="zfN08GQAsVf1fvDo95yhmqeX11Y="></latexit>

⌧ [t]↵
<latexit sha1_base64="0SbUd4AEFK3Bv/9GVUEQQt4UDy8="></latexit><latexit sha1_base64="0SbUd4AEFK3Bv/9GVUEQQt4UDy8="></latexit><latexit sha1_base64="0SbUd4AEFK3Bv/9GVUEQQt4UDy8="></latexit><latexit sha1_base64="0SbUd4AEFK3Bv/9GVUEQQt4UDy8="></latexit>

largest element of satisfying

|{z} <latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit> <latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit> <latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit> <latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit>

strict descent
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Update for ↵
<latexit sha1_base64="/4u/Vu+mEiixK+zZZGql5lwfzyU="></latexit><latexit sha1_base64="/4u/Vu+mEiixK+zZZGql5lwfzyU="></latexit><latexit sha1_base64="/4u/Vu+mEiixK+zZZGql5lwfzyU="></latexit><latexit sha1_base64="/4u/Vu+mEiixK+zZZGql5lwfzyU="></latexit>

d[t]↵ 2 argmind2RN

n
A(X [t], d, 0) + �2k↵[t] + dk1

o
.

<latexit sha1_base64="EN4sz/KWTdCapxs+OuXatuJmJn8="></latexit><latexit sha1_base64="EN4sz/KWTdCapxs+OuXatuJmJn8="></latexit><latexit sha1_base64="EN4sz/KWTdCapxs+OuXatuJmJn8="></latexit><latexit sha1_base64="EN4sz/KWTdCapxs+OuXatuJmJn8="></latexit>

1/ Search direction:
| {z }

<latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit>

quadratic

term

| {z }
<latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit><latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit><latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit><latexit sha1_base64="yS++rUl1fk5mkJTn+7mkhkDQLFg="></latexit>

penalty`1
<latexit sha1_base64="ImPBVzmpHAFXNOR/K+uacz5f/jU="></latexit><latexit sha1_base64="ImPBVzmpHAFXNOR/K+uacz5f/jU="></latexit><latexit sha1_base64="ImPBVzmpHAFXNOR/K+uacz5f/jU="></latexit><latexit sha1_base64="ImPBVzmpHAFXNOR/K+uacz5f/jU="></latexit>

2/ Line search: {⌧init�j}1j=0
<latexit sha1_base64="3ldtxP9Ar2SzIaPwS05hf17Xa58="></latexit><latexit sha1_base64="3ldtxP9Ar2SzIaPwS05hf17Xa58="></latexit><latexit sha1_base64="3ldtxP9Ar2SzIaPwS05hf17Xa58="></latexit><latexit sha1_base64="3ldtxP9Ar2SzIaPwS05hf17Xa58="></latexit>

f(↵[t] + ⌧ [t]↵ d[t],⇥[t]) + �2k↵[t] + ⌧ [t]↵ d[t]k1  f(↵[t],⇥[t]) + �2k↵[t]k1 + ⌧ [t]↵ ⇣�[t]
↵

<latexit sha1_base64="zfN08GQAsVf1fvDo95yhmqeX11Y="></latexit><latexit sha1_base64="zfN08GQAsVf1fvDo95yhmqeX11Y="></latexit><latexit sha1_base64="zfN08GQAsVf1fvDo95yhmqeX11Y="></latexit><latexit sha1_base64="zfN08GQAsVf1fvDo95yhmqeX11Y="></latexit>

⌧ [t]↵
<latexit sha1_base64="0SbUd4AEFK3Bv/9GVUEQQt4UDy8="></latexit><latexit sha1_base64="0SbUd4AEFK3Bv/9GVUEQQt4UDy8="></latexit><latexit sha1_base64="0SbUd4AEFK3Bv/9GVUEQQt4UDy8="></latexit><latexit sha1_base64="0SbUd4AEFK3Bv/9GVUEQQt4UDy8="></latexit>

largest element of satisfying

|{z} <latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit> <latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit> <latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit> <latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit>

strict descent

3/ Update: ↵[t+1] = ↵[t] + ⌧ [t]↵ d[t]↵
<latexit sha1_base64="uHI2Jh4KMub0bIse4dyTkqj2sk8="></latexit><latexit sha1_base64="uHI2Jh4KMub0bIse4dyTkqj2sk8="></latexit><latexit sha1_base64="uHI2Jh4KMub0bIse4dyTkqj2sk8="></latexit><latexit sha1_base64="ysLiWL43qCjDumxpyXYQMovKWWs="></latexit><latexit sha1_base64="gvbnM35bZieEeWCdrKpXUDvkTrY="></latexit><latexit sha1_base64="gvbnM35bZieEeWCdrKpXUDvkTrY="></latexit><latexit sha1_base64="D4T8zC8MLg2OiG4n+ZJ+lMV3+BQ="></latexit><latexit sha1_base64="uHI2Jh4KMub0bIse4dyTkqj2sk8="></latexit><latexit sha1_base64="uHI2Jh4KMub0bIse4dyTkqj2sk8="></latexit><latexit sha1_base64="uHI2Jh4KMub0bIse4dyTkqj2sk8="></latexit><latexit sha1_base64="uHI2Jh4KMub0bIse4dyTkqj2sk8="></latexit><latexit sha1_base64="uHI2Jh4KMub0bIse4dyTkqj2sk8="></latexit><latexit sha1_base64="uHI2Jh4KMub0bIse4dyTkqj2sk8="></latexit>
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Update for ⇥
<latexit sha1_base64="hyVkRMqtA8JfDBwChSB/gdXZezc="></latexit><latexit sha1_base64="hyVkRMqtA8JfDBwChSB/gdXZezc="></latexit><latexit sha1_base64="hyVkRMqtA8JfDBwChSB/gdXZezc="></latexit><latexit sha1_base64="hyVkRMqtA8JfDBwChSB/gdXZezc="></latexit>

!76

1/ Search direction: d[t]⇥ := argmin
n
A(X [t+1/2], 0, d) + �1k⇥[t] + dk⇤

o

<latexit sha1_base64="2BJPsy2q2MeKZr+yCE25meHctmc="></latexit><latexit sha1_base64="2BJPsy2q2MeKZr+yCE25meHctmc="></latexit><latexit sha1_base64="2BJPsy2q2MeKZr+yCE25meHctmc="></latexit><latexit sha1_base64="2BJPsy2q2MeKZr+yCE25meHctmc="></latexit>

,
<latexit sha1_base64="Xh6t4sXviKludCdaqvyiVyc54Kg=">AAAD3XicbVJNb9QwEHUbPsrytYUjl4gIqVxWyQoJBKpU4MKhhy1q2q3iKHIcZ9dqbAfbaXfl5sgNceXCFf4BP4Z/g7PJgaQdydH4vXkz48mkZUGV9v2/W9vOrdt37u7cG91/8PDR4/HukxMlKolJiEUh5DxFihSUk1BTXZB5KQliaUFO0/OPDX96QaSigh/rdUlihhac5hQjbaFkPIaHJNeSLpYaSSkuR8nY8yf+xtzrTtA5Hu hsluxu/4GZwBUjXOMCKRUFfqljg6SmuCD1CFaKlAifowWJrMsRIyo2m9Zr94VFMjcX0h6u3Q36v8IgptSapTaSIb1UQ64Bb+KiSudvYkN5WWnCcVsorwpXC7eZg5tRSbAu1tZBWFLbq4uXSCKs7bR6VZRmSK5lVt9Yu1dUIzv32Kzax/XiUza4DwFULITtY8koXvWZFZILVY9GkJNLLBhDPFsZyIVkdTSNo+l+bOCV6wUuvEqMN637oQae1cbAlLlnlukR846YD4mZTd0wBh4viUZDOux0YZ+wTeVVHQW2nc3/yE1eJ+GeF7wc6FFZSrE6OqzbQIwK876fCpIvqjTwXR+UiuhWkqbm80Bhh8QoN1CURCItZLNnpgU3E8lIbrPar3m7b+/NogfDtb7unEwngT8Jjl55Bx+6ld8Bz8BzsAcC8BocgE9gBkKAwQX4CX6B307ifHW+Od/b0O2tTvMU9Mz58Q8R4E8D</latexit><latexit sha1_base64="Xh6t4sXviKludCdaqvyiVyc54Kg=">AAAD3XicbVJNb9QwEHUbPsrytYUjl4gIqVxWyQoJBKpU4MKhhy1q2q3iKHIcZ9dqbAfbaXfl5sgNceXCFf4BP4Z/g7PJgaQdydH4vXkz48mkZUGV9v2/W9vOrdt37u7cG91/8PDR4/HukxMlKolJiEUh5DxFihSUk1BTXZB5KQliaUFO0/OPDX96QaSigh/rdUlihhac5hQjbaFkPIaHJNeSLpYaSSkuR8nY8yf+xtzrTtA5Hu hsluxu/4GZwBUjXOMCKRUFfqljg6SmuCD1CFaKlAifowWJrMsRIyo2m9Zr94VFMjcX0h6u3Q36v8IgptSapTaSIb1UQ64Bb+KiSudvYkN5WWnCcVsorwpXC7eZg5tRSbAu1tZBWFLbq4uXSCKs7bR6VZRmSK5lVt9Yu1dUIzv32Kzax/XiUza4DwFULITtY8koXvWZFZILVY9GkJNLLBhDPFsZyIVkdTSNo+l+bOCV6wUuvEqMN637oQae1cbAlLlnlukR846YD4mZTd0wBh4viUZDOux0YZ+wTeVVHQW2nc3/yE1eJ+GeF7wc6FFZSrE6OqzbQIwK876fCpIvqjTwXR+UiuhWkqbm80Bhh8QoN1CURCItZLNnpgU3E8lIbrPar3m7b+/NogfDtb7unEwngT8Jjl55Bx+6ld8Bz8BzsAcC8BocgE9gBkKAwQX4CX6B307ifHW+Od/b0O2tTvMU9Mz58Q8R4E8D</latexit><latexit sha1_base64="Xh6t4sXviKludCdaqvyiVyc54Kg=">AAAD3XicbVJNb9QwEHUbPsrytYUjl4gIqVxWyQoJBKpU4MKhhy1q2q3iKHIcZ9dqbAfbaXfl5sgNceXCFf4BP4Z/g7PJgaQdydH4vXkz48mkZUGV9v2/W9vOrdt37u7cG91/8PDR4/HukxMlKolJiEUh5DxFihSUk1BTXZB5KQliaUFO0/OPDX96QaSigh/rdUlihhac5hQjbaFkPIaHJNeSLpYaSSkuR8nY8yf+xtzrTtA5Hu hsluxu/4GZwBUjXOMCKRUFfqljg6SmuCD1CFaKlAifowWJrMsRIyo2m9Zr94VFMjcX0h6u3Q36v8IgptSapTaSIb1UQ64Bb+KiSudvYkN5WWnCcVsorwpXC7eZg5tRSbAu1tZBWFLbq4uXSCKs7bR6VZRmSK5lVt9Yu1dUIzv32Kzax/XiUza4DwFULITtY8koXvWZFZILVY9GkJNLLBhDPFsZyIVkdTSNo+l+bOCV6wUuvEqMN637oQae1cbAlLlnlukR846YD4mZTd0wBh4viUZDOux0YZ+wTeVVHQW2nc3/yE1eJ+GeF7wc6FFZSrE6OqzbQIwK876fCpIvqjTwXR+UiuhWkqbm80Bhh8QoN1CURCItZLNnpgU3E8lIbrPar3m7b+/NogfDtb7unEwngT8Jjl55Bx+6ld8Bz8BzsAcC8BocgE9gBkKAwQX4CX6B307ifHW+Od/b0O2tTvMU9Mz58Q8R4E8D</latexit><latexit sha1_base64="Xh6t4sXviKludCdaqvyiVyc54Kg=">AAAD3XicbVJNb9QwEHUbPsrytYUjl4gIqVxWyQoJBKpU4MKhhy1q2q3iKHIcZ9dqbAfbaXfl5sgNceXCFf4BP4Z/g7PJgaQdydH4vXkz48mkZUGV9v2/W9vOrdt37u7cG91/8PDR4/HukxMlKolJiEUh5DxFihSUk1BTXZB5KQliaUFO0/OPDX96QaSigh/rdUlihhac5hQjbaFkPIaHJNeSLpYaSSkuR8nY8yf+xtzrTtA5Hu hsluxu/4GZwBUjXOMCKRUFfqljg6SmuCD1CFaKlAifowWJrMsRIyo2m9Zr94VFMjcX0h6u3Q36v8IgptSapTaSIb1UQ64Bb+KiSudvYkN5WWnCcVsorwpXC7eZg5tRSbAu1tZBWFLbq4uXSCKs7bR6VZRmSK5lVt9Yu1dUIzv32Kzax/XiUza4DwFULITtY8koXvWZFZILVY9GkJNLLBhDPFsZyIVkdTSNo+l+bOCV6wUuvEqMN637oQae1cbAlLlnlukR846YD4mZTd0wBh4viUZDOux0YZ+wTeVVHQW2nc3/yE1eJ+GeF7wc6FFZSrE6OqzbQIwK876fCpIvqjTwXR+UiuhWkqbm80Bhh8QoN1CURCItZLNnpgU3E8lIbrPar3m7b+/NogfDtb7unEwngT8Jjl55Bx+6ld8Bz8BzsAcC8BocgE9gBkKAwQX4CX6B307ifHW+Od/b0O2tTvMU9Mz58Q8R4E8D</latexit>

argmin⇥2Rm1⇥m2

m1X

i=1

m2X

j=1

(⌫ + wij [X
[t+1/2]
i,j ])(Z [t+1/2]

ij �⇥i,j)
2 + �1k⇥k⇤

<latexit sha1_base64="YY4B401YCfpDLUxKEWDE+V4mm5Y="></latexit><latexit sha1_base64="YY4B401YCfpDLUxKEWDE+V4mm5Y="></latexit><latexit sha1_base64="YY4B401YCfpDLUxKEWDE+V4mm5Y="></latexit><latexit sha1_base64="YY4B401YCfpDLUxKEWDE+V4mm5Y="></latexit>

| {z }
<latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit>

weighted norm (positive weights)

| {z }
<latexit sha1_base64="MQvksjhEPs6ZphPRkOHZ+g/8GZE="></latexit><latexit sha1_base64="MQvksjhEPs6ZphPRkOHZ+g/8GZE="></latexit><latexit sha1_base64="MQvksjhEPs6ZphPRkOHZ+g/8GZE="></latexit><latexit sha1_base64="MQvksjhEPs6ZphPRkOHZ+g/8GZE="></latexit>

nuclear norm

penalty

)
<latexit sha1_base64="OMszKDiXyQSYO+dkmyN37f+4ndg="></latexit><latexit sha1_base64="OMszKDiXyQSYO+dkmyN37f+4ndg="></latexit><latexit sha1_base64="OMszKDiXyQSYO+dkmyN37f+4ndg="></latexit><latexit sha1_base64="OMszKDiXyQSYO+dkmyN37f+4ndg="></latexit>

weighted version of softImpute (Hastie et al. 2015)              iterative SVD




Update for ⇥
<latexit sha1_base64="hyVkRMqtA8JfDBwChSB/gdXZezc="></latexit><latexit sha1_base64="hyVkRMqtA8JfDBwChSB/gdXZezc="></latexit><latexit sha1_base64="hyVkRMqtA8JfDBwChSB/gdXZezc="></latexit><latexit sha1_base64="hyVkRMqtA8JfDBwChSB/gdXZezc="></latexit>

!77

1/ Search direction: d[t]⇥ := argmin
n
A(X [t+1/2], 0, d) + �1k⇥[t] + dk⇤

o

<latexit sha1_base64="2BJPsy2q2MeKZr+yCE25meHctmc="></latexit><latexit sha1_base64="2BJPsy2q2MeKZr+yCE25meHctmc="></latexit><latexit sha1_base64="2BJPsy2q2MeKZr+yCE25meHctmc="></latexit><latexit sha1_base64="2BJPsy2q2MeKZr+yCE25meHctmc="></latexit>

,
<latexit sha1_base64="Xh6t4sXviKludCdaqvyiVyc54Kg=">AAAD3XicbVJNb9QwEHUbPsrytYUjl4gIqVxWyQoJBKpU4MKhhy1q2q3iKHIcZ9dqbAfbaXfl5sgNceXCFf4BP4Z/g7PJgaQdydH4vXkz48mkZUGV9v2/W9vOrdt37u7cG91/8PDR4/HukxMlKolJiEUh5DxFihSUk1BTXZB5KQliaUFO0/OPDX96QaSigh/rdUlihhac5hQjbaFkPIaHJNeSLpYaSSkuR8nY8yf+xtzrTtA5Hu hsluxu/4GZwBUjXOMCKRUFfqljg6SmuCD1CFaKlAifowWJrMsRIyo2m9Zr94VFMjcX0h6u3Q36v8IgptSapTaSIb1UQ64Bb+KiSudvYkN5WWnCcVsorwpXC7eZg5tRSbAu1tZBWFLbq4uXSCKs7bR6VZRmSK5lVt9Yu1dUIzv32Kzax/XiUza4DwFULITtY8koXvWZFZILVY9GkJNLLBhDPFsZyIVkdTSNo+l+bOCV6wUuvEqMN637oQae1cbAlLlnlukR846YD4mZTd0wBh4viUZDOux0YZ+wTeVVHQW2nc3/yE1eJ+GeF7wc6FFZSrE6OqzbQIwK876fCpIvqjTwXR+UiuhWkqbm80Bhh8QoN1CURCItZLNnpgU3E8lIbrPar3m7b+/NogfDtb7unEwngT8Jjl55Bx+6ld8Bz8BzsAcC8BocgE9gBkKAwQX4CX6B307ifHW+Od/b0O2tTvMU9Mz58Q8R4E8D</latexit><latexit sha1_base64="Xh6t4sXviKludCdaqvyiVyc54Kg=">AAAD3XicbVJNb9QwEHUbPsrytYUjl4gIqVxWyQoJBKpU4MKhhy1q2q3iKHIcZ9dqbAfbaXfl5sgNceXCFf4BP4Z/g7PJgaQdydH4vXkz48mkZUGV9v2/W9vOrdt37u7cG91/8PDR4/HukxMlKolJiEUh5DxFihSUk1BTXZB5KQliaUFO0/OPDX96QaSigh/rdUlihhac5hQjbaFkPIaHJNeSLpYaSSkuR8nY8yf+xtzrTtA5Hu hsluxu/4GZwBUjXOMCKRUFfqljg6SmuCD1CFaKlAifowWJrMsRIyo2m9Zr94VFMjcX0h6u3Q36v8IgptSapTaSIb1UQ64Bb+KiSudvYkN5WWnCcVsorwpXC7eZg5tRSbAu1tZBWFLbq4uXSCKs7bR6VZRmSK5lVt9Yu1dUIzv32Kzax/XiUza4DwFULITtY8koXvWZFZILVY9GkJNLLBhDPFsZyIVkdTSNo+l+bOCV6wUuvEqMN637oQae1cbAlLlnlukR846YD4mZTd0wBh4viUZDOux0YZ+wTeVVHQW2nc3/yE1eJ+GeF7wc6FFZSrE6OqzbQIwK876fCpIvqjTwXR+UiuhWkqbm80Bhh8QoN1CURCItZLNnpgU3E8lIbrPar3m7b+/NogfDtb7unEwngT8Jjl55Bx+6ld8Bz8BzsAcC8BocgE9gBkKAwQX4CX6B307ifHW+Od/b0O2tTvMU9Mz58Q8R4E8D</latexit><latexit sha1_base64="Xh6t4sXviKludCdaqvyiVyc54Kg=">AAAD3XicbVJNb9QwEHUbPsrytYUjl4gIqVxWyQoJBKpU4MKhhy1q2q3iKHIcZ9dqbAfbaXfl5sgNceXCFf4BP4Z/g7PJgaQdydH4vXkz48mkZUGV9v2/W9vOrdt37u7cG91/8PDR4/HukxMlKolJiEUh5DxFihSUk1BTXZB5KQliaUFO0/OPDX96QaSigh/rdUlihhac5hQjbaFkPIaHJNeSLpYaSSkuR8nY8yf+xtzrTtA5Hu hsluxu/4GZwBUjXOMCKRUFfqljg6SmuCD1CFaKlAifowWJrMsRIyo2m9Zr94VFMjcX0h6u3Q36v8IgptSapTaSIb1UQ64Bb+KiSudvYkN5WWnCcVsorwpXC7eZg5tRSbAu1tZBWFLbq4uXSCKs7bR6VZRmSK5lVt9Yu1dUIzv32Kzax/XiUza4DwFULITtY8koXvWZFZILVY9GkJNLLBhDPFsZyIVkdTSNo+l+bOCV6wUuvEqMN637oQae1cbAlLlnlukR846YD4mZTd0wBh4viUZDOux0YZ+wTeVVHQW2nc3/yE1eJ+GeF7wc6FFZSrE6OqzbQIwK876fCpIvqjTwXR+UiuhWkqbm80Bhh8QoN1CURCItZLNnpgU3E8lIbrPar3m7b+/NogfDtb7unEwngT8Jjl55Bx+6ld8Bz8BzsAcC8BocgE9gBkKAwQX4CX6B307ifHW+Od/b0O2tTvMU9Mz58Q8R4E8D</latexit><latexit sha1_base64="Xh6t4sXviKludCdaqvyiVyc54Kg=">AAAD3XicbVJNb9QwEHUbPsrytYUjl4gIqVxWyQoJBKpU4MKhhy1q2q3iKHIcZ9dqbAfbaXfl5sgNceXCFf4BP4Z/g7PJgaQdydH4vXkz48mkZUGV9v2/W9vOrdt37u7cG91/8PDR4/HukxMlKolJiEUh5DxFihSUk1BTXZB5KQliaUFO0/OPDX96QaSigh/rdUlihhac5hQjbaFkPIaHJNeSLpYaSSkuR8nY8yf+xtzrTtA5Hu hsluxu/4GZwBUjXOMCKRUFfqljg6SmuCD1CFaKlAifowWJrMsRIyo2m9Zr94VFMjcX0h6u3Q36v8IgptSapTaSIb1UQ64Bb+KiSudvYkN5WWnCcVsorwpXC7eZg5tRSbAu1tZBWFLbq4uXSCKs7bR6VZRmSK5lVt9Yu1dUIzv32Kzax/XiUza4DwFULITtY8koXvWZFZILVY9GkJNLLBhDPFsZyIVkdTSNo+l+bOCV6wUuvEqMN637oQae1cbAlLlnlukR846YD4mZTd0wBh4viUZDOux0YZ+wTeVVHQW2nc3/yE1eJ+GeF7wc6FFZSrE6OqzbQIwK876fCpIvqjTwXR+UiuhWkqbm80Bhh8QoN1CURCItZLNnpgU3E8lIbrPar3m7b+/NogfDtb7unEwngT8Jjl55Bx+6ld8Bz8BzsAcC8BocgE9gBkKAwQX4CX6B307ifHW+Od/b0O2tTvMU9Mz58Q8R4E8D</latexit>

argmin⇥2Rm1⇥m2

m1X

i=1

m2X

j=1

(⌫ + wij [X
[t+1/2]
i,j ])(Z [t+1/2]

ij �⇥i,j)
2 + �1k⇥k⇤

<latexit sha1_base64="YY4B401YCfpDLUxKEWDE+V4mm5Y="></latexit><latexit sha1_base64="YY4B401YCfpDLUxKEWDE+V4mm5Y="></latexit><latexit sha1_base64="YY4B401YCfpDLUxKEWDE+V4mm5Y="></latexit><latexit sha1_base64="YY4B401YCfpDLUxKEWDE+V4mm5Y="></latexit>

| {z }
<latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit>

weighted norm (positive weights)

| {z }
<latexit sha1_base64="MQvksjhEPs6ZphPRkOHZ+g/8GZE="></latexit><latexit sha1_base64="MQvksjhEPs6ZphPRkOHZ+g/8GZE="></latexit><latexit sha1_base64="MQvksjhEPs6ZphPRkOHZ+g/8GZE="></latexit><latexit sha1_base64="MQvksjhEPs6ZphPRkOHZ+g/8GZE="></latexit>

nuclear norm

penalty

)
<latexit sha1_base64="OMszKDiXyQSYO+dkmyN37f+4ndg="></latexit><latexit sha1_base64="OMszKDiXyQSYO+dkmyN37f+4ndg="></latexit><latexit sha1_base64="OMszKDiXyQSYO+dkmyN37f+4ndg="></latexit><latexit sha1_base64="OMszKDiXyQSYO+dkmyN37f+4ndg="></latexit>

weighted version of softImpute (Hastie et al. 2015)              iterative SVD


2/ Line search: ⌧ [t]⇥
<latexit sha1_base64="fjQ10VR8lhh09Val75ije7AC+eo="></latexit><latexit sha1_base64="fjQ10VR8lhh09Val75ije7AC+eo="></latexit><latexit sha1_base64="fjQ10VR8lhh09Val75ije7AC+eo="></latexit><latexit sha1_base64="fjQ10VR8lhh09Val75ije7AC+eo="></latexit>

{⌧init�j}1j=0
<latexit sha1_base64="3ldtxP9Ar2SzIaPwS05hf17Xa58="></latexit><latexit sha1_base64="3ldtxP9Ar2SzIaPwS05hf17Xa58="></latexit><latexit sha1_base64="3ldtxP9Ar2SzIaPwS05hf17Xa58="></latexit><latexit sha1_base64="3ldtxP9Ar2SzIaPwS05hf17Xa58="></latexit>

largest element of satisfying

f(↵[t+1],⇥[t] + ⌧ [t]L d[t]⇥) + �1k⇥[t] + ⌧ [t]⇥ d[t]⇥k⇤
 f(↵[t+1],⇥[t]) + �1k⇥[t]k⇤ + ⌧ [t]⇥ ⇣�[t]

⇥
<latexit sha1_base64="5RzAJWVTDzoaJFF8AVZ/85qOtnU="></latexit><latexit sha1_base64="5RzAJWVTDzoaJFF8AVZ/85qOtnU="></latexit><latexit sha1_base64="5RzAJWVTDzoaJFF8AVZ/85qOtnU="></latexit><latexit sha1_base64="5RzAJWVTDzoaJFF8AVZ/85qOtnU="></latexit>



Update for ⇥
<latexit sha1_base64="hyVkRMqtA8JfDBwChSB/gdXZezc="></latexit><latexit sha1_base64="hyVkRMqtA8JfDBwChSB/gdXZezc="></latexit><latexit sha1_base64="hyVkRMqtA8JfDBwChSB/gdXZezc="></latexit><latexit sha1_base64="hyVkRMqtA8JfDBwChSB/gdXZezc="></latexit>

!78

1/ Search direction: d[t]⇥ := argmin
n
A(X [t+1/2], 0, d) + �1k⇥[t] + dk⇤

o

<latexit sha1_base64="2BJPsy2q2MeKZr+yCE25meHctmc="></latexit><latexit sha1_base64="2BJPsy2q2MeKZr+yCE25meHctmc="></latexit><latexit sha1_base64="2BJPsy2q2MeKZr+yCE25meHctmc="></latexit><latexit sha1_base64="2BJPsy2q2MeKZr+yCE25meHctmc="></latexit>

,
<latexit sha1_base64="Xh6t4sXviKludCdaqvyiVyc54Kg=">AAAD3XicbVJNb9QwEHUbPsrytYUjl4gIqVxWyQoJBKpU4MKhhy1q2q3iKHIcZ9dqbAfbaXfl5sgNceXCFf4BP4Z/g7PJgaQdydH4vXkz48mkZUGV9v2/W9vOrdt37u7cG91/8PDR4/HukxMlKolJiEUh5DxFihSUk1BTXZB5KQliaUFO0/OPDX96QaSigh/rdUlihhac5hQjbaFkPIaHJNeSLpYaSSkuR8nY8yf+xtzrTtA5Hu hsluxu/4GZwBUjXOMCKRUFfqljg6SmuCD1CFaKlAifowWJrMsRIyo2m9Zr94VFMjcX0h6u3Q36v8IgptSapTaSIb1UQ64Bb+KiSudvYkN5WWnCcVsorwpXC7eZg5tRSbAu1tZBWFLbq4uXSCKs7bR6VZRmSK5lVt9Yu1dUIzv32Kzax/XiUza4DwFULITtY8koXvWZFZILVY9GkJNLLBhDPFsZyIVkdTSNo+l+bOCV6wUuvEqMN637oQae1cbAlLlnlukR846YD4mZTd0wBh4viUZDOux0YZ+wTeVVHQW2nc3/yE1eJ+GeF7wc6FFZSrE6OqzbQIwK876fCpIvqjTwXR+UiuhWkqbm80Bhh8QoN1CURCItZLNnpgU3E8lIbrPar3m7b+/NogfDtb7unEwngT8Jjl55Bx+6ld8Bz8BzsAcC8BocgE9gBkKAwQX4CX6B307ifHW+Od/b0O2tTvMU9Mz58Q8R4E8D</latexit><latexit sha1_base64="Xh6t4sXviKludCdaqvyiVyc54Kg=">AAAD3XicbVJNb9QwEHUbPsrytYUjl4gIqVxWyQoJBKpU4MKhhy1q2q3iKHIcZ9dqbAfbaXfl5sgNceXCFf4BP4Z/g7PJgaQdydH4vXkz48mkZUGV9v2/W9vOrdt37u7cG91/8PDR4/HukxMlKolJiEUh5DxFihSUk1BTXZB5KQliaUFO0/OPDX96QaSigh/rdUlihhac5hQjbaFkPIaHJNeSLpYaSSkuR8nY8yf+xtzrTtA5Hu hsluxu/4GZwBUjXOMCKRUFfqljg6SmuCD1CFaKlAifowWJrMsRIyo2m9Zr94VFMjcX0h6u3Q36v8IgptSapTaSIb1UQ64Bb+KiSudvYkN5WWnCcVsorwpXC7eZg5tRSbAu1tZBWFLbq4uXSCKs7bR6VZRmSK5lVt9Yu1dUIzv32Kzax/XiUza4DwFULITtY8koXvWZFZILVY9GkJNLLBhDPFsZyIVkdTSNo+l+bOCV6wUuvEqMN637oQae1cbAlLlnlukR846YD4mZTd0wBh4viUZDOux0YZ+wTeVVHQW2nc3/yE1eJ+GeF7wc6FFZSrE6OqzbQIwK876fCpIvqjTwXR+UiuhWkqbm80Bhh8QoN1CURCItZLNnpgU3E8lIbrPar3m7b+/NogfDtb7unEwngT8Jjl55Bx+6ld8Bz8BzsAcC8BocgE9gBkKAwQX4CX6B307ifHW+Od/b0O2tTvMU9Mz58Q8R4E8D</latexit><latexit sha1_base64="Xh6t4sXviKludCdaqvyiVyc54Kg=">AAAD3XicbVJNb9QwEHUbPsrytYUjl4gIqVxWyQoJBKpU4MKhhy1q2q3iKHIcZ9dqbAfbaXfl5sgNceXCFf4BP4Z/g7PJgaQdydH4vXkz48mkZUGV9v2/W9vOrdt37u7cG91/8PDR4/HukxMlKolJiEUh5DxFihSUk1BTXZB5KQliaUFO0/OPDX96QaSigh/rdUlihhac5hQjbaFkPIaHJNeSLpYaSSkuR8nY8yf+xtzrTtA5Hu hsluxu/4GZwBUjXOMCKRUFfqljg6SmuCD1CFaKlAifowWJrMsRIyo2m9Zr94VFMjcX0h6u3Q36v8IgptSapTaSIb1UQ64Bb+KiSudvYkN5WWnCcVsorwpXC7eZg5tRSbAu1tZBWFLbq4uXSCKs7bR6VZRmSK5lVt9Yu1dUIzv32Kzax/XiUza4DwFULITtY8koXvWZFZILVY9GkJNLLBhDPFsZyIVkdTSNo+l+bOCV6wUuvEqMN637oQae1cbAlLlnlukR846YD4mZTd0wBh4viUZDOux0YZ+wTeVVHQW2nc3/yE1eJ+GeF7wc6FFZSrE6OqzbQIwK876fCpIvqjTwXR+UiuhWkqbm80Bhh8QoN1CURCItZLNnpgU3E8lIbrPar3m7b+/NogfDtb7unEwngT8Jjl55Bx+6ld8Bz8BzsAcC8BocgE9gBkKAwQX4CX6B307ifHW+Od/b0O2tTvMU9Mz58Q8R4E8D</latexit><latexit sha1_base64="Xh6t4sXviKludCdaqvyiVyc54Kg=">AAAD3XicbVJNb9QwEHUbPsrytYUjl4gIqVxWyQoJBKpU4MKhhy1q2q3iKHIcZ9dqbAfbaXfl5sgNceXCFf4BP4Z/g7PJgaQdydH4vXkz48mkZUGV9v2/W9vOrdt37u7cG91/8PDR4/HukxMlKolJiEUh5DxFihSUk1BTXZB5KQliaUFO0/OPDX96QaSigh/rdUlihhac5hQjbaFkPIaHJNeSLpYaSSkuR8nY8yf+xtzrTtA5Hu hsluxu/4GZwBUjXOMCKRUFfqljg6SmuCD1CFaKlAifowWJrMsRIyo2m9Zr94VFMjcX0h6u3Q36v8IgptSapTaSIb1UQ64Bb+KiSudvYkN5WWnCcVsorwpXC7eZg5tRSbAu1tZBWFLbq4uXSCKs7bR6VZRmSK5lVt9Yu1dUIzv32Kzax/XiUza4DwFULITtY8koXvWZFZILVY9GkJNLLBhDPFsZyIVkdTSNo+l+bOCV6wUuvEqMN637oQae1cbAlLlnlukR846YD4mZTd0wBh4viUZDOux0YZ+wTeVVHQW2nc3/yE1eJ+GeF7wc6FFZSrE6OqzbQIwK876fCpIvqjTwXR+UiuhWkqbm80Bhh8QoN1CURCItZLNnpgU3E8lIbrPar3m7b+/NogfDtb7unEwngT8Jjl55Bx+6ld8Bz8BzsAcC8BocgE9gBkKAwQX4CX6B307ifHW+Od/b0O2tTvMU9Mz58Q8R4E8D</latexit>

argmin⇥2Rm1⇥m2

m1X

i=1

m2X

j=1

(⌫ + wij [X
[t+1/2]
i,j ])(Z [t+1/2]

ij �⇥i,j)
2 + �1k⇥k⇤

<latexit sha1_base64="YY4B401YCfpDLUxKEWDE+V4mm5Y="></latexit><latexit sha1_base64="YY4B401YCfpDLUxKEWDE+V4mm5Y="></latexit><latexit sha1_base64="YY4B401YCfpDLUxKEWDE+V4mm5Y="></latexit><latexit sha1_base64="YY4B401YCfpDLUxKEWDE+V4mm5Y="></latexit>

| {z }
<latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit><latexit sha1_base64="DDe3EmRPnuaePHIRuovN3mExvj8="></latexit>

weighted norm (positive weights)

| {z }
<latexit sha1_base64="MQvksjhEPs6ZphPRkOHZ+g/8GZE="></latexit><latexit sha1_base64="MQvksjhEPs6ZphPRkOHZ+g/8GZE="></latexit><latexit sha1_base64="MQvksjhEPs6ZphPRkOHZ+g/8GZE="></latexit><latexit sha1_base64="MQvksjhEPs6ZphPRkOHZ+g/8GZE="></latexit>

nuclear norm

penalty

)
<latexit sha1_base64="OMszKDiXyQSYO+dkmyN37f+4ndg="></latexit><latexit sha1_base64="OMszKDiXyQSYO+dkmyN37f+4ndg="></latexit><latexit sha1_base64="OMszKDiXyQSYO+dkmyN37f+4ndg="></latexit><latexit sha1_base64="OMszKDiXyQSYO+dkmyN37f+4ndg="></latexit>

weighted version of softImpute (Hastie et al. 2015)              iterative SVD


2/ Line search: ⌧ [t]⇥
<latexit sha1_base64="fjQ10VR8lhh09Val75ije7AC+eo="></latexit><latexit sha1_base64="fjQ10VR8lhh09Val75ije7AC+eo="></latexit><latexit sha1_base64="fjQ10VR8lhh09Val75ije7AC+eo="></latexit><latexit sha1_base64="fjQ10VR8lhh09Val75ije7AC+eo="></latexit>

{⌧init�j}1j=0
<latexit sha1_base64="3ldtxP9Ar2SzIaPwS05hf17Xa58="></latexit><latexit sha1_base64="3ldtxP9Ar2SzIaPwS05hf17Xa58="></latexit><latexit sha1_base64="3ldtxP9Ar2SzIaPwS05hf17Xa58="></latexit><latexit sha1_base64="3ldtxP9Ar2SzIaPwS05hf17Xa58="></latexit>

largest element of satisfying

f(↵[t+1],⇥[t] + ⌧ [t]L d[t]⇥) + �1k⇥[t] + ⌧ [t]⇥ d[t]⇥k⇤
 f(↵[t+1],⇥[t]) + �1k⇥[t]k⇤ + ⌧ [t]⇥ ⇣�[t]

⇥
<latexit sha1_base64="5RzAJWVTDzoaJFF8AVZ/85qOtnU="></latexit><latexit sha1_base64="5RzAJWVTDzoaJFF8AVZ/85qOtnU="></latexit><latexit sha1_base64="5RzAJWVTDzoaJFF8AVZ/85qOtnU="></latexit><latexit sha1_base64="5RzAJWVTDzoaJFF8AVZ/85qOtnU="></latexit>

3/ Update: ⇥[t+1] = ⇥[t] + ⌧ [t]⇥ d[t]⇥
<latexit sha1_base64="YTX3ta9ryh1ilM9ASEsUTgmZcKQ="></latexit><latexit sha1_base64="YTX3ta9ryh1ilM9ASEsUTgmZcKQ="></latexit><latexit sha1_base64="YTX3ta9ryh1ilM9ASEsUTgmZcKQ="></latexit><latexit sha1_base64="YTX3ta9ryh1ilM9ASEsUTgmZcKQ="></latexit>



Convergence of BCGD algorithm

F(↵,⇥) = L(fU (↵) +⇥;Y ,⌦) + �1k⇥k⇤ + �2k↵k1
<latexit sha1_base64="Wv+0cA+wgAnFOfCy1jIgCfu/m54="></latexit><latexit sha1_base64="Wv+0cA+wgAnFOfCy1jIgCfu/m54="></latexit><latexit sha1_base64="Wv+0cA+wgAnFOfCy1jIgCfu/m54="></latexit><latexit sha1_base64="Wv+0cA+wgAnFOfCy1jIgCfu/m54="></latexit>

Theorem (Robin et al. 2019)

Under the assumptions previously stated:

F(↵[t],⇥[t]) ! F(↵̂, ⇥̂)
<latexit sha1_base64="jQgiglY9A8PevbEYc7gNK9NZ+Sw="></latexit><latexit sha1_base64="jQgiglY9A8PevbEYc7gNK9NZ+Sw="></latexit><latexit sha1_base64="jQgiglY9A8PevbEYc7gNK9NZ+Sw="></latexit><latexit sha1_base64="jQgiglY9A8PevbEYc7gNK9NZ+Sw="></latexit>

Proof: Tseng and Yun (2009) + compact level sets

!79



R package mimi
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R package mimi

!81

Cross-validation to select 
regularization parameters



R package mimi

Another algorithm (Mixed 
coordinate gradient descent) 

implemented for large data frames
!82

[Robin et al. 2018]



Simulations: multilevel mixed data
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Y =

0

BBB@

Y1

Y2

...
YK

1

CCCA

l n1

l n2
...

l nK
<latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="YKP2QphnjOgsJSGRevGBpkSkk4g="></latexit><latexit sha1_base64="t+LvvwFTWkwxcv00okOoPK2qu1o="></latexit><latexit sha1_base64="t+LvvwFTWkwxcv00okOoPK2qu1o="></latexit><latexit sha1_base64="1+lMIcHRmBj3XVXqIworCwphCVw="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit>

150 individuals in 5 groups

 (schools, hospitals, etc.)

Y =
�
Y.,1 Y.,2 . . . Y.,m2

�
<latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="YKP2QphnjOgsJSGRevGBpkSkk4g="></latexit><latexit sha1_base64="GdxfuLbabEQuCyBvkeR1mIm0kts="></latexit><latexit sha1_base64="GdxfuLbabEQuCyBvkeR1mIm0kts="></latexit><latexit sha1_base64="WIOso/2wcgyFa08+Q7nJpNFdzao="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit>

Columns of different types

 (numeric, binary, etc.)
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Simulations: multilevel mixed data

Y =

0

BBB@

Y1

Y2

...
YK

1

CCCA

l n1

l n2
...

l nK
<latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="YKP2QphnjOgsJSGRevGBpkSkk4g="></latexit><latexit sha1_base64="t+LvvwFTWkwxcv00okOoPK2qu1o="></latexit><latexit sha1_base64="t+LvvwFTWkwxcv00okOoPK2qu1o="></latexit><latexit sha1_base64="1+lMIcHRmBj3XVXqIworCwphCVw="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit>

150 individuals in 5 groups

 (schools, hospitals, etc.)

Y =
�
Y.,1 Y.,2 . . . Y.,m2

�
<latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="YKP2QphnjOgsJSGRevGBpkSkk4g="></latexit><latexit sha1_base64="GdxfuLbabEQuCyBvkeR1mIm0kts="></latexit><latexit sha1_base64="GdxfuLbabEQuCyBvkeR1mIm0kts="></latexit><latexit sha1_base64="WIOso/2wcgyFa08+Q7nJpNFdzao="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit>

Columns of different types

 (numeric, binary, etc.)

Yi,j ⇠ N (↵0
c(i),j +⇥0

i,j ,�
2)

<latexit sha1_base64="jWyOfPnIXO8A/qnSe+GGv9Oqdps="></latexit><latexit sha1_base64="jWyOfPnIXO8A/qnSe+GGv9Oqdps="></latexit><latexit sha1_base64="jWyOfPnIXO8A/qnSe+GGv9Oqdps="></latexit><latexit sha1_base64="jWyOfPnIXO8A/qnSe+GGv9Oqdps="></latexit>

Columns 1-15
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Simulations: multilevel mixed data

Y =

0

BBB@

Y1

Y2

...
YK

1

CCCA

l n1

l n2
...

l nK
<latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="YKP2QphnjOgsJSGRevGBpkSkk4g="></latexit><latexit sha1_base64="t+LvvwFTWkwxcv00okOoPK2qu1o="></latexit><latexit sha1_base64="t+LvvwFTWkwxcv00okOoPK2qu1o="></latexit><latexit sha1_base64="1+lMIcHRmBj3XVXqIworCwphCVw="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit>

150 individuals in 5 groups

 (schools, hospitals, etc.)

Y =
�
Y.,1 Y.,2 . . . Y.,m2

�
<latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="YKP2QphnjOgsJSGRevGBpkSkk4g="></latexit><latexit sha1_base64="GdxfuLbabEQuCyBvkeR1mIm0kts="></latexit><latexit sha1_base64="GdxfuLbabEQuCyBvkeR1mIm0kts="></latexit><latexit sha1_base64="WIOso/2wcgyFa08+Q7nJpNFdzao="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit>

Columns of different types

 (numeric, binary, etc.)

Yi,j ⇠ N (↵0
c(i),j +⇥0

i,j ,�
2)

<latexit sha1_base64="jWyOfPnIXO8A/qnSe+GGv9Oqdps="></latexit><latexit sha1_base64="jWyOfPnIXO8A/qnSe+GGv9Oqdps="></latexit><latexit sha1_base64="jWyOfPnIXO8A/qnSe+GGv9Oqdps="></latexit><latexit sha1_base64="jWyOfPnIXO8A/qnSe+GGv9Oqdps="></latexit>

effect of group c(i) on variable j

individual i  
in group c(i)

Columns 1-15

interaction/individual effect
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Simulations: multilevel mixed data

Y =

0

BBB@

Y1

Y2

...
YK

1

CCCA

l n1

l n2
...

l nK
<latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="YKP2QphnjOgsJSGRevGBpkSkk4g="></latexit><latexit sha1_base64="t+LvvwFTWkwxcv00okOoPK2qu1o="></latexit><latexit sha1_base64="t+LvvwFTWkwxcv00okOoPK2qu1o="></latexit><latexit sha1_base64="1+lMIcHRmBj3XVXqIworCwphCVw="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit>

150 individuals in 5 groups

 (schools, hospitals, etc.)

Y =
�
Y.,1 Y.,2 . . . Y.,m2

�
<latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="YKP2QphnjOgsJSGRevGBpkSkk4g="></latexit><latexit sha1_base64="GdxfuLbabEQuCyBvkeR1mIm0kts="></latexit><latexit sha1_base64="GdxfuLbabEQuCyBvkeR1mIm0kts="></latexit><latexit sha1_base64="WIOso/2wcgyFa08+Q7nJpNFdzao="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit>

Columns of different types

 (numeric, binary, etc.)

Yi,j ⇠ N (↵0
c(i),j +⇥0

i,j ,�
2)

<latexit sha1_base64="jWyOfPnIXO8A/qnSe+GGv9Oqdps="></latexit><latexit sha1_base64="jWyOfPnIXO8A/qnSe+GGv9Oqdps="></latexit><latexit sha1_base64="jWyOfPnIXO8A/qnSe+GGv9Oqdps="></latexit><latexit sha1_base64="jWyOfPnIXO8A/qnSe+GGv9Oqdps="></latexit>

Columns 1-15

P(Yi,j = 1) =
eX

0
i,j

1 + eX
0
i,j

, X0
i,j = ↵0

c(i)j +⇥0
i,j

<latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit><latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit><latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit><latexit sha1_base64="qxzv+mvaPAL3+DAnH3yS12+Lghs="></latexit><latexit sha1_base64="L14yWWaa8Ir62BsOfnBtoGTuaD4="></latexit><latexit sha1_base64="L14yWWaa8Ir62BsOfnBtoGTuaD4="></latexit><latexit sha1_base64="nuqmg48dEzKoJbYB0+B+BlqlMoc="></latexit><latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit><latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit><latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit><latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit><latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit><latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit>

Columns 16-30
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Simulations: multilevel mixed data

Y =

0

BBB@

Y1

Y2

...
YK

1

CCCA

l n1

l n2
...

l nK
<latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="YKP2QphnjOgsJSGRevGBpkSkk4g="></latexit><latexit sha1_base64="t+LvvwFTWkwxcv00okOoPK2qu1o="></latexit><latexit sha1_base64="t+LvvwFTWkwxcv00okOoPK2qu1o="></latexit><latexit sha1_base64="1+lMIcHRmBj3XVXqIworCwphCVw="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit>

150 individuals in 5 groups

 (schools, hospitals, etc.)

Y =
�
Y.,1 Y.,2 . . . Y.,m2

�
<latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="YKP2QphnjOgsJSGRevGBpkSkk4g="></latexit><latexit sha1_base64="GdxfuLbabEQuCyBvkeR1mIm0kts="></latexit><latexit sha1_base64="GdxfuLbabEQuCyBvkeR1mIm0kts="></latexit><latexit sha1_base64="WIOso/2wcgyFa08+Q7nJpNFdzao="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit><latexit sha1_base64="vwl3TmlPa0Mosz00/5+uK3Tss+U="></latexit>

Columns of different types

 (numeric, binary, etc.)

Yi,j ⇠ N (↵0
c(i),j +⇥0

i,j ,�
2)

<latexit sha1_base64="jWyOfPnIXO8A/qnSe+GGv9Oqdps="></latexit><latexit sha1_base64="jWyOfPnIXO8A/qnSe+GGv9Oqdps="></latexit><latexit sha1_base64="jWyOfPnIXO8A/qnSe+GGv9Oqdps="></latexit><latexit sha1_base64="jWyOfPnIXO8A/qnSe+GGv9Oqdps="></latexit>

Columns 1-15

effect of group c(i) 
 on variable j

individual i  
in group c(i)

interaction/ 
individual  

effect

P(Yi,j = 1) =
eX

0
i,j

1 + eX
0
i,j

, X0
i,j = ↵0

c(i)j +⇥0
i,j

<latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit><latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit><latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit><latexit sha1_base64="qxzv+mvaPAL3+DAnH3yS12+Lghs="></latexit><latexit sha1_base64="L14yWWaa8Ir62BsOfnBtoGTuaD4="></latexit><latexit sha1_base64="L14yWWaa8Ir62BsOfnBtoGTuaD4="></latexit><latexit sha1_base64="nuqmg48dEzKoJbYB0+B+BlqlMoc="></latexit><latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit><latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit><latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit><latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit><latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit><latexit sha1_base64="/rktdIXy2DG0q+j14YtQ+mdPmo4="></latexit>

Columns 16-30
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Simulations: multilevel mixed data

Y =

0

BBB@

Y1

Y2

...
YK

1

CCCA

l n1

l n2
...

l nK
<latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="YKP2QphnjOgsJSGRevGBpkSkk4g="></latexit><latexit sha1_base64="t+LvvwFTWkwxcv00okOoPK2qu1o="></latexit><latexit sha1_base64="t+LvvwFTWkwxcv00okOoPK2qu1o="></latexit><latexit sha1_base64="1+lMIcHRmBj3XVXqIworCwphCVw="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit><latexit sha1_base64="m75yJPk2G8OgtQjo9XY6RyH0DC0="></latexit>

150 individuals in 5 groups

 (schools, hospitals, etc.)
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Columns of different types

 (numeric, binary, etc.)

Yi,j ⇠ N (↵0
c(i),j +⇥0

i,j ,�
2)
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Columns 1-15

P(Yi,j = 1) =
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1 + eX
0
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Columns 16-30

sparse: 5 non 
zero coefficients

low-rank:  
rank 3



Compared methods
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• softImpute (Hastie et al., 2015): method for numeric data based on soft-
thresholding of singular values (R package softImpute).  

• Generalized Low-Rank Model (GLRM, Udell et al. 2016): matrix 
factorization framework for mixed data (h2o package glrm).  

• Factorial Analysis of Mixed Data (FAMD, Pagès 2015): principal 
component method for mixed data (R package missMDA, Josse and 
Husson, 2016).  

• Multilevel Factorial Analysis of Mixed Data (MLFAMD, Husson et al. 
2018): extension of FAMD to multilevel data (R package missMDA).  

• Multivariate Imputation by Chained Equations (mice, van Buuren and 
Groothuis- Oudshoorn 2011): multiple imputation using Fully Conditional 
Specification (R package mice).



Compared methods

!90

• softImpute (Hastie et al., 2015): method for numeric data based on soft-
thresholding of singular values (R package softImpute).  

• Generalized Low-Rank Model (GLRM, Udell et al. 2016): matrix 
factorization framework for mixed data (h2o package glrm).  

• Factorial Analysis of Mixed Data (FAMD, Pagès 2015): principal 
component method for mixed data (R package missMDA, Josse and 
Husson, 2016).  

• Multilevel Factorial Analysis of Mixed Data (MLFAMD, Husson et al. 
2018): extension of FAMD to multilevel data (R package missMDA).  

• Multivariate Imputation by Chained Equations (mice, van Buuren and 
Groothuis- Oudshoorn 2011): multiple imputation using Fully Conditional 
Specification (R package mice).

Also part of this thesis [Husson et al. 2018]
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Objectives of this thesis

1. Provide theoretically sound models adapted to multi-source,  
heterogeneous and incomplete data simultaneously 

2. For these models, provide estimation methods and empirically 
robust software solutions


3. Confront the methods to applications in life sciences

‣ Hybrid low-rank structures

‣ Heterogeneous data fitting terms

‣ Upper and lower bounds on estimation errors

‣ Optimization algorithms

‣ Implementation of R packages

‣ Numerical results

‣ Analysis of a waterbird abundance data set

‣ Imputation of a medical registry
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Waterbirds monitoring
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• Waterbirds depend upon wetland sites for at least part of their 
life cycle 


• Important ecosystem service providers (disperser of seeds, 
sentinel for epidemics)


• Waterbird monitoring used as surrogate to evaluate global state 
of biodiversity



Waterbirds monitoring
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• Yearly censuses supervised by Wetlands International

• First census in 1967

• 25,000 sites counted yearly

• Provide information to international conservation organizations



Waterbirds monitoring in North Africa
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• Biodiversity hotspot

• Last stopover before crossing the Sahara or the Mediterranean 

Sea

• Censuses regular since 1983 in Morocco, 1985 in Algeria, 2002 

in Tunisia

• Spatial coverage remains variable for financial and political 

reasons (Etayeb et al. 2015)



The waterbirds data set 
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• Collaboration with the Tour du Valat Institute (Camargue)

• 785 sites in Morocco, Algeria, Tunisia, Libya and Egypt

• Counts between 1990 and 2018 (28 years)

• 23 waterbird species, between 40 and 60% missing values

• Side information: covariates about sites and years

• Goal: estimate yearly totals for each species



Objectives and approach

• Impute the missing values, then compute yearly sums

• Include side information to improve the predictions

• Estimate covariate effects, select important factors

• Compute empirical intervals of variability
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Site 2008 2009 2010
1 NA 0 0
2 4 50 25
3 NA 0 0
4 NA NA NA
5 NA NA NA
6 0 0 0
7 5 75 870

Site Year Rain Eco Country Agri

1 2008 163.7 0.8 Algeria 16.2

2 2008 60.7 0.8 Algeria 16.2

3 2008 227.9 0.8 Algeria 16.2

4 2008 174.8 0.8 Algeria 16.2

5 2008 163.7 0.8 Algeria 16.2

6 16.2 16.2 16.2 16.2 16.2

7 2008 243.5 0.8 Algeria 16.2

U
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Objectives and approach
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Site 2008 2009 2010
1 15 0 0
2 4 50 25
3 7 0 0
4 2 60 160
5 5 10 70
6 0 0 0
7 5 75 870

Site Year Rain Eco Country Agri

1 2008 163.7 0.8 Algeria 16.2

2 2008 60.7 0.8 Algeria 16.2

3 2008 227.9 0.8 Algeria 16.2

4 2008 174.8 0.8 Algeria 16.2

5 2008 163.7 0.8 Algeria 16.2

6 2008 177.3 0.8 Algeria 16.2

7 2008 243.5 0.8 Algeria 16.2

U
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• Impute the missing values, then compute yearly sums

• Include side information to improve the predictions

• Estimate covariate effects, select important factors

• Compute empirical intervals of variability



Objectives and approach
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Site 2008 2009 2010
1 15 0 0
2 4 50 25
3 7 0 0
4 2 60 160
5 5 10 70
6 0 0 0
7 5 75 870

Site Year Rain Eco Country Agri

1 2008 163.7 0.8 Algeria 16.2

2 2008 60.7 0.8 Algeria 16.2

3 2008 227.9 0.8 Algeria 16.2

4 2008 174.8 0.8 Algeria 16.2

5 2008 163.7 0.8 Algeria 16.2

6 2008 177.3 0.8 Algeria 16.2

7 2008 243.5 0.8 Algeria 16.2

U
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• Impute the missing values, then compute yearly sums

• Include side information to improve the predictions

• Estimate covariate effects, select important factors

• Compute empirical intervals of variability

Special case of general model with Poisson 
entries

R package 
lori



Empirical performance: Poisson data
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Empirical performance: Zero-inflated 
negative binomial

pattern random
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Empirical performance: waterbirds 
data

pattern random
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Temporal trends: northern 
shoveler
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General conclusion

• New data analysis tools adapted to modern data collection processes

• General framework based on hybrid low-rank models 


and heterogeneous exponential families

• Theoretical guarantees, implementations and ecological application
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General conclusion
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• New method for count data analysis with covariates and missing values

- Model, estimation, theoretical results

- R package lori


• Analysis of a waterbirds abundance data set 

- Results presented at the African-Eurasian Waterbirds Agreement (AEWA) 

meeting of parties

- Also at the 21st Conference of the European Bird Census Council


• New method for heterogenous data with missing values and side 
information

- Model, estimation, theoretical results

- R package mimi


• Alternative method to impute missing values in multilevel heterogeneous 
data (MLFAMD, package missMDA)



Perspectives
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• Extension of the framework to exponential families with multiple 
parameters (incorporate a scale parameter)


• Extension to more complex models (zero-inflation and 
overdispersion)


• Extension to non-sparse dictionary matrices (multivariate Gaussians)


• Uncertainty measurement (post-selection inference, Bayesian 
perspective, multiple imputation)


• Analysis of several other bird species (ongoing)



Publications
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• Geneviève Robin, Hoi-To Wai, Julie Josse, Olga Klopp, Éric Moulines 
(2018) Low-rank interactions and sparse additive effects for large data 
frames. Advances in Neural Information Processing Systems 31, pp. 
5496–5506. Curran Associates, Inc.


• François Husson, Julie Josse, Balasubramanian Narasimhan, Geneviève 
Robin (2019). Imputation of multilevel mixed data using multilevel singular 
value decomposition. Journal of Computational and Graphical Statistics.


• Geneviève Robin, Julie Josse, Éric Moulines, Sylvain Sardy (2019). Low-
rank models with covariates for count data with missing values. Journal of 
Multivariate Analysis 173, 416-434


• Geneviève Robin, Olga Klopp, Julie Josse, Éric Moulines, Robert 
Tibshirani (2019). Main effects and interactions in mixed and incomplete 
data frames. Journal of the American Statistical Association (accepted)
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Numerical results
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method mean mice GLRM FAMD MLFAMD softImpute mimi

time(s) 1.7e-4 0.2 5.5 2.6 3.5 0.1 6.6

Computational time (average across 100 rep)

Imputation error (average across 100 rep)
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MIMI: estimation results (main 
effects)

!121

5 10 15 20

0.
01

0.
02

0.
03

0.
04

0.
05

0.
06

sparsity

es
tim

at
io

n 
er

ro
r

5 10 15 20

0.
01

0.
02

0.
03

0.
04

0.
05

sparsity

es
tim

at
io

n 
er

ro
r

5 10 15 20

0.
05

0
0.

05
5

0.
06

0
0.

06
5

0.
07

0

sparsity

es
tim

at
io

n 
er

ro
r

5 10 15 20

0.
04

0.
05

0.
06

0.
07

0.
08

0.
09

0.
10

sparsity

es
tim

at
io

n 
er

ro
r



MIMI: estimation results 
(interactions)
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MCGD algorithm
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(↵̂, ⇥̂) 2 argminL(↵,⇥;Y ,⌦) + �1k⇥k? + �2k↵k1
<latexit sha1_base64="9qjCtfwKI0CA/pRU9mAtVbjDf24="></latexit><latexit sha1_base64="9qjCtfwKI0CA/pRU9mAtVbjDf24="></latexit><latexit sha1_base64="9qjCtfwKI0CA/pRU9mAtVbjDf24="></latexit><latexit sha1_base64="9qjCtfwKI0CA/pRU9mAtVbjDf24="></latexit>

Algorithm 1 MCGD algorithm
1: Initialize: — ⇥(0),↵(0), R(0). E.g., ⇥(0),↵(0), R(0) = (0,0, 0).
2: for t = 1, 2, . . . , T do
3: // Update for ↵ //

Compute proximal update using to obtain ↵(t).
4: // Update for (⇥, R) //

Compute the upper bound R(t)
UB := ��1

1 F (↵(t),⇥(t�1), R(t�1)).
5: Compute the conditional gradient update direction, (⇥̂(t), R̂(t)).
6: end for
7: Return: ⇥(T ),↵(T ), R(T ).

<latexit sha1_base64="oThthbsZaG0QlpQR7vPfTyc2D9A="></latexit><latexit sha1_base64="oThthbsZaG0QlpQR7vPfTyc2D9A="></latexit><latexit sha1_base64="oThthbsZaG0QlpQR7vPfTyc2D9A="></latexit><latexit sha1_base64="oThthbsZaG0QlpQR7vPfTyc2D9A="></latexit>



MCGD algorithm
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(↵̂, ⇥̂) 2 argminL(↵,⇥;Y ,⌦) + �1k⇥k? + �2k↵k1
<latexit sha1_base64="9qjCtfwKI0CA/pRU9mAtVbjDf24="></latexit><latexit sha1_base64="9qjCtfwKI0CA/pRU9mAtVbjDf24="></latexit><latexit sha1_base64="9qjCtfwKI0CA/pRU9mAtVbjDf24="></latexit><latexit sha1_base64="9qjCtfwKI0CA/pRU9mAtVbjDf24="></latexit>

Algorithm 1 MCGD algorithm
1: Initialize: — ⇥(0),↵(0), R(0). E.g., ⇥(0),↵(0), R(0) = (0,0, 0).
2: for t = 1, 2, . . . , T do
3: // Update for ↵ //

Compute proximal update using to obtain ↵(t).
4: // Update for (⇥, R) //

Compute the upper bound R(t)
UB := ��1

1 F (↵(t),⇥(t�1), R(t�1)).
5: Compute the conditional gradient update direction, (⇥̂(t), R̂(t)).
6: end for
7: Return: ⇥(T ),↵(T ), R(T ).

<latexit sha1_base64="oThthbsZaG0QlpQR7vPfTyc2D9A="></latexit><latexit sha1_base64="oThthbsZaG0QlpQR7vPfTyc2D9A="></latexit><latexit sha1_base64="oThthbsZaG0QlpQR7vPfTyc2D9A="></latexit><latexit sha1_base64="oThthbsZaG0QlpQR7vPfTyc2D9A="></latexit>

upper bound on  k⇥k?
<latexit sha1_base64="GBBS3dRvP1qgtrDrnlD31BhoHFA="></latexit><latexit sha1_base64="nViM/OVDBrnx8viqqmMsTT31DLI="></latexit><latexit sha1_base64="nViM/OVDBrnx8viqqmMsTT31DLI="></latexit><latexit sha1_base64="hiJATNSt9gIP5vrdywT9T4gxU+g="></latexit><latexit sha1_base64="VbFQRdDXa4fIl4cTaTwRdvL27Kk="></latexit><latexit sha1_base64="VbFQRdDXa4fIl4cTaTwRdvL27Kk="></latexit><latexit sha1_base64="t2PAknmwsyta4RxxK9KzZD8JXrs="></latexit><latexit sha1_base64="vBlNXJ0yq9q00vOlvxzPQ6zbKvk="></latexit><latexit sha1_base64="nViM/OVDBrnx8viqqmMsTT31DLI="></latexit><latexit sha1_base64="nViM/OVDBrnx8viqqmMsTT31DLI="></latexit><latexit sha1_base64="nViM/OVDBrnx8viqqmMsTT31DLI="></latexit><latexit sha1_base64="nViM/OVDBrnx8viqqmMsTT31DLI="></latexit><latexit sha1_base64="vBlNXJ0yq9q00vOlvxzPQ6zbKvk="></latexit>
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(↵̂, ⇥̂) 2 argminL(↵,⇥;Y ,⌦) + �1k⇥k? + �2k↵k1
<latexit sha1_base64="9qjCtfwKI0CA/pRU9mAtVbjDf24="></latexit><latexit sha1_base64="9qjCtfwKI0CA/pRU9mAtVbjDf24="></latexit><latexit sha1_base64="9qjCtfwKI0CA/pRU9mAtVbjDf24="></latexit><latexit sha1_base64="9qjCtfwKI0CA/pRU9mAtVbjDf24="></latexit>

Algorithm 1 MCGD algorithm
1: Initialize: — ⇥(0),↵(0), R(0). E.g., ⇥(0),↵(0), R(0) = (0,0, 0).
2: for t = 1, 2, . . . , T do
3: // Update for ↵ //

Compute proximal update using to obtain ↵(t).
4: // Update for (⇥, R) //

Compute the upper bound R(t)
UB := ��1

1 F (↵(t),⇥(t�1), R(t�1)).
5: Compute the conditional gradient update direction, (⇥̂(t), R̂(t)).
6: end for
7: Return: ⇥(T ),↵(T ), R(T ).

<latexit sha1_base64="oThthbsZaG0QlpQR7vPfTyc2D9A="></latexit><latexit sha1_base64="oThthbsZaG0QlpQR7vPfTyc2D9A="></latexit><latexit sha1_base64="oThthbsZaG0QlpQR7vPfTyc2D9A="></latexit><latexit sha1_base64="oThthbsZaG0QlpQR7vPfTyc2D9A="></latexit>

gradient computation 
+ 

soft-thresholding
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(↵̂, ⇥̂) 2 argminL(↵,⇥;Y ,⌦) + �1k⇥k? + �2k↵k1
<latexit sha1_base64="9qjCtfwKI0CA/pRU9mAtVbjDf24="></latexit><latexit sha1_base64="9qjCtfwKI0CA/pRU9mAtVbjDf24="></latexit><latexit sha1_base64="9qjCtfwKI0CA/pRU9mAtVbjDf24="></latexit><latexit sha1_base64="9qjCtfwKI0CA/pRU9mAtVbjDf24="></latexit>

Algorithm 1 MCGD algorithm
1: Initialize: — ⇥(0),↵(0), R(0). E.g., ⇥(0),↵(0), R(0) = (0,0, 0).
2: for t = 1, 2, . . . , T do
3: // Update for ↵ //

Compute proximal update using to obtain ↵(t).
4: // Update for (⇥, R) //

Compute the upper bound R(t)
UB := ��1

1 F (↵(t),⇥(t�1), R(t�1)).
5: Compute the conditional gradient update direction, (⇥̂(t), R̂(t)).
6: end for
7: Return: ⇥(T ),↵(T ), R(T ).

<latexit sha1_base64="oThthbsZaG0QlpQR7vPfTyc2D9A="></latexit><latexit sha1_base64="oThthbsZaG0QlpQR7vPfTyc2D9A="></latexit><latexit sha1_base64="oThthbsZaG0QlpQR7vPfTyc2D9A="></latexit><latexit sha1_base64="oThthbsZaG0QlpQR7vPfTyc2D9A="></latexit>

top singular vectors 
+ 

soft-thresholding



Convergence of MCGD
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Theorem 1

The MCGD algorithm converges to an      -solution in                   iterations

(Robin et al. 2018)

✏
<latexit sha1_base64="ZGhkthFjaR9vZ1JL4f+ZHwf3kv4="></latexit><latexit sha1_base64="xoJHp6Nh8JOkoysalconL79SU6k="></latexit><latexit sha1_base64="xoJHp6Nh8JOkoysalconL79SU6k="></latexit><latexit sha1_base64="SJl0pCNSLT2MF60jETpKHsQwgZs="></latexit>

O(1/✏)
<latexit sha1_base64="yVS+GdBqa/21pPzPxAzPk7+5tDQ="></latexit><latexit sha1_base64="d1Q3ySYvVe7GpSdl6o3ESDbTCK8="></latexit><latexit sha1_base64="d1Q3ySYvVe7GpSdl6o3ESDbTCK8="></latexit><latexit sha1_base64="GzxC0iVjS5H5FuHoxC9k2YOgp5M="></latexit>



Variability of observations: 
  fixed missing data pattern
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Y
<latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit><latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit><latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit><latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit>

Ỹ 1
<latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit><latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit><latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit><latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit>

Ỹ 2
<latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit><latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit><latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit><latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit>

Ỹ M
<latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit><latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit><latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit><latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit>

…

1/nonparametric  
bootstrap



Variability of Observations 
  & missing data pattern
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Y
<latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit><latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit><latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit><latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit>

Ỹ 1
<latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit><latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit><latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit><latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit>

Ỹ 2
<latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit><latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit><latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit><latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit>

Ỹ M
<latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit><latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit><latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit><latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit>

…

Ŷ 1
<latexit sha1_base64="gugIycf1tsqNO7QKZpOxmasGi8Y=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo1g9wq5/gTtz6H36Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKzU6Q0J4IdHr1+pujV3CrxMvIJUUYFGv/LTC2OaSqaACmJM13MT8HOigVPBxuVealhC6IgMWNdSRSQzfj69d4xPrRLiKNa2FOCp+nciJ9KYTAa2UxIYmkVvIv7ndVOIrvycqyQFpuhsUZQKDDGePI9DrhkFkVlCqOb2VkyHRBMKNqK5LQYk0ZkOxzYZbzGHZdI6r3luzbu7qNavi4xK6BidoDPkoUtUR7eogZqIIoFe0Ct6c56dd+fD+Zy1rjjFzBGag/P1C323mMw=</latexit><latexit sha1_base64="gugIycf1tsqNO7QKZpOxmasGi8Y=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo1g9wq5/gTtz6H36Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKzU6Q0J4IdHr1+pujV3CrxMvIJUUYFGv/LTC2OaSqaACmJM13MT8HOigVPBxuVealhC6IgMWNdSRSQzfj69d4xPrRLiKNa2FOCp+nciJ9KYTAa2UxIYmkVvIv7ndVOIrvycqyQFpuhsUZQKDDGePI9DrhkFkVlCqOb2VkyHRBMKNqK5LQYk0ZkOxzYZbzGHZdI6r3luzbu7qNavi4xK6BidoDPkoUtUR7eogZqIIoFe0Ct6c56dd+fD+Zy1rjjFzBGag/P1C323mMw=</latexit><latexit sha1_base64="gugIycf1tsqNO7QKZpOxmasGi8Y=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo1g9wq5/gTtz6H36Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKzU6Q0J4IdHr1+pujV3CrxMvIJUUYFGv/LTC2OaSqaACmJM13MT8HOigVPBxuVealhC6IgMWNdSRSQzfj69d4xPrRLiKNa2FOCp+nciJ9KYTAa2UxIYmkVvIv7ndVOIrvycqyQFpuhsUZQKDDGePI9DrhkFkVlCqOb2VkyHRBMKNqK5LQYk0ZkOxzYZbzGHZdI6r3luzbu7qNavi4xK6BidoDPkoUtUR7eogZqIIoFe0Ct6c56dd+fD+Zy1rjjFzBGag/P1C323mMw=</latexit><latexit sha1_base64="gugIycf1tsqNO7QKZpOxmasGi8Y=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo1g9wq5/gTtz6H36Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKzU6Q0J4IdHr1+pujV3CrxMvIJUUYFGv/LTC2OaSqaACmJM13MT8HOigVPBxuVealhC6IgMWNdSRSQzfj69d4xPrRLiKNa2FOCp+nciJ9KYTAa2UxIYmkVvIv7ndVOIrvycqyQFpuhsUZQKDDGePI9DrhkFkVlCqOb2VkyHRBMKNqK5LQYk0ZkOxzYZbzGHZdI6r3luzbu7qNavi4xK6BidoDPkoUtUR7eogZqIIoFe0Ct6c56dd+fD+Zy1rjjFzBGag/P1C323mMw=</latexit>

Ŷ 2
<latexit sha1_base64="GMgd1kjTTw6aa0wzPKpCMNpSH7k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnSRDZmaXmV5hWXL1A7zqJ3gTr/6HX+BvOEn2YBILGoqqbrq7glhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJpqxJIxHpTkAME1yxJnAQrBNrRmQgWDsY30z99hPThkfqHtKY+ZIMFR9wSsBKnd6IAH54rPXLFbfqzoBXiZeTCsrR6Jd/emFEE8kUUEGM6XpuDH5GNHAq2KTUSwyLCR2TIetaqohkxs9m907wmVVCPIi0LQV4pv6dyIg0JpWB7ZQERmbZm4r/ed0EBld+xlWcAFN0vmiQCAwRnj6PQ64ZBZFaQqjm9lZMR0QTCjaihS0GJNGpDic2GW85h1XSqlU9t+rdXVTq13lGRXSCTtE58tAlqqNb1EBNRJFAL+gVvTnPzrvz4XzOWwtOPnOMFuB8/QJ/UJjN</latexit><latexit sha1_base64="GMgd1kjTTw6aa0wzPKpCMNpSH7k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnSRDZmaXmV5hWXL1A7zqJ3gTr/6HX+BvOEn2YBILGoqqbrq7glhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJpqxJIxHpTkAME1yxJnAQrBNrRmQgWDsY30z99hPThkfqHtKY+ZIMFR9wSsBKnd6IAH54rPXLFbfqzoBXiZeTCsrR6Jd/emFEE8kUUEGM6XpuDH5GNHAq2KTUSwyLCR2TIetaqohkxs9m907wmVVCPIi0LQV4pv6dyIg0JpWB7ZQERmbZm4r/ed0EBld+xlWcAFN0vmiQCAwRnj6PQ64ZBZFaQqjm9lZMR0QTCjaihS0GJNGpDic2GW85h1XSqlU9t+rdXVTq13lGRXSCTtE58tAlqqNb1EBNRJFAL+gVvTnPzrvz4XzOWwtOPnOMFuB8/QJ/UJjN</latexit><latexit sha1_base64="GMgd1kjTTw6aa0wzPKpCMNpSH7k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnSRDZmaXmV5hWXL1A7zqJ3gTr/6HX+BvOEn2YBILGoqqbrq7glhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJpqxJIxHpTkAME1yxJnAQrBNrRmQgWDsY30z99hPThkfqHtKY+ZIMFR9wSsBKnd6IAH54rPXLFbfqzoBXiZeTCsrR6Jd/emFEE8kUUEGM6XpuDH5GNHAq2KTUSwyLCR2TIetaqohkxs9m907wmVVCPIi0LQV4pv6dyIg0JpWB7ZQERmbZm4r/ed0EBld+xlWcAFN0vmiQCAwRnj6PQ64ZBZFaQqjm9lZMR0QTCjaihS0GJNGpDic2GW85h1XSqlU9t+rdXVTq13lGRXSCTtE58tAlqqNb1EBNRJFAL+gVvTnPzrvz4XzOWwtOPnOMFuB8/QJ/UJjN</latexit><latexit sha1_base64="GMgd1kjTTw6aa0wzPKpCMNpSH7k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnSRDZmaXmV5hWXL1A7zqJ3gTr/6HX+BvOEn2YBILGoqqbrq7glhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJpqxJIxHpTkAME1yxJnAQrBNrRmQgWDsY30z99hPThkfqHtKY+ZIMFR9wSsBKnd6IAH54rPXLFbfqzoBXiZeTCsrR6Jd/emFEE8kUUEGM6XpuDH5GNHAq2KTUSwyLCR2TIetaqohkxs9m907wmVVCPIi0LQV4pv6dyIg0JpWB7ZQERmbZm4r/ed0EBld+xlWcAFN0vmiQCAwRnj6PQ64ZBZFaQqjm9lZMR0QTCjaihS0GJNGpDic2GW85h1XSqlU9t+rdXVTq13lGRXSCTtE58tAlqqNb1EBNRJFAL+gVvTnPzrvz4XzOWwtOPnOMFuB8/QJ/UJjN</latexit>

Ŷ M
<latexit sha1_base64="rO8gowxDY9WSeZ852sJ8haR5a0E=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kWIYF4ka5idnSRDZmaXmV5hWXL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7glhwA6777aysrq1vbBa2its7u3v7pYPDhokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwupn4zSemDY/UA6Qx8yUZKN7nlICV2t0hAdx+vCv2SmW34k6Bl4mXkzLKUeuVfrphRBPJFFBBjOl4bgx+RjRwKti42E0MiwkdkQHrWKqIZMbPpgeP8alVQtyPtC0FeKr+nciINCaVge2UBIZm0ZuI/3mdBPpXfsZVnABTdLaonwgMEZ58j0OuGQWRWkKo5vZWTIdEEwo2o7ktBiTRqQ7HNhlvMYdl0jiveG7Fu78oV6/zjAroGJ2gM+ShS1RFt6iG6ogiiV7QK3pznp1358P5nLWuOPnMEZqD8/UL4jGY/A==</latexit><latexit sha1_base64="rO8gowxDY9WSeZ852sJ8haR5a0E=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kWIYF4ka5idnSRDZmaXmV5hWXL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7glhwA6777aysrq1vbBa2its7u3v7pYPDhokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwupn4zSemDY/UA6Qx8yUZKN7nlICV2t0hAdx+vCv2SmW34k6Bl4mXkzLKUeuVfrphRBPJFFBBjOl4bgx+RjRwKti42E0MiwkdkQHrWKqIZMbPpgeP8alVQtyPtC0FeKr+nciINCaVge2UBIZm0ZuI/3mdBPpXfsZVnABTdLaonwgMEZ58j0OuGQWRWkKo5vZWTIdEEwo2o7ktBiTRqQ7HNhlvMYdl0jiveG7Fu78oV6/zjAroGJ2gM+ShS1RFt6iG6ogiiV7QK3pznp1358P5nLWuOPnMEZqD8/UL4jGY/A==</latexit><latexit sha1_base64="rO8gowxDY9WSeZ852sJ8haR5a0E=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kWIYF4ka5idnSRDZmaXmV5hWXL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7glhwA6777aysrq1vbBa2its7u3v7pYPDhokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwupn4zSemDY/UA6Qx8yUZKN7nlICV2t0hAdx+vCv2SmW34k6Bl4mXkzLKUeuVfrphRBPJFFBBjOl4bgx+RjRwKti42E0MiwkdkQHrWKqIZMbPpgeP8alVQtyPtC0FeKr+nciINCaVge2UBIZm0ZuI/3mdBPpXfsZVnABTdLaonwgMEZ58j0OuGQWRWkKo5vZWTIdEEwo2o7ktBiTRqQ7HNhlvMYdl0jiveG7Fu78oV6/zjAroGJ2gM+ShS1RFt6iG6ogiiV7QK3pznp1358P5nLWuOPnMEZqD8/UL4jGY/A==</latexit><latexit sha1_base64="rO8gowxDY9WSeZ852sJ8haR5a0E=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kWIYF4ka5idnSRDZmaXmV5hWXL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7glhwA6777aysrq1vbBa2its7u3v7pYPDhokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwupn4zSemDY/UA6Qx8yUZKN7nlICV2t0hAdx+vCv2SmW34k6Bl4mXkzLKUeuVfrphRBPJFFBBjOl4bgx+RjRwKti42E0MiwkdkQHrWKqIZMbPpgeP8alVQtyPtC0FeKr+nciINCaVge2UBIZm0ZuI/3mdBPpXfsZVnABTdLaonwgMEZ58j0OuGQWRWkKo5vZWTIdEEwo2o7ktBiTRqQ7HNhlvMYdl0jiveG7Fu78oV6/zjAroGJ2gM+ShS1RFt6iG6ogiiV7QK3pznp1358P5nLWuOPnMEZqD8/UL4jGY/A==</latexit>…

1/nonparametric  
bootstrap

2/ single imputation   
 +add missing values 
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Y
<latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit><latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit><latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit><latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit>

Ỹ 1
<latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit><latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit><latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit><latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit>

Ỹ 2
<latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit><latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit><latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit><latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit>

Ỹ M
<latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit><latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit><latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit><latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit>

…

Ŷ 1
<latexit sha1_base64="gugIycf1tsqNO7QKZpOxmasGi8Y=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo1g9wq5/gTtz6H36Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKzU6Q0J4IdHr1+pujV3CrxMvIJUUYFGv/LTC2OaSqaACmJM13MT8HOigVPBxuVealhC6IgMWNdSRSQzfj69d4xPrRLiKNa2FOCp+nciJ9KYTAa2UxIYmkVvIv7ndVOIrvycqyQFpuhsUZQKDDGePI9DrhkFkVlCqOb2VkyHRBMKNqK5LQYk0ZkOxzYZbzGHZdI6r3luzbu7qNavi4xK6BidoDPkoUtUR7eogZqIIoFe0Ct6c56dd+fD+Zy1rjjFzBGag/P1C323mMw=</latexit><latexit sha1_base64="gugIycf1tsqNO7QKZpOxmasGi8Y=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo1g9wq5/gTtz6H36Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKzU6Q0J4IdHr1+pujV3CrxMvIJUUYFGv/LTC2OaSqaACmJM13MT8HOigVPBxuVealhC6IgMWNdSRSQzfj69d4xPrRLiKNa2FOCp+nciJ9KYTAa2UxIYmkVvIv7ndVOIrvycqyQFpuhsUZQKDDGePI9DrhkFkVlCqOb2VkyHRBMKNqK5LQYk0ZkOxzYZbzGHZdI6r3luzbu7qNavi4xK6BidoDPkoUtUR7eogZqIIoFe0Ct6c56dd+fD+Zy1rjjFzBGag/P1C323mMw=</latexit><latexit sha1_base64="gugIycf1tsqNO7QKZpOxmasGi8Y=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo1g9wq5/gTtz6H36Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKzU6Q0J4IdHr1+pujV3CrxMvIJUUYFGv/LTC2OaSqaACmJM13MT8HOigVPBxuVealhC6IgMWNdSRSQzfj69d4xPrRLiKNa2FOCp+nciJ9KYTAa2UxIYmkVvIv7ndVOIrvycqyQFpuhsUZQKDDGePI9DrhkFkVlCqOb2VkyHRBMKNqK5LQYk0ZkOxzYZbzGHZdI6r3luzbu7qNavi4xK6BidoDPkoUtUR7eogZqIIoFe0Ct6c56dd+fD+Zy1rjjFzBGag/P1C323mMw=</latexit><latexit sha1_base64="gugIycf1tsqNO7QKZpOxmasGi8Y=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo1g9wq5/gTtz6H36Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKzU6Q0J4IdHr1+pujV3CrxMvIJUUYFGv/LTC2OaSqaACmJM13MT8HOigVPBxuVealhC6IgMWNdSRSQzfj69d4xPrRLiKNa2FOCp+nciJ9KYTAa2UxIYmkVvIv7ndVOIrvycqyQFpuhsUZQKDDGePI9DrhkFkVlCqOb2VkyHRBMKNqK5LQYk0ZkOxzYZbzGHZdI6r3luzbu7qNavi4xK6BidoDPkoUtUR7eogZqIIoFe0Ct6c56dd+fD+Zy1rjjFzBGag/P1C323mMw=</latexit>

Ŷ 2
<latexit sha1_base64="GMgd1kjTTw6aa0wzPKpCMNpSH7k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnSRDZmaXmV5hWXL1A7zqJ3gTr/6HX+BvOEn2YBILGoqqbrq7glhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJpqxJIxHpTkAME1yxJnAQrBNrRmQgWDsY30z99hPThkfqHtKY+ZIMFR9wSsBKnd6IAH54rPXLFbfqzoBXiZeTCsrR6Jd/emFEE8kUUEGM6XpuDH5GNHAq2KTUSwyLCR2TIetaqohkxs9m907wmVVCPIi0LQV4pv6dyIg0JpWB7ZQERmbZm4r/ed0EBld+xlWcAFN0vmiQCAwRnj6PQ64ZBZFaQqjm9lZMR0QTCjaihS0GJNGpDic2GW85h1XSqlU9t+rdXVTq13lGRXSCTtE58tAlqqNb1EBNRJFAL+gVvTnPzrvz4XzOWwtOPnOMFuB8/QJ/UJjN</latexit><latexit sha1_base64="GMgd1kjTTw6aa0wzPKpCMNpSH7k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnSRDZmaXmV5hWXL1A7zqJ3gTr/6HX+BvOEn2YBILGoqqbrq7glhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJpqxJIxHpTkAME1yxJnAQrBNrRmQgWDsY30z99hPThkfqHtKY+ZIMFR9wSsBKnd6IAH54rPXLFbfqzoBXiZeTCsrR6Jd/emFEE8kUUEGM6XpuDH5GNHAq2KTUSwyLCR2TIetaqohkxs9m907wmVVCPIi0LQV4pv6dyIg0JpWB7ZQERmbZm4r/ed0EBld+xlWcAFN0vmiQCAwRnj6PQ64ZBZFaQqjm9lZMR0QTCjaihS0GJNGpDic2GW85h1XSqlU9t+rdXVTq13lGRXSCTtE58tAlqqNb1EBNRJFAL+gVvTnPzrvz4XzOWwtOPnOMFuB8/QJ/UJjN</latexit><latexit sha1_base64="GMgd1kjTTw6aa0wzPKpCMNpSH7k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnSRDZmaXmV5hWXL1A7zqJ3gTr/6HX+BvOEn2YBILGoqqbrq7glhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJpqxJIxHpTkAME1yxJnAQrBNrRmQgWDsY30z99hPThkfqHtKY+ZIMFR9wSsBKnd6IAH54rPXLFbfqzoBXiZeTCsrR6Jd/emFEE8kUUEGM6XpuDH5GNHAq2KTUSwyLCR2TIetaqohkxs9m907wmVVCPIi0LQV4pv6dyIg0JpWB7ZQERmbZm4r/ed0EBld+xlWcAFN0vmiQCAwRnj6PQ64ZBZFaQqjm9lZMR0QTCjaihS0GJNGpDic2GW85h1XSqlU9t+rdXVTq13lGRXSCTtE58tAlqqNb1EBNRJFAL+gVvTnPzrvz4XzOWwtOPnOMFuB8/QJ/UJjN</latexit><latexit sha1_base64="GMgd1kjTTw6aa0wzPKpCMNpSH7k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnSRDZmaXmV5hWXL1A7zqJ3gTr/6HX+BvOEn2YBILGoqqbrq7glhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJpqxJIxHpTkAME1yxJnAQrBNrRmQgWDsY30z99hPThkfqHtKY+ZIMFR9wSsBKnd6IAH54rPXLFbfqzoBXiZeTCsrR6Jd/emFEE8kUUEGM6XpuDH5GNHAq2KTUSwyLCR2TIetaqohkxs9m907wmVVCPIi0LQV4pv6dyIg0JpWB7ZQERmbZm4r/ed0EBld+xlWcAFN0vmiQCAwRnj6PQ64ZBZFaQqjm9lZMR0QTCjaihS0GJNGpDic2GW85h1XSqlU9t+rdXVTq13lGRXSCTtE58tAlqqNb1EBNRJFAL+gVvTnPzrvz4XzOWwtOPnOMFuB8/QJ/UJjN</latexit>

Ŷ M
<latexit sha1_base64="rO8gowxDY9WSeZ852sJ8haR5a0E=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kWIYF4ka5idnSRDZmaXmV5hWXL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7glhwA6777aysrq1vbBa2its7u3v7pYPDhokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwupn4zSemDY/UA6Qx8yUZKN7nlICV2t0hAdx+vCv2SmW34k6Bl4mXkzLKUeuVfrphRBPJFFBBjOl4bgx+RjRwKti42E0MiwkdkQHrWKqIZMbPpgeP8alVQtyPtC0FeKr+nciINCaVge2UBIZm0ZuI/3mdBPpXfsZVnABTdLaonwgMEZ58j0OuGQWRWkKo5vZWTIdEEwo2o7ktBiTRqQ7HNhlvMYdl0jiveG7Fu78oV6/zjAroGJ2gM+ShS1RFt6iG6ogiiV7QK3pznp1358P5nLWuOPnMEZqD8/UL4jGY/A==</latexit><latexit sha1_base64="rO8gowxDY9WSeZ852sJ8haR5a0E=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kWIYF4ka5idnSRDZmaXmV5hWXL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7glhwA6777aysrq1vbBa2its7u3v7pYPDhokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwupn4zSemDY/UA6Qx8yUZKN7nlICV2t0hAdx+vCv2SmW34k6Bl4mXkzLKUeuVfrphRBPJFFBBjOl4bgx+RjRwKti42E0MiwkdkQHrWKqIZMbPpgeP8alVQtyPtC0FeKr+nciINCaVge2UBIZm0ZuI/3mdBPpXfsZVnABTdLaonwgMEZ58j0OuGQWRWkKo5vZWTIdEEwo2o7ktBiTRqQ7HNhlvMYdl0jiveG7Fu78oV6/zjAroGJ2gM+ShS1RFt6iG6ogiiV7QK3pznp1358P5nLWuOPnMEZqD8/UL4jGY/A==</latexit><latexit sha1_base64="rO8gowxDY9WSeZ852sJ8haR5a0E=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kWIYF4ka5idnSRDZmaXmV5hWXL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7glhwA6777aysrq1vbBa2its7u3v7pYPDhokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwupn4zSemDY/UA6Qx8yUZKN7nlICV2t0hAdx+vCv2SmW34k6Bl4mXkzLKUeuVfrphRBPJFFBBjOl4bgx+RjRwKti42E0MiwkdkQHrWKqIZMbPpgeP8alVQtyPtC0FeKr+nciINCaVge2UBIZm0ZuI/3mdBPpXfsZVnABTdLaonwgMEZ58j0OuGQWRWkKo5vZWTIdEEwo2o7ktBiTRqQ7HNhlvMYdl0jiveG7Fu78oV6/zjAroGJ2gM+ShS1RFt6iG6ogiiV7QK3pznp1358P5nLWuOPnMEZqD8/UL4jGY/A==</latexit><latexit sha1_base64="rO8gowxDY9WSeZ852sJ8haR5a0E=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kWIYF4ka5idnSRDZmaXmV5hWXL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7glhwA6777aysrq1vbBa2its7u3v7pYPDhokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwupn4zSemDY/UA6Qx8yUZKN7nlICV2t0hAdx+vCv2SmW34k6Bl4mXkzLKUeuVfrphRBPJFFBBjOl4bgx+RjRwKti42E0MiwkdkQHrWKqIZMbPpgeP8alVQtyPtC0FeKr+nciINCaVge2UBIZm0ZuI/3mdBPpXfsZVnABTdLaonwgMEZ58j0OuGQWRWkKo5vZWTIdEEwo2o7ktBiTRqQ7HNhlvMYdl0jiveG7Fu78oV6/zjAroGJ2gM+ShS1RFt6iG6ogiiV7QK3pznp1358P5nLWuOPnMEZqD8/UL4jGY/A==</latexit>…
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Y
<latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit><latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit><latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit><latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit>

Ỹ 1
<latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit><latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit><latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit><latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit>

Ỹ 2
<latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit><latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit><latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit><latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit>

Ỹ M
<latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit><latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit><latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit><latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit>

1/nonparametric  
bootstrap

…

Ŷ 1
<latexit sha1_base64="gugIycf1tsqNO7QKZpOxmasGi8Y=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo1g9wq5/gTtz6H36Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKzU6Q0J4IdHr1+pujV3CrxMvIJUUYFGv/LTC2OaSqaACmJM13MT8HOigVPBxuVealhC6IgMWNdSRSQzfj69d4xPrRLiKNa2FOCp+nciJ9KYTAa2UxIYmkVvIv7ndVOIrvycqyQFpuhsUZQKDDGePI9DrhkFkVlCqOb2VkyHRBMKNqK5LQYk0ZkOxzYZbzGHZdI6r3luzbu7qNavi4xK6BidoDPkoUtUR7eogZqIIoFe0Ct6c56dd+fD+Zy1rjjFzBGag/P1C323mMw=</latexit><latexit sha1_base64="gugIycf1tsqNO7QKZpOxmasGi8Y=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo1g9wq5/gTtz6H36Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKzU6Q0J4IdHr1+pujV3CrxMvIJUUYFGv/LTC2OaSqaACmJM13MT8HOigVPBxuVealhC6IgMWNdSRSQzfj69d4xPrRLiKNa2FOCp+nciJ9KYTAa2UxIYmkVvIv7ndVOIrvycqyQFpuhsUZQKDDGePI9DrhkFkVlCqOb2VkyHRBMKNqK5LQYk0ZkOxzYZbzGHZdI6r3luzbu7qNavi4xK6BidoDPkoUtUR7eogZqIIoFe0Ct6c56dd+fD+Zy1rjjFzBGag/P1C323mMw=</latexit><latexit sha1_base64="gugIycf1tsqNO7QKZpOxmasGi8Y=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo1g9wq5/gTtz6H36Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKzU6Q0J4IdHr1+pujV3CrxMvIJUUYFGv/LTC2OaSqaACmJM13MT8HOigVPBxuVealhC6IgMWNdSRSQzfj69d4xPrRLiKNa2FOCp+nciJ9KYTAa2UxIYmkVvIv7ndVOIrvycqyQFpuhsUZQKDDGePI9DrhkFkVlCqOb2VkyHRBMKNqK5LQYk0ZkOxzYZbzGHZdI6r3luzbu7qNavi4xK6BidoDPkoUtUR7eogZqIIoFe0Ct6c56dd+fD+Zy1rjjFzBGag/P1C323mMw=</latexit><latexit sha1_base64="gugIycf1tsqNO7QKZpOxmasGi8Y=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo1g9wq5/gTtz6H36Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKzU6Q0J4IdHr1+pujV3CrxMvIJUUYFGv/LTC2OaSqaACmJM13MT8HOigVPBxuVealhC6IgMWNdSRSQzfj69d4xPrRLiKNa2FOCp+nciJ9KYTAa2UxIYmkVvIv7ndVOIrvycqyQFpuhsUZQKDDGePI9DrhkFkVlCqOb2VkyHRBMKNqK5LQYk0ZkOxzYZbzGHZdI6r3luzbu7qNavi4xK6BidoDPkoUtUR7eogZqIIoFe0Ct6c56dd+fD+Zy1rjjFzBGag/P1C323mMw=</latexit>

Ŷ 2
<latexit sha1_base64="GMgd1kjTTw6aa0wzPKpCMNpSH7k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnSRDZmaXmV5hWXL1A7zqJ3gTr/6HX+BvOEn2YBILGoqqbrq7glhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJpqxJIxHpTkAME1yxJnAQrBNrRmQgWDsY30z99hPThkfqHtKY+ZIMFR9wSsBKnd6IAH54rPXLFbfqzoBXiZeTCsrR6Jd/emFEE8kUUEGM6XpuDH5GNHAq2KTUSwyLCR2TIetaqohkxs9m907wmVVCPIi0LQV4pv6dyIg0JpWB7ZQERmbZm4r/ed0EBld+xlWcAFN0vmiQCAwRnj6PQ64ZBZFaQqjm9lZMR0QTCjaihS0GJNGpDic2GW85h1XSqlU9t+rdXVTq13lGRXSCTtE58tAlqqNb1EBNRJFAL+gVvTnPzrvz4XzOWwtOPnOMFuB8/QJ/UJjN</latexit><latexit sha1_base64="GMgd1kjTTw6aa0wzPKpCMNpSH7k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnSRDZmaXmV5hWXL1A7zqJ3gTr/6HX+BvOEn2YBILGoqqbrq7glhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJpqxJIxHpTkAME1yxJnAQrBNrRmQgWDsY30z99hPThkfqHtKY+ZIMFR9wSsBKnd6IAH54rPXLFbfqzoBXiZeTCsrR6Jd/emFEE8kUUEGM6XpuDH5GNHAq2KTUSwyLCR2TIetaqohkxs9m907wmVVCPIi0LQV4pv6dyIg0JpWB7ZQERmbZm4r/ed0EBld+xlWcAFN0vmiQCAwRnj6PQ64ZBZFaQqjm9lZMR0QTCjaihS0GJNGpDic2GW85h1XSqlU9t+rdXVTq13lGRXSCTtE58tAlqqNb1EBNRJFAL+gVvTnPzrvz4XzOWwtOPnOMFuB8/QJ/UJjN</latexit><latexit sha1_base64="GMgd1kjTTw6aa0wzPKpCMNpSH7k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnSRDZmaXmV5hWXL1A7zqJ3gTr/6HX+BvOEn2YBILGoqqbrq7glhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJpqxJIxHpTkAME1yxJnAQrBNrRmQgWDsY30z99hPThkfqHtKY+ZIMFR9wSsBKnd6IAH54rPXLFbfqzoBXiZeTCsrR6Jd/emFEE8kUUEGM6XpuDH5GNHAq2KTUSwyLCR2TIetaqohkxs9m907wmVVCPIi0LQV4pv6dyIg0JpWB7ZQERmbZm4r/ed0EBld+xlWcAFN0vmiQCAwRnj6PQ64ZBZFaQqjm9lZMR0QTCjaihS0GJNGpDic2GW85h1XSqlU9t+rdXVTq13lGRXSCTtE58tAlqqNb1EBNRJFAL+gVvTnPzrvz4XzOWwtOPnOMFuB8/QJ/UJjN</latexit><latexit sha1_base64="GMgd1kjTTw6aa0wzPKpCMNpSH7k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnSRDZmaXmV5hWXL1A7zqJ3gTr/6HX+BvOEn2YBILGoqqbrq7glhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJpqxJIxHpTkAME1yxJnAQrBNrRmQgWDsY30z99hPThkfqHtKY+ZIMFR9wSsBKnd6IAH54rPXLFbfqzoBXiZeTCsrR6Jd/emFEE8kUUEGM6XpuDH5GNHAq2KTUSwyLCR2TIetaqohkxs9m907wmVVCPIi0LQV4pv6dyIg0JpWB7ZQERmbZm4r/ed0EBld+xlWcAFN0vmiQCAwRnj6PQ64ZBZFaQqjm9lZMR0QTCjaihS0GJNGpDic2GW85h1XSqlU9t+rdXVTq13lGRXSCTtE58tAlqqNb1EBNRJFAL+gVvTnPzrvz4XzOWwtOPnOMFuB8/QJ/UJjN</latexit>

Ŷ M
<latexit sha1_base64="rO8gowxDY9WSeZ852sJ8haR5a0E=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kWIYF4ka5idnSRDZmaXmV5hWXL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7glhwA6777aysrq1vbBa2its7u3v7pYPDhokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwupn4zSemDY/UA6Qx8yUZKN7nlICV2t0hAdx+vCv2SmW34k6Bl4mXkzLKUeuVfrphRBPJFFBBjOl4bgx+RjRwKti42E0MiwkdkQHrWKqIZMbPpgeP8alVQtyPtC0FeKr+nciINCaVge2UBIZm0ZuI/3mdBPpXfsZVnABTdLaonwgMEZ58j0OuGQWRWkKo5vZWTIdEEwo2o7ktBiTRqQ7HNhlvMYdl0jiveG7Fu78oV6/zjAroGJ2gM+ShS1RFt6iG6ogiiV7QK3pznp1358P5nLWuOPnMEZqD8/UL4jGY/A==</latexit><latexit sha1_base64="rO8gowxDY9WSeZ852sJ8haR5a0E=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kWIYF4ka5idnSRDZmaXmV5hWXL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7glhwA6777aysrq1vbBa2its7u3v7pYPDhokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwupn4zSemDY/UA6Qx8yUZKN7nlICV2t0hAdx+vCv2SmW34k6Bl4mXkzLKUeuVfrphRBPJFFBBjOl4bgx+RjRwKti42E0MiwkdkQHrWKqIZMbPpgeP8alVQtyPtC0FeKr+nciINCaVge2UBIZm0ZuI/3mdBPpXfsZVnABTdLaonwgMEZ58j0OuGQWRWkKo5vZWTIdEEwo2o7ktBiTRqQ7HNhlvMYdl0jiveG7Fu78oV6/zjAroGJ2gM+ShS1RFt6iG6ogiiV7QK3pznp1358P5nLWuOPnMEZqD8/UL4jGY/A==</latexit><latexit sha1_base64="rO8gowxDY9WSeZ852sJ8haR5a0E=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kWIYF4ka5idnSRDZmaXmV5hWXL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7glhwA6777aysrq1vbBa2its7u3v7pYPDhokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwupn4zSemDY/UA6Qx8yUZKN7nlICV2t0hAdx+vCv2SmW34k6Bl4mXkzLKUeuVfrphRBPJFFBBjOl4bgx+RjRwKti42E0MiwkdkQHrWKqIZMbPpgeP8alVQtyPtC0FeKr+nciINCaVge2UBIZm0ZuI/3mdBPpXfsZVnABTdLaonwgMEZ58j0OuGQWRWkKo5vZWTIdEEwo2o7ktBiTRqQ7HNhlvMYdl0jiveG7Fu78oV6/zjAroGJ2gM+ShS1RFt6iG6ogiiV7QK3pznp1358P5nLWuOPnMEZqD8/UL4jGY/A==</latexit><latexit sha1_base64="rO8gowxDY9WSeZ852sJ8haR5a0E=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kWIYF4ka5idnSRDZmaXmV5hWXL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7glhwA6777aysrq1vbBa2its7u3v7pYPDhokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwupn4zSemDY/UA6Qx8yUZKN7nlICV2t0hAdx+vCv2SmW34k6Bl4mXkzLKUeuVfrphRBPJFFBBjOl4bgx+RjRwKti42E0MiwkdkQHrWKqIZMbPpgeP8alVQtyPtC0FeKr+nciINCaVge2UBIZm0ZuI/3mdBPpXfsZVnABTdLaonwgMEZ58j0OuGQWRWkKo5vZWTIdEEwo2o7ktBiTRqQ7HNhlvMYdl0jiveG7Fu78oV6/zjAroGJ2gM+ShS1RFt6iG6ogiiV7QK3pznp1358P5nLWuOPnMEZqD8/UL4jGY/A==</latexit>…

2/ single imputation   
 add missing values 

X̂1
<latexit sha1_base64="vBoCbTMBFy69po7uX8X70PazQMY=">AAACBXicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo2g9wq5/gTtz6HX6Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKz00BsSwJ1Hr9yvVN2aOwVeJl5BqqhAo1/56YUxTSVTQAUxpuu5Cfg50cCpYONyLzUsIXREBqxrqSKSGT+fHjzGp1YJcRRrWwrwVP07kRNpTCYD2ykJDM2iNxH/87opRFd+zlWSAlN0tihKBYYYT77HIdeMgsgsIVRzeyumQ6IJBZvR3BYDkuhMh2ObjLeYwzJpndc8t+bdXVTr10VGJXSMTtAZ8tAlqqNb1EBNRJFEL+gVvTnPzrvz4XzOWlecYuYIzcH5+gWzvZjf</latexit><latexit sha1_base64="vBoCbTMBFy69po7uX8X70PazQMY=">AAACBXicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo2g9wq5/gTtz6HX6Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKz00BsSwJ1Hr9yvVN2aOwVeJl5BqqhAo1/56YUxTSVTQAUxpuu5Cfg50cCpYONyLzUsIXREBqxrqSKSGT+fHjzGp1YJcRRrWwrwVP07kRNpTCYD2ykJDM2iNxH/87opRFd+zlWSAlN0tihKBYYYT77HIdeMgsgsIVRzeyumQ6IJBZvR3BYDkuhMh2ObjLeYwzJpndc8t+bdXVTr10VGJXSMTtAZ8tAlqqNb1EBNRJFEL+gVvTnPzrvz4XzOWlecYuYIzcH5+gWzvZjf</latexit><latexit sha1_base64="vBoCbTMBFy69po7uX8X70PazQMY=">AAACBXicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo2g9wq5/gTtz6HX6Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKz00BsSwJ1Hr9yvVN2aOwVeJl5BqqhAo1/56YUxTSVTQAUxpuu5Cfg50cCpYONyLzUsIXREBqxrqSKSGT+fHjzGp1YJcRRrWwrwVP07kRNpTCYD2ykJDM2iNxH/87opRFd+zlWSAlN0tihKBYYYT77HIdeMgsgsIVRzeyumQ6IJBZvR3BYDkuhMh2ObjLeYwzJpndc8t+bdXVTr10VGJXSMTtAZ8tAlqqNb1EBNRJFEL+gVvTnPzrvz4XzOWlecYuYIzcH5+gWzvZjf</latexit><latexit sha1_base64="vBoCbTMBFy69po7uX8X70PazQMY=">AAACBXicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo2g9wq5/gTtz6HX6Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKz00BsSwJ1Hr9yvVN2aOwVeJl5BqqhAo1/56YUxTSVTQAUxpuu5Cfg50cCpYONyLzUsIXREBqxrqSKSGT+fHjzGp1YJcRRrWwrwVP07kRNpTCYD2ykJDM2iNxH/87opRFd+zlWSAlN0tihKBYYYT77HIdeMgsgsIVRzeyumQ6IJBZvR3BYDkuhMh2ObjLeYwzJpndc8t+bdXVTr10VGJXSMTtAZ8tAlqqNb1EBNRJFEL+gVvTnPzrvz4XzOWlecYuYIzcH5+gWzvZjf</latexit> X̂2

<latexit sha1_base64="qBXSudyc8B5ag714pBVkbYP2iVM=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnU2GzMwuM71CWHL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7gkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy8SppqxJYxHrTkAME1yxJnAQrJNoRmQgWDsY3Uz99hPThsfqHsYJ8yUZKB5xSsBKD70hAdx5rJX65YpbdWfAq8TLSQXlaPTLP70wpqlkCqggxnQ9NwE/Ixo4FWxS6qWGJYSOyIB1LVVEMuNns4Mn+MwqIY5ibUsBnql/JzIijRnLwHZKAkOz7E3F/7xuCtGVn3GVpMAUnS+KUoEhxtPvccg1oyDGlhCqub0V0yHRhILNaGGLAUn0WIcTm4y3nMMqadWqnlv17i4q9es8oyI6QafoHHnoEtXRLWqgJqJIohf0it6cZ+fd+XA+560FJ585Rgtwvn4BtVeY4A==</latexit><latexit sha1_base64="qBXSudyc8B5ag714pBVkbYP2iVM=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnU2GzMwuM71CWHL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7gkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy8SppqxJYxHrTkAME1yxJnAQrJNoRmQgWDsY3Uz99hPThsfqHsYJ8yUZKB5xSsBKD70hAdx5rJX65YpbdWfAq8TLSQXlaPTLP70wpqlkCqggxnQ9NwE/Ixo4FWxS6qWGJYSOyIB1LVVEMuNns4Mn+MwqIY5ibUsBnql/JzIijRnLwHZKAkOz7E3F/7xuCtGVn3GVpMAUnS+KUoEhxtPvccg1oyDGlhCqub0V0yHRhILNaGGLAUn0WIcTm4y3nMMqadWqnlv17i4q9es8oyI6QafoHHnoEtXRLWqgJqJIohf0it6cZ+fd+XA+560FJ585Rgtwvn4BtVeY4A==</latexit><latexit sha1_base64="qBXSudyc8B5ag714pBVkbYP2iVM=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnU2GzMwuM71CWHL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7gkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy8SppqxJYxHrTkAME1yxJnAQrJNoRmQgWDsY3Uz99hPThsfqHsYJ8yUZKB5xSsBKD70hAdx5rJX65YpbdWfAq8TLSQXlaPTLP70wpqlkCqggxnQ9NwE/Ixo4FWxS6qWGJYSOyIB1LVVEMuNns4Mn+MwqIY5ibUsBnql/JzIijRnLwHZKAkOz7E3F/7xuCtGVn3GVpMAUnS+KUoEhxtPvccg1oyDGlhCqub0V0yHRhILNaGGLAUn0WIcTm4y3nMMqadWqnlv17i4q9es8oyI6QafoHHnoEtXRLWqgJqJIohf0it6cZ+fd+XA+560FJ585Rgtwvn4BtVeY4A==</latexit><latexit sha1_base64="qBXSudyc8B5ag714pBVkbYP2iVM=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnU2GzMwuM71CWHL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7gkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy8SppqxJYxHrTkAME1yxJnAQrJNoRmQgWDsY3Uz99hPThsfqHsYJ8yUZKB5xSsBKD70hAdx5rJX65YpbdWfAq8TLSQXlaPTLP70wpqlkCqggxnQ9NwE/Ixo4FWxS6qWGJYSOyIB1LVVEMuNns4Mn+MwqIY5ibUsBnql/JzIijRnLwHZKAkOz7E3F/7xuCtGVn3GVpMAUnS+KUoEhxtPvccg1oyDGlhCqub0V0yHRhILNaGGLAUn0WIcTm4y3nMMqadWqnlv17i4q9es8oyI6QafoHHnoEtXRLWqgJqJIohf0it6cZ+fd+XA+560FJ585Rgtwvn4BtVeY4A==</latexit>

X̂M
<latexit sha1_base64="ZwPcq6LH9AB9JKa7PjtRPtywvwo=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegFy9CBPOQZA2zs7PJkJnZZaZXWELOfoBX/QRv4tXv8Av8DSfJHkxiQUNR1U13V5AIbsB1v53Cyura+kZxs7S1vbO7V94/aJo41ZQ1aCxi3Q6IYYIr1gAOgrUTzYgMBGsFw+uJ33pi2vBY3UOWMF+SvuIRpwSs9NAdEMDtx9tSr1xxq+4UeJl4OamgHPVe+acbxjSVTAEVxJiO5ybgj4gGTgUbl7qpYQmhQ9JnHUsVkcz4o+nBY3xilRBHsbalAE/VvxMjIo3JZGA7JYGBWfQm4n9eJ4Xo0h9xlaTAFJ0tilKBIcaT73HINaMgMksI1dzeiumAaELBZjS3xYAkOtPh2CbjLeawTJpnVc+tenfnldpVnlERHaFjdIo8dIFq6AbVUQNRJNELekVvzrPz7nw4n7PWgpPPHKI5OF+/4JWY+w==</latexit><latexit sha1_base64="ZwPcq6LH9AB9JKa7PjtRPtywvwo=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegFy9CBPOQZA2zs7PJkJnZZaZXWELOfoBX/QRv4tXv8Av8DSfJHkxiQUNR1U13V5AIbsB1v53Cyura+kZxs7S1vbO7V94/aJo41ZQ1aCxi3Q6IYYIr1gAOgrUTzYgMBGsFw+uJ33pi2vBY3UOWMF+SvuIRpwSs9NAdEMDtx9tSr1xxq+4UeJl4OamgHPVe+acbxjSVTAEVxJiO5ybgj4gGTgUbl7qpYQmhQ9JnHUsVkcz4o+nBY3xilRBHsbalAE/VvxMjIo3JZGA7JYGBWfQm4n9eJ4Xo0h9xlaTAFJ0tilKBIcaT73HINaMgMksI1dzeiumAaELBZjS3xYAkOtPh2CbjLeawTJpnVc+tenfnldpVnlERHaFjdIo8dIFq6AbVUQNRJNELekVvzrPz7nw4n7PWgpPPHKI5OF+/4JWY+w==</latexit><latexit sha1_base64="ZwPcq6LH9AB9JKa7PjtRPtywvwo=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegFy9CBPOQZA2zs7PJkJnZZaZXWELOfoBX/QRv4tXv8Av8DSfJHkxiQUNR1U13V5AIbsB1v53Cyura+kZxs7S1vbO7V94/aJo41ZQ1aCxi3Q6IYYIr1gAOgrUTzYgMBGsFw+uJ33pi2vBY3UOWMF+SvuIRpwSs9NAdEMDtx9tSr1xxq+4UeJl4OamgHPVe+acbxjSVTAEVxJiO5ybgj4gGTgUbl7qpYQmhQ9JnHUsVkcz4o+nBY3xilRBHsbalAE/VvxMjIo3JZGA7JYGBWfQm4n9eJ4Xo0h9xlaTAFJ0tilKBIcaT73HINaMgMksI1dzeiumAaELBZjS3xYAkOtPh2CbjLeawTJpnVc+tenfnldpVnlERHaFjdIo8dIFq6AbVUQNRJNELekVvzrPz7nw4n7PWgpPPHKI5OF+/4JWY+w==</latexit><latexit sha1_base64="ZwPcq6LH9AB9JKa7PjtRPtywvwo=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegFy9CBPOQZA2zs7PJkJnZZaZXWELOfoBX/QRv4tXv8Av8DSfJHkxiQUNR1U13V5AIbsB1v53Cyura+kZxs7S1vbO7V94/aJo41ZQ1aCxi3Q6IYYIr1gAOgrUTzYgMBGsFw+uJ33pi2vBY3UOWMF+SvuIRpwSs9NAdEMDtx9tSr1xxq+4UeJl4OamgHPVe+acbxjSVTAEVxJiO5ybgj4gGTgUbl7qpYQmhQ9JnHUsVkcz4o+nBY3xilRBHsbalAE/VvxMjIo3JZGA7JYGBWfQm4n9eJ4Xo0h9xlaTAFJ0tilKBIcaT73HINaMgMksI1dzeiumAaELBZjS3xYAkOtPh2CbjLeawTJpnVc+tenfnldpVnlERHaFjdIo8dIFq6AbVUQNRJNELekVvzrPz7nw4n7PWgpPPHKI5OF+/4JWY+w==</latexit>

inter variability



Y
<latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit><latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit><latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit><latexit sha1_base64="f6STuedVrZE0EJh7SZoOoqJxrqQ=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUV2yptKJPJpB06MwkzEyGEgh/gVj/Bnbj1V/wCf8Npm4VtPXDhcM693HtPkHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMfqIcCaciZpyzDD6UOiKBYBp51gdD3xO09UaRbLe5Ml1Bd4IFnECDZWunus9Ks1t+5OgZaJV5AaFGj2qz+9MCapoNIQjrXuem5i/Bwrwwin40ov1TTBZIQHtGupxIJqP59eOkYnVglRFCtb0qCp+ncix0LrTAS2U2Az1IveRPzP66YmuvRzJpPUUElmi6KUIxOjydsoZIoSwzNLMFHM3orIECtMjA1nbos2AqtMhWObjLeYwzJpn9U9t+7dntcaV0VGZTiCYzgFDy6gATfQhBYQiOAFXuHNeXbenQ/nc9ZacoqZQ5iD8/ULAK2WUg==</latexit>

Ỹ 1
<latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit><latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit><latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit><latexit sha1_base64="+cPMrBHjyvGAKZ1fyBTED5Roj+s=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+chkDD09PUmT7p6hu0YYQg7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqhangBlz321lZXVvf2Cxtlbd3dvf2KweHLZNkmrImTUSiOyExTHDFmsBBsE6qGZGhYO1weDPx209MG56oe8hTFkjSVzzmlICV/C5wETH88OiVe5WqW3OnwMvEK0gVFWj0Kj/dKKGZZAqoIMb4nptCMCIaOBVsXO5mhqWEDkmf+ZYqIpkJRtOTx/jUKhGOE21LAZ6qfydGRBqTy9B2SgIDs+hNxP88P4P4KhhxlWbAFJ0tijOBIcGT/3HENaMgcksI1dzeiumAaELBpjS3xYAkOtfR2CbjLeawTFrnNc+teXcX1fp1kVEJHaMTdIY8dInq6BY1UBNRlKAX9IrenGfn3flwPmetK04xc4Tm4Hz9AlvPmck=</latexit>

Ỹ 2
<latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit><latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit><latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit><latexit sha1_base64="ay38przyiL2//2hJndiDfRyRj6c=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dZMLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edbRMFWVtKoVUPZ9oJnjM2sBBsF6iGIl8wbr++Gbqd5+Y0lzG95AlzIvIMOYhpwSM5PaBi4Dhh8dGZVCt2XV7BrxKnILUUIHWoPrTDyRNIxYDFURr17ET8HKigFPBJpV+qllC6JgMmWtoTCKmvXx28gSfGSXAoVSmYsAz9e9ETiKts8g3nRGBkV72puJ/nptCeOXlPE5SYDGdLwpTgUHi6f844IpREJkhhCpubsV0RBShYFJa2KIhIipTwcQk4yznsEo6jbpj1527i1rzusiojE7QKTpHDrpETXSLWqiNKJLoBb2iN+vZerc+rM95a8kqZo7RAqyvX11pmco=</latexit>

Ỹ M
<latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit><latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit><latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit><latexit sha1_base64="XghMxA3UR3XeoTM7NflfpyVX9J4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7wEXA8MPjbaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoCZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y+Ip5nl</latexit>

1/nonparametric  
bootstrap

…

Ŷ 1
<latexit sha1_base64="gugIycf1tsqNO7QKZpOxmasGi8Y=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo1g9wq5/gTtz6H36Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKzU6Q0J4IdHr1+pujV3CrxMvIJUUYFGv/LTC2OaSqaACmJM13MT8HOigVPBxuVealhC6IgMWNdSRSQzfj69d4xPrRLiKNa2FOCp+nciJ9KYTAa2UxIYmkVvIv7ndVOIrvycqyQFpuhsUZQKDDGePI9DrhkFkVlCqOb2VkyHRBMKNqK5LQYk0ZkOxzYZbzGHZdI6r3luzbu7qNavi4xK6BidoDPkoUtUR7eogZqIIoFe0Ct6c56dd+fD+Zy1rjjFzBGag/P1C323mMw=</latexit><latexit sha1_base64="gugIycf1tsqNO7QKZpOxmasGi8Y=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo1g9wq5/gTtz6H36Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKzU6Q0J4IdHr1+pujV3CrxMvIJUUYFGv/LTC2OaSqaACmJM13MT8HOigVPBxuVealhC6IgMWNdSRSQzfj69d4xPrRLiKNa2FOCp+nciJ9KYTAa2UxIYmkVvIv7ndVOIrvycqyQFpuhsUZQKDDGePI9DrhkFkVlCqOb2VkyHRBMKNqK5LQYk0ZkOxzYZbzGHZdI6r3luzbu7qNavi4xK6BidoDPkoUtUR7eogZqIIoFe0Ct6c56dd+fD+Zy1rjjFzBGag/P1C323mMw=</latexit><latexit sha1_base64="gugIycf1tsqNO7QKZpOxmasGi8Y=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo1g9wq5/gTtz6H36Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKzU6Q0J4IdHr1+pujV3CrxMvIJUUYFGv/LTC2OaSqaACmJM13MT8HOigVPBxuVealhC6IgMWNdSRSQzfj69d4xPrRLiKNa2FOCp+nciJ9KYTAa2UxIYmkVvIv7ndVOIrvycqyQFpuhsUZQKDDGePI9DrhkFkVlCqOb2VkyHRBMKNqK5LQYk0ZkOxzYZbzGHZdI6r3luzbu7qNavi4xK6BidoDPkoUtUR7eogZqIIoFe0Ct6c56dd+fD+Zy1rjjFzBGag/P1C323mMw=</latexit><latexit sha1_base64="gugIycf1tsqNO7QKZpOxmasGi8Y=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo1g9wq5/gTtz6H36Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKzU6Q0J4IdHr1+pujV3CrxMvIJUUYFGv/LTC2OaSqaACmJM13MT8HOigVPBxuVealhC6IgMWNdSRSQzfj69d4xPrRLiKNa2FOCp+nciJ9KYTAa2UxIYmkVvIv7ndVOIrvycqyQFpuhsUZQKDDGePI9DrhkFkVlCqOb2VkyHRBMKNqK5LQYk0ZkOxzYZbzGHZdI6r3luzbu7qNavi4xK6BidoDPkoUtUR7eogZqIIoFe0Ct6c56dd+fD+Zy1rjjFzBGag/P1C323mMw=</latexit>

Ŷ 2
<latexit sha1_base64="GMgd1kjTTw6aa0wzPKpCMNpSH7k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnSRDZmaXmV5hWXL1A7zqJ3gTr/6HX+BvOEn2YBILGoqqbrq7glhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJpqxJIxHpTkAME1yxJnAQrBNrRmQgWDsY30z99hPThkfqHtKY+ZIMFR9wSsBKnd6IAH54rPXLFbfqzoBXiZeTCsrR6Jd/emFEE8kUUEGM6XpuDH5GNHAq2KTUSwyLCR2TIetaqohkxs9m907wmVVCPIi0LQV4pv6dyIg0JpWB7ZQERmbZm4r/ed0EBld+xlWcAFN0vmiQCAwRnj6PQ64ZBZFaQqjm9lZMR0QTCjaihS0GJNGpDic2GW85h1XSqlU9t+rdXVTq13lGRXSCTtE58tAlqqNb1EBNRJFAL+gVvTnPzrvz4XzOWwtOPnOMFuB8/QJ/UJjN</latexit><latexit sha1_base64="GMgd1kjTTw6aa0wzPKpCMNpSH7k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnSRDZmaXmV5hWXL1A7zqJ3gTr/6HX+BvOEn2YBILGoqqbrq7glhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJpqxJIxHpTkAME1yxJnAQrBNrRmQgWDsY30z99hPThkfqHtKY+ZIMFR9wSsBKnd6IAH54rPXLFbfqzoBXiZeTCsrR6Jd/emFEE8kUUEGM6XpuDH5GNHAq2KTUSwyLCR2TIetaqohkxs9m907wmVVCPIi0LQV4pv6dyIg0JpWB7ZQERmbZm4r/ed0EBld+xlWcAFN0vmiQCAwRnj6PQ64ZBZFaQqjm9lZMR0QTCjaihS0GJNGpDic2GW85h1XSqlU9t+rdXVTq13lGRXSCTtE58tAlqqNb1EBNRJFAL+gVvTnPzrvz4XzOWwtOPnOMFuB8/QJ/UJjN</latexit><latexit sha1_base64="GMgd1kjTTw6aa0wzPKpCMNpSH7k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnSRDZmaXmV5hWXL1A7zqJ3gTr/6HX+BvOEn2YBILGoqqbrq7glhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJpqxJIxHpTkAME1yxJnAQrBNrRmQgWDsY30z99hPThkfqHtKY+ZIMFR9wSsBKnd6IAH54rPXLFbfqzoBXiZeTCsrR6Jd/emFEE8kUUEGM6XpuDH5GNHAq2KTUSwyLCR2TIetaqohkxs9m907wmVVCPIi0LQV4pv6dyIg0JpWB7ZQERmbZm4r/ed0EBld+xlWcAFN0vmiQCAwRnj6PQ64ZBZFaQqjm9lZMR0QTCjaihS0GJNGpDic2GW85h1XSqlU9t+rdXVTq13lGRXSCTtE58tAlqqNb1EBNRJFAL+gVvTnPzrvz4XzOWwtOPnOMFuB8/QJ/UJjN</latexit><latexit sha1_base64="GMgd1kjTTw6aa0wzPKpCMNpSH7k=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnSRDZmaXmV5hWXL1A7zqJ3gTr/6HX+BvOEn2YBILGoqqbrq7glhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy0SJpqxJIxHpTkAME1yxJnAQrBNrRmQgWDsY30z99hPThkfqHtKY+ZIMFR9wSsBKnd6IAH54rPXLFbfqzoBXiZeTCsrR6Jd/emFEE8kUUEGM6XpuDH5GNHAq2KTUSwyLCR2TIetaqohkxs9m907wmVVCPIi0LQV4pv6dyIg0JpWB7ZQERmbZm4r/ed0EBld+xlWcAFN0vmiQCAwRnj6PQ64ZBZFaQqjm9lZMR0QTCjaihS0GJNGpDic2GW85h1XSqlU9t+rdXVTq13lGRXSCTtE58tAlqqNb1EBNRJFAL+gVvTnPzrvz4XzOWwtOPnOMFuB8/QJ/UJjN</latexit>

Ŷ M
<latexit sha1_base64="rO8gowxDY9WSeZ852sJ8haR5a0E=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kWIYF4ka5idnSRDZmaXmV5hWXL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7glhwA6777aysrq1vbBa2its7u3v7pYPDhokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwupn4zSemDY/UA6Qx8yUZKN7nlICV2t0hAdx+vCv2SmW34k6Bl4mXkzLKUeuVfrphRBPJFFBBjOl4bgx+RjRwKti42E0MiwkdkQHrWKqIZMbPpgeP8alVQtyPtC0FeKr+nciINCaVge2UBIZm0ZuI/3mdBPpXfsZVnABTdLaonwgMEZ58j0OuGQWRWkKo5vZWTIdEEwo2o7ktBiTRqQ7HNhlvMYdl0jiveG7Fu78oV6/zjAroGJ2gM+ShS1RFt6iG6ogiiV7QK3pznp1358P5nLWuOPnMEZqD8/UL4jGY/A==</latexit><latexit sha1_base64="rO8gowxDY9WSeZ852sJ8haR5a0E=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kWIYF4ka5idnSRDZmaXmV5hWXL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7glhwA6777aysrq1vbBa2its7u3v7pYPDhokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwupn4zSemDY/UA6Qx8yUZKN7nlICV2t0hAdx+vCv2SmW34k6Bl4mXkzLKUeuVfrphRBPJFFBBjOl4bgx+RjRwKti42E0MiwkdkQHrWKqIZMbPpgeP8alVQtyPtC0FeKr+nciINCaVge2UBIZm0ZuI/3mdBPpXfsZVnABTdLaonwgMEZ58j0OuGQWRWkKo5vZWTIdEEwo2o7ktBiTRqQ7HNhlvMYdl0jiveG7Fu78oV6/zjAroGJ2gM+ShS1RFt6iG6ogiiV7QK3pznp1358P5nLWuOPnMEZqD8/UL4jGY/A==</latexit><latexit sha1_base64="rO8gowxDY9WSeZ852sJ8haR5a0E=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kWIYF4ka5idnSRDZmaXmV5hWXL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7glhwA6777aysrq1vbBa2its7u3v7pYPDhokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwupn4zSemDY/UA6Qx8yUZKN7nlICV2t0hAdx+vCv2SmW34k6Bl4mXkzLKUeuVfrphRBPJFFBBjOl4bgx+RjRwKti42E0MiwkdkQHrWKqIZMbPpgeP8alVQtyPtC0FeKr+nciINCaVge2UBIZm0ZuI/3mdBPpXfsZVnABTdLaonwgMEZ58j0OuGQWRWkKo5vZWTIdEEwo2o7ktBiTRqQ7HNhlvMYdl0jiveG7Fu78oV6/zjAroGJ2gM+ShS1RFt6iG6ogiiV7QK3pznp1358P5nLWuOPnMEZqD8/UL4jGY/A==</latexit><latexit sha1_base64="rO8gowxDY9WSeZ852sJ8haR5a0E=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kWIYF4ka5idnSRDZmaXmV5hWXL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7glhwA6777aysrq1vbBa2its7u3v7pYPDhokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwupn4zSemDY/UA6Qx8yUZKN7nlICV2t0hAdx+vCv2SmW34k6Bl4mXkzLKUeuVfrphRBPJFFBBjOl4bgx+RjRwKti42E0MiwkdkQHrWKqIZMbPpgeP8alVQtyPtC0FeKr+nciINCaVge2UBIZm0ZuI/3mdBPpXfsZVnABTdLaonwgMEZ58j0OuGQWRWkKo5vZWTIdEEwo2o7ktBiTRqQ7HNhlvMYdl0jiveG7Fu78oV6/zjAroGJ2gM+ShS1RFt6iG6ogiiV7QK3pznp1358P5nLWuOPnMEZqD8/UL4jGY/A==</latexit>…

2/ single imputation   
 add missing values 

X̂1
<latexit sha1_base64="vBoCbTMBFy69po7uX8X70PazQMY=">AAACBXicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo2g9wq5/gTtz6HX6Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKz00BsSwJ1Hr9yvVN2aOwVeJl5BqqhAo1/56YUxTSVTQAUxpuu5Cfg50cCpYONyLzUsIXREBqxrqSKSGT+fHjzGp1YJcRRrWwrwVP07kRNpTCYD2ykJDM2iNxH/87opRFd+zlWSAlN0tihKBYYYT77HIdeMgsgsIVRzeyumQ6IJBZvR3BYDkuhMh2ObjLeYwzJpndc8t+bdXVTr10VGJXSMTtAZ8tAlqqNb1EBNRJFEL+gVvTnPzrvz4XzOWlecYuYIzcH5+gWzvZjf</latexit><latexit sha1_base64="vBoCbTMBFy69po7uX8X70PazQMY=">AAACBXicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo2g9wq5/gTtz6HX6Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKz00BsSwJ1Hr9yvVN2aOwVeJl5BqqhAo1/56YUxTSVTQAUxpuu5Cfg50cCpYONyLzUsIXREBqxrqSKSGT+fHjzGp1YJcRRrWwrwVP07kRNpTCYD2ykJDM2iNxH/87opRFd+zlWSAlN0tihKBYYYT77HIdeMgsgsIVRzeyumQ6IJBZvR3BYDkuhMh2ObjLeYwzJpndc8t+bdXVTr10VGJXSMTtAZ8tAlqqNb1EBNRJFEL+gVvTnPzrvz4XzOWlecYuYIzcH5+gWzvZjf</latexit><latexit sha1_base64="vBoCbTMBFy69po7uX8X70PazQMY=">AAACBXicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo2g9wq5/gTtz6HX6Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKz00BsSwJ1Hr9yvVN2aOwVeJl5BqqhAo1/56YUxTSVTQAUxpuu5Cfg50cCpYONyLzUsIXREBqxrqSKSGT+fHjzGp1YJcRRrWwrwVP07kRNpTCYD2ykJDM2iNxH/87opRFd+zlWSAlN0tihKBYYYT77HIdeMgsgsIVRzeyumQ6IJBZvR3BYDkuhMh2ObjLeYwzJpndc8t+bdXVTr10VGJXSMTtAZ8tAlqqNb1EBNRJFEL+gVvTnPzrvz4XzOWlecYuYIzcH5+gWzvZjf</latexit><latexit sha1_base64="vBoCbTMBFy69po7uX8X70PazQMY=">AAACBXicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2ljmUwm7dCZSZi5EULo2g9wq5/gTtz6HX6Bv+G0zcK2HrhwOOde7r0nSAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsmTjVlDVpLGLdCYhhgivWBA6CdRLNiAwEawejm4nffmLa8FjdQ5YwX5KB4hGnBKz00BsSwJ1Hr9yvVN2aOwVeJl5BqqhAo1/56YUxTSVTQAUxpuu5Cfg50cCpYONyLzUsIXREBqxrqSKSGT+fHjzGp1YJcRRrWwrwVP07kRNpTCYD2ykJDM2iNxH/87opRFd+zlWSAlN0tihKBYYYT77HIdeMgsgsIVRzeyumQ6IJBZvR3BYDkuhMh2ObjLeYwzJpndc8t+bdXVTr10VGJXSMTtAZ8tAlqqNb1EBNRJFEL+gVvTnPzrvz4XzOWlecYuYIzcH5+gWzvZjf</latexit> X̂2

<latexit sha1_base64="qBXSudyc8B5ag714pBVkbYP2iVM=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnU2GzMwuM71CWHL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7gkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy8SppqxJYxHrTkAME1yxJnAQrJNoRmQgWDsY3Uz99hPThsfqHsYJ8yUZKB5xSsBKD70hAdx5rJX65YpbdWfAq8TLSQXlaPTLP70wpqlkCqggxnQ9NwE/Ixo4FWxS6qWGJYSOyIB1LVVEMuNns4Mn+MwqIY5ibUsBnql/JzIijRnLwHZKAkOz7E3F/7xuCtGVn3GVpMAUnS+KUoEhxtPvccg1oyDGlhCqub0V0yHRhILNaGGLAUn0WIcTm4y3nMMqadWqnlv17i4q9es8oyI6QafoHHnoEtXRLWqgJqJIohf0it6cZ+fd+XA+560FJ585Rgtwvn4BtVeY4A==</latexit><latexit sha1_base64="qBXSudyc8B5ag714pBVkbYP2iVM=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnU2GzMwuM71CWHL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7gkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy8SppqxJYxHrTkAME1yxJnAQrJNoRmQgWDsY3Uz99hPThsfqHsYJ8yUZKB5xSsBKD70hAdx5rJX65YpbdWfAq8TLSQXlaPTLP70wpqlkCqggxnQ9NwE/Ixo4FWxS6qWGJYSOyIB1LVVEMuNns4Mn+MwqIY5ibUsBnql/JzIijRnLwHZKAkOz7E3F/7xuCtGVn3GVpMAUnS+KUoEhxtPvccg1oyDGlhCqub0V0yHRhILNaGGLAUn0WIcTm4y3nMMqadWqnlv17i4q9es8oyI6QafoHHnoEtXRLWqgJqJIohf0it6cZ+fd+XA+560FJ585Rgtwvn4BtVeY4A==</latexit><latexit sha1_base64="qBXSudyc8B5ag714pBVkbYP2iVM=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnU2GzMwuM71CWHL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7gkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy8SppqxJYxHrTkAME1yxJnAQrJNoRmQgWDsY3Uz99hPThsfqHsYJ8yUZKB5xSsBKD70hAdx5rJX65YpbdWfAq8TLSQXlaPTLP70wpqlkCqggxnQ9NwE/Ixo4FWxS6qWGJYSOyIB1LVVEMuNns4Mn+MwqIY5ibUsBnql/JzIijRnLwHZKAkOz7E3F/7xuCtGVn3GVpMAUnS+KUoEhxtPvccg1oyDGlhCqub0V0yHRhILNaGGLAUn0WIcTm4y3nMMqadWqnlv17i4q9es8oyI6QafoHHnoEtXRLWqgJqJIohf0it6cZ+fd+XA+560FJ585Rgtwvn4BtVeY4A==</latexit><latexit sha1_base64="qBXSudyc8B5ag714pBVkbYP2iVM=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKewGQY9BLx4jmIcka5idnU2GzMwuM71CWHL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7gkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy8SppqxJYxHrTkAME1yxJnAQrJNoRmQgWDsY3Uz99hPThsfqHsYJ8yUZKB5xSsBKD70hAdx5rJX65YpbdWfAq8TLSQXlaPTLP70wpqlkCqggxnQ9NwE/Ixo4FWxS6qWGJYSOyIB1LVVEMuNns4Mn+MwqIY5ibUsBnql/JzIijRnLwHZKAkOz7E3F/7xuCtGVn3GVpMAUnS+KUoEhxtPvccg1oyDGlhCqub0V0yHRhILNaGGLAUn0WIcTm4y3nMMqadWqnlv17i4q9es8oyI6QafoHHnoEtXRLWqgJqJIohf0it6cZ+fd+XA+560FJ585Rgtwvn4BtVeY4A==</latexit>

X̂M
<latexit sha1_base64="ZwPcq6LH9AB9JKa7PjtRPtywvwo=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegFy9CBPOQZA2zs7PJkJnZZaZXWELOfoBX/QRv4tXv8Av8DSfJHkxiQUNR1U13V5AIbsB1v53Cyura+kZxs7S1vbO7V94/aJo41ZQ1aCxi3Q6IYYIr1gAOgrUTzYgMBGsFw+uJ33pi2vBY3UOWMF+SvuIRpwSs9NAdEMDtx9tSr1xxq+4UeJl4OamgHPVe+acbxjSVTAEVxJiO5ybgj4gGTgUbl7qpYQmhQ9JnHUsVkcz4o+nBY3xilRBHsbalAE/VvxMjIo3JZGA7JYGBWfQm4n9eJ4Xo0h9xlaTAFJ0tilKBIcaT73HINaMgMksI1dzeiumAaELBZjS3xYAkOtPh2CbjLeawTJpnVc+tenfnldpVnlERHaFjdIo8dIFq6AbVUQNRJNELekVvzrPz7nw4n7PWgpPPHKI5OF+/4JWY+w==</latexit><latexit sha1_base64="ZwPcq6LH9AB9JKa7PjtRPtywvwo=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegFy9CBPOQZA2zs7PJkJnZZaZXWELOfoBX/QRv4tXv8Av8DSfJHkxiQUNR1U13V5AIbsB1v53Cyura+kZxs7S1vbO7V94/aJo41ZQ1aCxi3Q6IYYIr1gAOgrUTzYgMBGsFw+uJ33pi2vBY3UOWMF+SvuIRpwSs9NAdEMDtx9tSr1xxq+4UeJl4OamgHPVe+acbxjSVTAEVxJiO5ybgj4gGTgUbl7qpYQmhQ9JnHUsVkcz4o+nBY3xilRBHsbalAE/VvxMjIo3JZGA7JYGBWfQm4n9eJ4Xo0h9xlaTAFJ0tilKBIcaT73HINaMgMksI1dzeiumAaELBZjS3xYAkOtPh2CbjLeawTJpnVc+tenfnldpVnlERHaFjdIo8dIFq6AbVUQNRJNELekVvzrPz7nw4n7PWgpPPHKI5OF+/4JWY+w==</latexit><latexit sha1_base64="ZwPcq6LH9AB9JKa7PjtRPtywvwo=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegFy9CBPOQZA2zs7PJkJnZZaZXWELOfoBX/QRv4tXv8Av8DSfJHkxiQUNR1U13V5AIbsB1v53Cyura+kZxs7S1vbO7V94/aJo41ZQ1aCxi3Q6IYYIr1gAOgrUTzYgMBGsFw+uJ33pi2vBY3UOWMF+SvuIRpwSs9NAdEMDtx9tSr1xxq+4UeJl4OamgHPVe+acbxjSVTAEVxJiO5ybgj4gGTgUbl7qpYQmhQ9JnHUsVkcz4o+nBY3xilRBHsbalAE/VvxMjIo3JZGA7JYGBWfQm4n9eJ4Xo0h9xlaTAFJ0tilKBIcaT73HINaMgMksI1dzeiumAaELBZjS3xYAkOtPh2CbjLeawTJpnVc+tenfnldpVnlERHaFjdIo8dIFq6AbVUQNRJNELekVvzrPz7nw4n7PWgpPPHKI5OF+/4JWY+w==</latexit><latexit sha1_base64="ZwPcq6LH9AB9JKa7PjtRPtywvwo=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegFy9CBPOQZA2zs7PJkJnZZaZXWELOfoBX/QRv4tXv8Av8DSfJHkxiQUNR1U13V5AIbsB1v53Cyura+kZxs7S1vbO7V94/aJo41ZQ1aCxi3Q6IYYIr1gAOgrUTzYgMBGsFw+uJ33pi2vBY3UOWMF+SvuIRpwSs9NAdEMDtx9tSr1xxq+4UeJl4OamgHPVe+acbxjSVTAEVxJiO5ybgj4gGTgUbl7qpYQmhQ9JnHUsVkcz4o+nBY3xilRBHsbalAE/VvxMjIo3JZGA7JYGBWfQm4n9eJ4Xo0h9xlaTAFJ0tilKBIcaT73HINaMgMksI1dzeiumAaELBZjS3xYAkOtPh2CbjLeawTJpnVc+tenfnldpVnlERHaFjdIo8dIFq6AbVUQNRJNELekVvzrPz7nw4n7PWgpPPHKI5OF+/4JWY+w==</latexit>

3/ parametric  
bootstrap

Ŷ M
D

<latexit sha1_base64="XJ0y6A82TH25PzRw+gdRjhgsmd0=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuSiKCLou6cCNUsA9JY5lMJu3QySTM3Agh9AP8ALf6Ce7ErZ/hF/gbTtssbOuBC4dz7uXee/xEcA22/W0tLa+srq2XNsqbW9s7u5W9/ZaOU0VZk8YiVh2faCa4ZE3gIFgnUYxEvmBtf3g19ttPTGkey3vIEuZFpC95yCkBI7ndAQH88Hjbuy73KlW7Zk+AF4lTkCoq0OhVfrpBTNOISaCCaO06dgJeThRwKtio3E01Swgdkj5zDZUkYtrLJyeP8LFRAhzGypQEPFH/TuQk0jqLfNMZERjoeW8s/ue5KYQXXs5lkgKTdLooTAWGGI//xwFXjILIDCFUcXMrpgOiCAWT0swWDRFRmQpGJhlnPodF0jqtOXbNuTur1i+LjEroEB2hE+Sgc1RHN6iBmoiiGL2gV/RmPVvv1of1OW1dsoqZAzQD6+sXN0qZsw==</latexit><latexit sha1_base64="XJ0y6A82TH25PzRw+gdRjhgsmd0=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuSiKCLou6cCNUsA9JY5lMJu3QySTM3Agh9AP8ALf6Ce7ErZ/hF/gbTtssbOuBC4dz7uXee/xEcA22/W0tLa+srq2XNsqbW9s7u5W9/ZaOU0VZk8YiVh2faCa4ZE3gIFgnUYxEvmBtf3g19ttPTGkey3vIEuZFpC95yCkBI7ndAQH88Hjbuy73KlW7Zk+AF4lTkCoq0OhVfrpBTNOISaCCaO06dgJeThRwKtio3E01Swgdkj5zDZUkYtrLJyeP8LFRAhzGypQEPFH/TuQk0jqLfNMZERjoeW8s/ue5KYQXXs5lkgKTdLooTAWGGI//xwFXjILIDCFUcXMrpgOiCAWT0swWDRFRmQpGJhlnPodF0jqtOXbNuTur1i+LjEroEB2hE+Sgc1RHN6iBmoiiGL2gV/RmPVvv1of1OW1dsoqZAzQD6+sXN0qZsw==</latexit><latexit sha1_base64="XJ0y6A82TH25PzRw+gdRjhgsmd0=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuSiKCLou6cCNUsA9JY5lMJu3QySTM3Agh9AP8ALf6Ce7ErZ/hF/gbTtssbOuBC4dz7uXee/xEcA22/W0tLa+srq2XNsqbW9s7u5W9/ZaOU0VZk8YiVh2faCa4ZE3gIFgnUYxEvmBtf3g19ttPTGkey3vIEuZFpC95yCkBI7ndAQH88Hjbuy73KlW7Zk+AF4lTkCoq0OhVfrpBTNOISaCCaO06dgJeThRwKtio3E01Swgdkj5zDZUkYtrLJyeP8LFRAhzGypQEPFH/TuQk0jqLfNMZERjoeW8s/ue5KYQXXs5lkgKTdLooTAWGGI//xwFXjILIDCFUcXMrpgOiCAWT0swWDRFRmQpGJhlnPodF0jqtOXbNuTur1i+LjEroEB2hE+Sgc1RHN6iBmoiiGL2gV/RmPVvv1of1OW1dsoqZAzQD6+sXN0qZsw==</latexit><latexit sha1_base64="XJ0y6A82TH25PzRw+gdRjhgsmd0=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuSiKCLou6cCNUsA9JY5lMJu3QySTM3Agh9AP8ALf6Ce7ErZ/hF/gbTtssbOuBC4dz7uXee/xEcA22/W0tLa+srq2XNsqbW9s7u5W9/ZaOU0VZk8YiVh2faCa4ZE3gIFgnUYxEvmBtf3g19ttPTGkey3vIEuZFpC95yCkBI7ndAQH88Hjbuy73KlW7Zk+AF4lTkCoq0OhVfrpBTNOISaCCaO06dgJeThRwKtio3E01Swgdkj5zDZUkYtrLJyeP8LFRAhzGypQEPFH/TuQk0jqLfNMZERjoeW8s/ue5KYQXXs5lkgKTdLooTAWGGI//xwFXjILIDCFUcXMrpgOiCAWT0swWDRFRmQpGJhlnPodF0jqtOXbNuTur1i+LjEroEB2hE+Sgc1RHN6iBmoiiGL2gV/RmPVvv1of1OW1dsoqZAzQD6+sXN0qZsw==</latexit>

Ŷ M
1

<latexit sha1_base64="hmlj3AcQAElFH90XPq3VKlqyJZs=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7QwL44fG271T61Zpdt6fAy8QpSA0VaParP70gpqlkEVBBtHYdOwEvJwo4FWxc6aWaJYSOyIC5hkZEMu3l05PH+MQoAQ5jZSoCPFX/TuREap1J33RKAkO96E3E/zw3hfDSy3mUpMAiOlsUpgJDjCf/44ArRkFkhhCquLkV0yFRhIJJaW6LBklUpoKxScZZzGGZtM/qjl137s5rjasiozI6QsfoFDnoAjXQDWqiFqIoRi/oFb1Zz9a79WF9zlpLVjFziOZgff0CGNyZoA==</latexit><latexit sha1_base64="hmlj3AcQAElFH90XPq3VKlqyJZs=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7QwL44fG271T61Zpdt6fAy8QpSA0VaParP70gpqlkEVBBtHYdOwEvJwo4FWxc6aWaJYSOyIC5hkZEMu3l05PH+MQoAQ5jZSoCPFX/TuREap1J33RKAkO96E3E/zw3hfDSy3mUpMAiOlsUpgJDjCf/44ArRkFkhhCquLkV0yFRhIJJaW6LBklUpoKxScZZzGGZtM/qjl137s5rjasiozI6QsfoFDnoAjXQDWqiFqIoRi/oFb1Zz9a79WF9zlpLVjFziOZgff0CGNyZoA==</latexit><latexit sha1_base64="hmlj3AcQAElFH90XPq3VKlqyJZs=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7QwL44fG271T61Zpdt6fAy8QpSA0VaParP70gpqlkEVBBtHYdOwEvJwo4FWxc6aWaJYSOyIC5hkZEMu3l05PH+MQoAQ5jZSoCPFX/TuREap1J33RKAkO96E3E/zw3hfDSy3mUpMAiOlsUpgJDjCf/44ArRkFkhhCquLkV0yFRhIJJaW6LBklUpoKxScZZzGGZtM/qjl137s5rjasiozI6QsfoFDnoAjXQDWqiFqIoRi/oFb1Zz9a79WF9zlpLVjFziOZgff0CGNyZoA==</latexit><latexit sha1_base64="hmlj3AcQAElFH90XPq3VKlqyJZs=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040aoYB+SxjKZTNqhM0mYuRFC6Af4AW71E9yJWz/DL/A3nLZZ2NYDFw7n3Mu99/iJ4Bps+9sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVl2faCZ4xFrAQbBuohiRvmAdf3Q98TtPTGkeR/eQJcyTZBDxkFMCRnJ7QwL44fG271T61Zpdt6fAy8QpSA0VaParP70gpqlkEVBBtHYdOwEvJwo4FWxc6aWaJYSOyIC5hkZEMu3l05PH+MQoAQ5jZSoCPFX/TuREap1J33RKAkO96E3E/zw3hfDSy3mUpMAiOlsUpgJDjCf/44ArRkFkhhCquLkV0yFRhIJJaW6LBklUpoKxScZZzGGZtM/qjl137s5rjasiozI6QsfoFDnoAjXQDWqiFqIoRi/oFb1Zz9a79WF9zlpLVjFziOZgff0CGNyZoA==</latexit>

Ŷ 2
1

<latexit sha1_base64="u5SO/5e3XAfneC+J+MzaDKDi+tM=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dScLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edXScKsraNBax6vlEM8Ej1gYOgvUSxYj0Bev645up331iSvM4uocsYZ4kw4iHnBIwktsfEcAPj42BUxlUa3bdngGvEqcgNVSgNaj+9IOYppJFQAXR2nXsBLycKOBUsEmln2qWEDomQ+YaGhHJtJfPTp7gM6MEOIyVqQjwTP07kROpdSZ90ykJjPSyNxX/89wUwisv51GSAovofFGYCgwxnv6PA64YBZEZQqji5lZMR0QRCialhS0aJFGZCiYmGWc5h1XSadQdu+7cXdSa10VGZXSCTtE5ctAlaqJb1EJtRFGMXtArerOerXfrw/qct5asYuYYLcD6+gXtWZmF</latexit><latexit sha1_base64="u5SO/5e3XAfneC+J+MzaDKDi+tM=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dScLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edXScKsraNBax6vlEM8Ej1gYOgvUSxYj0Bev645up331iSvM4uocsYZ4kw4iHnBIwktsfEcAPj42BUxlUa3bdngGvEqcgNVSgNaj+9IOYppJFQAXR2nXsBLycKOBUsEmln2qWEDomQ+YaGhHJtJfPTp7gM6MEOIyVqQjwTP07kROpdSZ90ykJjPSyNxX/89wUwisv51GSAovofFGYCgwxnv6PA64YBZEZQqji5lZMR0QRCialhS0aJFGZCiYmGWc5h1XSadQdu+7cXdSa10VGZXSCTtE5ctAlaqJb1EJtRFGMXtArerOerXfrw/qct5asYuYYLcD6+gXtWZmF</latexit><latexit sha1_base64="u5SO/5e3XAfneC+J+MzaDKDi+tM=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dScLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edXScKsraNBax6vlEM8Ej1gYOgvUSxYj0Bev645up331iSvM4uocsYZ4kw4iHnBIwktsfEcAPj42BUxlUa3bdngGvEqcgNVSgNaj+9IOYppJFQAXR2nXsBLycKOBUsEmln2qWEDomQ+YaGhHJtJfPTp7gM6MEOIyVqQjwTP07kROpdSZ90ykJjPSyNxX/89wUwisv51GSAovofFGYCgwxnv6PA64YBZEZQqji5lZMR0QRCialhS0aJFGZCiYmGWc5h1XSadQdu+7cXdSa10VGZXSCTtE5ctAlaqJb1EJtRFGMXtArerOerXfrw/qct5asYuYYLcD6+gXtWZmF</latexit><latexit sha1_base64="u5SO/5e3XAfneC+J+MzaDKDi+tM=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVZIi6LLoxmUF+5A0lslk0g6dScLMjRBCP8APcKuf4E7c+hl+gb/htM3Cth64cDjnXu69x08E12Db31ZpbX1jc6u8XdnZ3ds/qB4edXScKsraNBax6vlEM8Ej1gYOgvUSxYj0Bev645up331iSvM4uocsYZ4kw4iHnBIwktsfEcAPj42BUxlUa3bdngGvEqcgNVSgNaj+9IOYppJFQAXR2nXsBLycKOBUsEmln2qWEDomQ+YaGhHJtJfPTp7gM6MEOIyVqQjwTP07kROpdSZ90ykJjPSyNxX/89wUwisv51GSAovofFGYCgwxnv6PA64YBZEZQqji5lZMR0QRCialhS0aJFGZCiYmGWc5h1XSadQdu+7cXdSa10VGZXSCTtE5ctAlaqJb1EJtRFGMXtArerOerXfrw/qct5asYuYYLcD6+gXtWZmF</latexit>

Ŷ 2
D

<latexit sha1_base64="hsMqYiLioLwDtimSx0D69R/T6IM=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuSlIEXRZ14bKCfUgay2QyaYdOJmHmRgihH+AHuNVPcCdu/Qy/wN9w2mZhWw9cOJxzL/fe4yeCa7Dtb2tldW19Y7O0Vd7e2d3brxwctnWcKspaNBax6vpEM8ElawEHwbqJYiTyBev4o+uJ33liSvNY3kOWMC8iA8lDTgkYye0NCeCHx3r/ptyvVO2aPQVeJk5BqqhAs1/56QUxTSMmgQqitevYCXg5UcCpYONyL9UsIXREBsw1VJKIaS+fnjzGp0YJcBgrUxLwVP07kZNI6yzyTWdEYKgXvYn4n+emEF56OZdJCkzS2aIwFRhiPPkfB1wxCiIzhFDFza2YDokiFExKc1s0RERlKhibZJzFHJZJu15z7Jpzd15tXBUZldAxOkFnyEEXqIFuURO1EEUxekGv6M16tt6tD+tz1rpiFTNHaA7W1y8L1pmY</latexit><latexit sha1_base64="hsMqYiLioLwDtimSx0D69R/T6IM=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuSlIEXRZ14bKCfUgay2QyaYdOJmHmRgihH+AHuNVPcCdu/Qy/wN9w2mZhWw9cOJxzL/fe4yeCa7Dtb2tldW19Y7O0Vd7e2d3brxwctnWcKspaNBax6vpEM8ElawEHwbqJYiTyBev4o+uJ33liSvNY3kOWMC8iA8lDTgkYye0NCeCHx3r/ptyvVO2aPQVeJk5BqqhAs1/56QUxTSMmgQqitevYCXg5UcCpYONyL9UsIXREBsw1VJKIaS+fnjzGp0YJcBgrUxLwVP07kZNI6yzyTWdEYKgXvYn4n+emEF56OZdJCkzS2aIwFRhiPPkfB1wxCiIzhFDFza2YDokiFExKc1s0RERlKhibZJzFHJZJu15z7Jpzd15tXBUZldAxOkFnyEEXqIFuURO1EEUxekGv6M16tt6tD+tz1rpiFTNHaA7W1y8L1pmY</latexit><latexit sha1_base64="hsMqYiLioLwDtimSx0D69R/T6IM=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuSlIEXRZ14bKCfUgay2QyaYdOJmHmRgihH+AHuNVPcCdu/Qy/wN9w2mZhWw9cOJxzL/fe4yeCa7Dtb2tldW19Y7O0Vd7e2d3brxwctnWcKspaNBax6vpEM8ElawEHwbqJYiTyBev4o+uJ33liSvNY3kOWMC8iA8lDTgkYye0NCeCHx3r/ptyvVO2aPQVeJk5BqqhAs1/56QUxTSMmgQqitevYCXg5UcCpYONyL9UsIXREBsw1VJKIaS+fnjzGp0YJcBgrUxLwVP07kZNI6yzyTWdEYKgXvYn4n+emEF56OZdJCkzS2aIwFRhiPPkfB1wxCiIzhFDFza2YDokiFExKc1s0RERlKhibZJzFHJZJu15z7Jpzd15tXBUZldAxOkFnyEEXqIFuURO1EEUxekGv6M16tt6tD+tz1rpiFTNHaA7W1y8L1pmY</latexit><latexit sha1_base64="hsMqYiLioLwDtimSx0D69R/T6IM=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuSlIEXRZ14bKCfUgay2QyaYdOJmHmRgihH+AHuNVPcCdu/Qy/wN9w2mZhWw9cOJxzL/fe4yeCa7Dtb2tldW19Y7O0Vd7e2d3brxwctnWcKspaNBax6vpEM8ElawEHwbqJYiTyBev4o+uJ33liSvNY3kOWMC8iA8lDTgkYye0NCeCHx3r/ptyvVO2aPQVeJk5BqqhAs1/56QUxTSMmgQqitevYCXg5UcCpYONyL9UsIXREBsw1VJKIaS+fnjzGp0YJcBgrUxLwVP07kZNI6yzyTWdEYKgXvYn4n+emEF56OZdJCkzS2aIwFRhiPPkfB1wxCiIzhFDFza2YDokiFExKc1s0RERlKhibZJzFHJZJu15z7Jpzd15tXBUZldAxOkFnyEEXqIFuURO1EEUxekGv6M16tt6tD+tz1rpiFTNHaA7W1y8L1pmY</latexit>

Ŷ 1
D

<latexit sha1_base64="GoGlQyu9xda7Kp4FDuY8MShdmt0=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFnUhcsK9iFpLJPJpB06k4SZGyGEfoAf4FY/wZ249TP8An/DaZuFbT1w4XDOvdx7j58IrsG2v63Syura+kZ5s7K1vbO7V90/aOs4VZS1aCxi1fWJZoJHrAUcBOsmihHpC9bxR9cTv/PElOZxdA9ZwjxJBhEPOSVgJLc3JIAfHp3+TaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoiZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y8KOpmX</latexit><latexit sha1_base64="GoGlQyu9xda7Kp4FDuY8MShdmt0=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFnUhcsK9iFpLJPJpB06k4SZGyGEfoAf4FY/wZ249TP8An/DaZuFbT1w4XDOvdx7j58IrsG2v63Syura+kZ5s7K1vbO7V90/aOs4VZS1aCxi1fWJZoJHrAUcBOsmihHpC9bxR9cTv/PElOZxdA9ZwjxJBhEPOSVgJLc3JIAfHp3+TaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoiZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y8KOpmX</latexit><latexit sha1_base64="GoGlQyu9xda7Kp4FDuY8MShdmt0=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFnUhcsK9iFpLJPJpB06k4SZGyGEfoAf4FY/wZ249TP8An/DaZuFbT1w4XDOvdx7j58IrsG2v63Syura+kZ5s7K1vbO7V90/aOs4VZS1aCxi1fWJZoJHrAUcBOsmihHpC9bxR9cTv/PElOZxdA9ZwjxJBhEPOSVgJLc3JIAfHp3+TaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoiZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y8KOpmX</latexit><latexit sha1_base64="GoGlQyu9xda7Kp4FDuY8MShdmt0=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIRdFnUhcsK9iFpLJPJpB06k4SZGyGEfoAf4FY/wZ249TP8An/DaZuFbT1w4XDOvdx7j58IrsG2v63Syura+kZ5s7K1vbO7V90/aOs4VZS1aCxi1fWJZoJHrAUcBOsmihHpC9bxR9cTv/PElOZxdA9ZwjxJBhEPOSVgJLc3JIAfHp3+TaVfrdl1ewq8TJyC1FCBZr/60wtimkoWARVEa9exE/ByooBTwcaVXqpZQuiIDJhraEQk014+PXmMT4wS4DBWpiLAU/XvRE6k1pn0TackMNSL3kT8z3NTCC+9nEdJCiyis0VhKjDEePI/DrhiFERmCKGKm1sxHRJFKJiU5rZokERlKhibZJzFHJZJ+6zu2HXn7rzWuCoyKqMjdIxOkYMuUAPdoiZqIYpi9IJe0Zv1bL1bH9bnrLVkFTOHaA7W1y8KOpmX</latexit>

Ŷ 1
1

<latexit sha1_base64="Tb4V/0i9LBTsmPlhSmh3U5sgRgU=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+Ugyhp6enqRJ9/TQXSMMQw7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqBYngBlz321lZXVvf2Cxtlbd3dvf2KweHLaNSTVmTKqF0JyCGCR6zJnAQrJNoRmQgWDsY3Uz89hPThqv4HrKE+ZIMYh5xSsBK3d6QAH549PpeuV+pujV3CrxMvIJUUYFGv/LTCxVNJYuBCmJM13MT8HOigVPBxuVealhC6IgMWNfSmEhm/Hx68hifWiXEkdK2YsBT9e9ETqQxmQxspyQwNIveRPzP66YQXfk5j5MUWExni6JUYFB48j8OuWYURGYJoZrbWzEdEk0o2JTmthiQRGc6HNtkvMUclknrvOa5Ne/uolq/LjIqoWN0gs6Qhy5RHd2iBmoiihR6Qa/ozXl23p0P53PWuuIUM0doDs7XL+u9mYQ=</latexit><latexit sha1_base64="Tb4V/0i9LBTsmPlhSmh3U5sgRgU=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+Ugyhp6enqRJ9/TQXSMMQw7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqBYngBlz321lZXVvf2Cxtlbd3dvf2KweHLaNSTVmTKqF0JyCGCR6zJnAQrJNoRmQgWDsY3Uz89hPThqv4HrKE+ZIMYh5xSsBK3d6QAH549PpeuV+pujV3CrxMvIJUUYFGv/LTCxVNJYuBCmJM13MT8HOigVPBxuVealhC6IgMWNfSmEhm/Hx68hifWiXEkdK2YsBT9e9ETqQxmQxspyQwNIveRPzP66YQXfk5j5MUWExni6JUYFB48j8OuWYURGYJoZrbWzEdEk0o2JTmthiQRGc6HNtkvMUclknrvOa5Ne/uolq/LjIqoWN0gs6Qhy5RHd2iBmoiihR6Qa/ozXl23p0P53PWuuIUM0doDs7XL+u9mYQ=</latexit><latexit sha1_base64="Tb4V/0i9LBTsmPlhSmh3U5sgRgU=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+Ugyhp6enqRJ9/TQXSMMQw7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqBYngBlz321lZXVvf2Cxtlbd3dvf2KweHLaNSTVmTKqF0JyCGCR6zJnAQrJNoRmQgWDsY3Uz89hPThqv4HrKE+ZIMYh5xSsBK3d6QAH549PpeuV+pujV3CrxMvIJUUYFGv/LTCxVNJYuBCmJM13MT8HOigVPBxuVealhC6IgMWNfSmEhm/Hx68hifWiXEkdK2YsBT9e9ETqQxmQxspyQwNIveRPzP66YQXfk5j5MUWExni6JUYFB48j8OuWYURGYJoZrbWzEdEk0o2JTmthiQRGc6HNtkvMUclknrvOa5Ne/uolq/LjIqoWN0gs6Qhy5RHd2iBmoiihR6Qa/ozXl23p0P53PWuuIUM0doDs7XL+u9mYQ=</latexit><latexit sha1_base64="Tb4V/0i9LBTsmPlhSmh3U5sgRgU=">AAACB3icbVBLSgNBEO3xG+Mv6tJNYxBchRkRdBl04zKC+Ugyhp6enqRJ9/TQXSMMQw7gAdzqEdyJW4/hCbyGnWQWJvFBweO9KqrqBYngBlz321lZXVvf2Cxtlbd3dvf2KweHLaNSTVmTKqF0JyCGCR6zJnAQrJNoRmQgWDsY3Uz89hPThqv4HrKE+ZIMYh5xSsBK3d6QAH549PpeuV+pujV3CrxMvIJUUYFGv/LTCxVNJYuBCmJM13MT8HOigVPBxuVealhC6IgMWNfSmEhm/Hx68hifWiXEkdK2YsBT9e9ETqQxmQxspyQwNIveRPzP66YQXfk5j5MUWExni6JUYFB48j8OuWYURGYJoZrbWzEdEk0o2JTmthiQRGc6HNtkvMUclknrvOa5Ne/uolq/LjIqoWN0gs6Qhy5RHd2iBmoiihR6Qa/ozXl23p0P53PWuuIUM0doDs7XL+u9mYQ=</latexit>

intra variability

………

inter variability

Variability between imputations 
(Intra Variability)
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